
Calculus III
Practice Exam 2, Answers

1. A conicin theplaneis given by theequation

x2 � 2xy
�

y2 � 2x � y � 0 �
a)Whatconicis it?

Answer. SinceB2 � 4AC ��� � 2� 2 � 4 � 1��� 1��� 0, this is a parabola. We canverify thatby completing the
squaretoobtain: � x � y � 2 � 2x � y � 0,whichis theparabolau2 � v � 0 in thecoordinatesu � x � y 	 v � 2x � y.

b) At whatangleto thex-axisaretheaxesof theconic?

Answer. If θ is thatangle, thentan� 2θ �
� B ��� A � C � . SinceA � C, θ � π � 4.

2. A conicin theplaneis given by theequation5x 2 � xy
�

y2 � 50.

a)Whatconicis it?

Answer. SinceB2 � 4AC �
� � 1� 2 � 4 � 5��� 1��� � 16 � 0, this is anellipse.

b) At whatangleto thex-axisaretheaxesof theconic?

Answer. If θ is thatangle, thentan� 2θ �
� B ��� A � C ��� � 1��� 5 � 1��� � 1� 4. We find θ ��� 0390π radians.

3. A parabolahasits vertex at theorigin, andits focusat thepoint (3,4). Give theequation of theparabola.

Answer. F � 3I
�

4J is thevector from thevertex to thefocus of theparabola. ThusF lies in thedirection
of the axis of the parabola. Let L be the unit vector in this direction, and let u 	 v be the coordinatesof
a point relative to the axis baseL 	 L � . in thesecoordinates,the parabola is in standardposition, so its
equation is v2 � 4pu, wherep is thedistancebetweenfocus andvertex; thus p ���F ����� 32 � 42 � 5, and
theequationis v2 � 20u. Now, thepoint representedby thevectorX � xI

�
yJ � uL

�
vL � hascoordinates

u � X � L 	 v � X � L � . Calculating,with

L � 3
5

I
� 4

5
J 	 L � � � 4

5
I
� 3

5
J 	

we get

u � X � L � 3
5

x
� 4

5
y 	 v � X � L � � � 4

5
x
� 3

5
y �

Makingthis substitutionin theequationv2 � 20u, we get

� � 4x
�

3y � 2
25

� 20
3x
�

4y
5

	

whichsimplifiesto 16x2 � 24xy
�

9y2 � 300x � 400y � 0.



4. Let f � x 	 y ��� 3x2y
�

3xy.

Answer. a)∇ f �
� 6xy
�

3y � I � � 3x2 � 3x � J.?

b) Whatis thedirection of maximumincreaseof f at thepoint (1,2)?

Answer. This is thedirection of thegradient. At thepoint (1,2) we have∇ f � 18I
�

6J, sothedirection we
seekis U �
� 3I

�
J ��� � 10.

c) Whatarethecritical pointsof f ? Whatkind of critical points arethey?

Answer. We mustsolve 6xy
�

3y � 0 	 3x2 � 3x � 0. Fromthesecondequationx � 0 or x � � 1. Fromthe
first, whenx � 0 	 y � 0, andwhenx � � 1 	 y � 2. Thecritical pointsare(0,0),(-1,2). Thesecondpartialsare

fxx � 6y 	 fxy � 6x
�

3 	 fyy � 0 �
At bothpointsthen,AC � B2 � 0, sothey arebothsaddlepoints.

5. Let

f � x 	 y ��� 1
x
� 1

y
�

a)Whatis thetangentline to thecurve f � x 	 y ��� 5� 6 at thepoint (2,3)?

Answer. Differentiating,wegetx � 2dx
�

y � 2dy � 0. At thepoint thisevaluatesto dx � 4 � dy � 9 � 0. Replaic-
ing thedifferentialsby theincrements,wehave theequation of thetangent line:

x � 2
4

� y � 3
9

� 0 or
x
4
� y

9
� 5

6
�

b) Find theequationof thetangent planeto thesurfacez � f � x 	 y � at thepoint (2,3,5/6).

Answer. Thesurfaceis given by theequation z � x � 1 � y � 1 � 5� 6. Takingdifferentialswehavedz
�

x � 2dx
�

y � 2dy � 0. At thepoint (2,3,5/6)wehavedz
�

dx � 4 � dy � 9 � 0. Replacingthedifferentialsby theincrements
givestheequation of thetangent plane:

� z � 5
6
� � � x � 2�

4
� y � 3

9
� 0 	 or

x
4
� y

9
�

z � 5
3
�

6. Let

f � x 	 y 	 z ��� 1
xy
� 1

yz
�

Whatis theequation of thetangent planeto thelevel surface f � x 	 y 	 z ��� 1 at thepoint (1,2,1)?

