Calculusllli
Practice Exam 2, Answers

1. A conicin theplaneis given by theequation
X2 —2Xy+y*+2x—y=0.

a) Whatconicis it?

Answer. SinceB? —4AC = (—2)%2 — 4(1)(1) = 0, this is a pardola. We canveiify thatby comgeting the
squareo obtain: (x—y)?+ 2x—y= 0, whichis theparallau?+v = 0in thecoordnatesu = x—y,v= 2x—.

b) At whatangleto the x-axisarethe axesof theconic?

Answer. If 6 is thatande, thentan(26) = B/(A—C). SinceA=C, 6 = /4.

2. A conicin theplaneis given by the equatiorbx? — xy +y? = 50.

a) Whatconicis it?

Answer. SinceB? — 4AC = (—1)2—4(5)(1) = —16 < 0, thisis anellipse.
b) At whatangleto the x-axisarethe axesof theconic?

Answer. If 6 is thatande, thentan(260) = B/(A—C) = —-1/(5—1) = —1/4. Wefind 6 = .030rr radiars.

3. A paralwla hasits vertex atthe origin, andits focusat the poirt (3,4). Give theequatim of the pardola.

Answer. F = 3| + 4J is thevecta from thevertex to thefocus of the pardola. ThusF liesin the directin
of the axis of the paralmla. Let L be the unit vectorin this direction, andlet u,v be the coadinatesof
a poirt relative to the axis baseL, L. in thesecooudinates,the paratwla is in standardposition, so its
equatim is v2 = 4pu, wherep is the distancebetweerfocus andvertex; thusp = |F| = v/324+42 =5, and
theequationis v2 = 20u. Now, the pointrepresentedy thevectorX = xl +yJ = uL + vL * hascoordnates
u=X-L, v=X-L*. Calculatingwith
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we get
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u_X-L_§x+§y, v=X-L _—§x+§y.

Making this substitutiorin the equationv? = 20u, we get
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which simplifiesto 16x? — 24xy + 9y? — 300x — 400y = 0.




4. Let f(x,y) = 3x%y+ 3xy.
Answer. a) Of = (6xy+ 3y)l + (3x* + 3x)J.?
b) Whatis thedirectian of maxinumincreaseof f atthepoint(1,2)?

Answer. Thisis thedirection of thegradien. At the poirt (1,2 we have Of = 18| + 6J, sothedirection we
seekis U = (3l +J)/v/10.

¢) Whatarethecritical pointsof f? Whatkind of critical points arethey?

Answer. We mustsolve 6xy + 3y = 0,3x? 4+ 3x = 0. Fromthe secondequationx = 0 or x = —1. Fromthe
first, whenx = 0,y = 0, andwhenx = —1,y = 2. Thecritical pointsare(0,0),(-1,2). Thesecondartialsare

At bothpointsthen,AC — B? < 0, sothey arebothsaddlepoirts.

5. Let 11
f =_4_.
(xy) X+y

a) Whatis thetangentine to thecurve f(x,y) = 5/6 atthepoint(2,3)?

Answer . Differertiating, we getx—2dx+y~2dy = 0. At the pointthis evaluatego dx/4+dy/9 = 0. Replaic-
ing thedifferentialsby theincrenents,we have theequatim of thetangemline:
X—2 y-3 X y_5
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b) Find the equatiornof thetangem planeto the surfacez = f(x,y) atthepoint(2,35/6).
Answer . Thesurfaceis given by theequatim z— x~1 —y~1 = 5/6. Takingdifferentialswe have dz+x~2dx+

y~2dy = 0. At thepoirt (2,3,96) we have dz+ dx/4+dy/9 = 0. Replacinghedifferentialsby theincrements
givestheequatim of thetangem plane:
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6. Let 11
f(x,y,20=—+—.
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Whatis the equatia of thetangem planeto thelevel surfacef (x,y,z) = 1 atthepoint(1,21)?