Answer. We have

∇ f � � 1
x2y

I � � 1
xy2

� 1
zy2 � J �

1
z2y

K �
Thevalueat(1,2,1) is thenormal to thetangent plane,sowehaveN � � � 5 � I � J

�
K � . Now, X 0 � I

�
2J
�

K
is a point on theplane,sotheequationof theplaneis

N � X � N � X0 	 or x
�

y
�

z � 4 �

7. Let w � x � y
�

y � z, andlet γ bethecurvex � � t 	 y � t 2 	 z � 1
�

t, for t � 0. Whatis dw � dt at t � 1?



Answer. We calculate

∇w � � yI
� � x

2 � y
� � z � J � y

2� z
K 	 dX

dt
� � I

�
2tJ

�
K �

At t � 1, wehavex � � 1 	 y � 1 	 z � 2, andthevalues

∇w � I
� � � 2 � � 1� 2��� J � 1

2� 2
K 	 and

dX
dt

� � I
�

2J
�

K �

Thus
dw
dt

� ∇w � dX
dt

� � 2
�

2 � 2
� 1

2� 2
�

8. Let

f � x 	 y ��� x3y
� 1

2
y2x

�
yx2 �

Findall saddlepoints of thesurfacez � f � x 	 y � .

Answer. We calculatefx � 3x2y
� � 1� 2� y2 � 2xy 	 fy � x3 � xy

�
x2. Settingbothequalto zero,thesecond

equation tells usthateitherx � 0 or y � � x � x2. In thefirst case,thefirst equation gives y � 0, so(0,0) is a
critical point. In thesecondcasewe cansubstitutey � � x � x2 in thefirst equationandsolve for x. There’s
somealgebrato do,but it leadsto theequation 5x2 � 8x

�
3 � 0 (we canfactoroutanx2, sincewe arein the

casex �� 0. This hasthesolutionsx � � 1 or x ��	�� 6, with thecorresponding y-values0 	�� 24.

Thusthecritical pointsare(0,0), (-1,0), (-.6,.24).To find thetypeof critical point, wecalculate

fxx � 6xy
�

2y 	 fxy � 3x2 � y
�

2x 	 fyy � x �
Evaluating at thepoints,we getno informationat (0,0) (all secondpartialderivativesarezero),andthat the
othertwo points aresaddlepoints.

9. Find thepointonthecurve 2 � x � 1� 2 � 3y2 � 22which is closestto theorigin.

Answer. Heretheobjective function is f � x 	 y ��� x2 � y2 andtheconstraint is g � x 	 y �
� 2 � x � 1� 2 � 3y2 � 22.
We calculate

∇ f � 2xI
�

2yJ 	 ∇g � 4 � x � 1� I � 6yJ 	
soLagrange’sequations are

x � 2λ � x � 1� 	 y � 3λy 	 2 � x � 1� 2 � 3y2 � 22 �
Fromthesecondequationeithery � 0 or λ � 1� 3.
Casey � 0. Thethird equation gives x � 1 ! � 2, andthepossiblevalues of f at thesepointsare3 ! 2 � 2.
Caseλ � 1� 3. Thefirst equation becomesx �"� 2� 3�#� x � 1� , which hasthesolutionx � � 2. Putthat in the
lastequation, andsolve for y to gety �$! 2� � 3. Thecorresponding valuesof f areboth4

�
4� 3. Thusthe

smallestof thesepossiblevaluesis 3 � � 2, which is takenat thepoint � 1 � � 2 	 0� .

10. A rectangular boxof maximumvolume is to beconstructed,with sidesparallelto thecoordinateplanes,
onecornerat theorigin andthediagonally oppositecornerontheplane2x

�
3y
�

z � 1. Whatarethedimen-
sionsof thebox?



Answer. HeretheobjectivefunctionisV � xyz, andtheconstraint is g � x 	 y 	 z �%� 2x
�

3y
�

z � 1. Wecalculate:

∇V � yzI
�

xzJ
�

xyK 	 ∇g � 2I
�

3J
�

K �
TheLagrangeequations are

yz � 2λ 	 xz � 3λ 	 xy � λ 	 2x
�

3y
�

z � 1 �
If we multiply thefirst equation by x, thesecondby y, andthethird by z, wefind

xyz � 2xλ � 3yλ � zλ �
Sinceλ �� 0 (for if so,somecoordinateis zero,andthusV � 0, which is certainlynot themaximum), this
givesus2x � z 	 3y � z. Putthat in theconstraintequationandsolve for z: 2x

�
3y
�

z � 3z � 1, soz � 1� 3
andthusx � 1� 6 andy � 1� 9. Thus themaximumvolumeis V � 1� 162mtakenat thepoint (1/6,1/9,1/3).