Answer. We have
1 1 1 1

X2y
Thevalueat(1,21)is thenormal to thetanget plane sowe have N = —.5(1 +J+K). Now, X ; = +2J+K
is apoint ontheplane,sothe equationof the planeis

N-X=N-X,, of Xx+y+z=4.

7. Letw = x,/y+Y/Z andlet y bethecurvex = —t, y=t2, z= 1+t for t > 0. Whatis dw/dt att = 1?



Answer. We calculate

Ow = /Yl + (\/y fJ+7 E:—I+2tJ+K.

Att=1,wehavex=—-1,y=1z=2,andthevalues

W=+ (V2= (1/2)I+ ——K, and X = _j4204K.
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8. Let

1
f(x,y) =x%y+ §y2x+yx2 .
Find all saddlepoints of thesurfacez= f(x,y).

Answer. We calculatefy = 3x%y + (1/2)y? + 2xy, fy = x3+xy+x?. Settingbothequalto zero,the second
equatim tells usthateitherx = 0 ory = —x— x2. In thefirst casethefirst equatim givesy = 0, s0(0,0) is a

critical point. In the secondcasewe cansubstitutey = —x — x? in thefirst equationandsolve for x. Theres

somealgebrato do, but it leadsto the equaion 5x? + 8x+ 3 = 0 (we canfactoroutanx?, sincewe arein the

casex # 0. This hasthesolutionsx = —1 or x =,.6, with the correspondirg y-valuesO, .24.

Thusthecritical pointsare(0,0), (-1,0), (-.6,.24). To find the type of critical poirt, we calculate
o = BXy+2y, foy=3C+y+2x, fy=x.

Evaluaing at the points,we getno informationat (0,0) (all secondpartial derivativesarezero),andthatthe
othertwo points aresaddlepoints.

9. Find the pointonthe curve 2(x — 1) 2 + 3y? = 22 whichis closesto the origin.

Answer . Heretheobjective functionis f(x,y) = x?+y? andthe constrainis g(x,y) = 2(x— 1)2 4 3y = 22
We calculate
Of =2x1+2yJ, Og=4(x—21)I+6yJ,

solLagranges equatios are
Xx=2A(x—-1), y=3Ay, 2(x—1)*+3y*=22.

Fromthe secondequatioreithery=0o0rA =1/3.

Casey = 0. Thethird equatim gives x = 1+ /2, andthepossiblevalues of f atthesepointsare34+ 2+/2.
CaseA = 1/3. Thefirst equatia beconesx = (2/3)(x— 1), which hasthe solutionx = —2. Putthatin the
lastequaion, andsolve for y to gety = +2/+/3. The correspondin valuesof f areboth4 4 4/3. Thusthe
smallesiof thesepossiblevaluesis 3— /2, whichis takenatthe poirt (1— v/2,0).

10. A rectanglar box of maximumvolume is to be construted, with sidesparallelto the coordnateplanes,
onecornerattheorigin andthediagorally oppasite corneronthe plane2x+ 3y+ z= 1. Whatarethedimen
sionsof the box?



Answer . HeretheobjectivefunctionisV = xyz, andtheconstrant is g(x,y, z) = 2x+ 3y+z= 1. Wecalculate:
OV =yz +x2)+xyK, Og=21+3J+K.
ThelLagrangeequatiors are
yz=2A, x2=3A, XYy=A, 2X+3y+z=1.
If we multiply thefirst equatia by x, thesecondy y, andthethird by z, we find
Xyz=2XA =3yA =2\ .

SinceA # 0 (for if so,somecoordnateis zero,andthusV = 0, which is certainlynot the maximum), this
givesus2x = z, 3y = z. Putthatin the constraintequatiorandsolve for z 2x+3y+z=3z=1,s0z=1/3
andthusx = 1/6 andy = 1/9. ThusthemaxmumvolumeisV = 1/162mtakenatthepoint(1/6,1/9,1/3.



