Calculuslll
Practice Exam 1, Answers
1.V=41+7J, W= —1| +5J are two vectors in the plane.
a) Find the angle betweahandW.

Answer. Leta be the angle. Then

V-W  4-1)+7(>5) 31

cosa = = = =.7508,
IVIIW] V65/26 /1690 ‘
soa = arccos.7508 = .7165 radians.
b) Find the angle betweahandw .
Answer. Wt = —5|] —J, so, if 8 is the desired angle,
. J‘ — — —
COsﬁzv WL 4(-5)+7(-1) 27 _ _ 6568,

VW]~ J/=65/26 _ /1690

sofB = arcco$—.6568 = 2.2873 radians. Of course, sin¢¢ is counterclockwise t&V, W - is anothent/2
counterclockwise t&V, so

B= 7—21+ o = 15708+ .7165= 2.2873.
c) Find the area of the parallelogram spannet\bgndw .

Answer. This is detW, W) = 26. This can also be computed &%
is a square of side lengtiv|.

2, since the parallelogram in question

2. Find the distance of the point (2,-2) from the line given by the equatioBy = 8.

Answer. LetQ be the given point. We need a point on the liR€), 4) will do. The distance is the length of
the projection ofPQ = 2l — 6J in the direction normal to the line. The vector formed of the coefficeints of
the equation of the lineN = | + 2J is normal to the line. Thus the distance is

PON_[2-12 _, &
N NG

3. A particle moves in the plane according to the equation
X(t) =t —t3J

Find the velocity, speed, acceleration, tangent and normal vectors, and normal acceleration of the particle at
any timet.

Answer . DifferentiateX (t):
V=I1-32), A=6tJ.

ds | —3t2J 32 +J
—:V:\/1+9t4, T:47 N=+ .
ai ~ Y Vitat Vit+or



6tJ- (3t2l +J) +6t
=A-N=+ = .
o V1+ ot V1+ ot

Sinceay must be positiveay, = 6/t|/v/1+ 9%t%.

4. Find the symmetric equation of the line through the point (2,-1,3) which is perpendicular to the vectors
| —2J+ 3K and 3 — 2J+ K. Answer. The direction vector for the line is the cross product of the given

vectors:
L=(1-23+3K) x (3 —2J+K) =4l +8J+4K

. Thus the symmetric equations are

X—2 y+1 z-3 _y+1l
4f874,0rx27 =z-3.

5. Find the equation of the plane through the origin which is normal to the line given parametrically by
X=@l+21-K)+t(—-1+IJ+2K).

Answer. Since—1 +J+ 2K is the direction vector of the line, it is the normal to the plane. Since the plane
goes through the origin, its equation-ix+y+ 2z = 0.

6. Find a vector normal to the plane throu@ho.0), (1,0,—1), (0,1,1).

Answer. Since the origin is on this plane, the vectors from the origin to the second and thirdIpeikts) +
K, are on the plane, so the nornls their cross product:

N=(-K)x(@+K)=1-J+K.

7. Consider two different, but parallel planes given by the equations
Mn,: (X=X;)-N=0, M, : (X=X,)-N=0.

Express the distance between the planes as a functi¥n,0K,,N. Answer. Since the planes are parallel,
the length of any line segment between the planes and perpendicular to both planes will give this distance.
Thus, we need only find the length of the projectiorof— X; along the normalN:

(X, —=X;)-N '

d=
IN|

8. Find the distance of the poi(, 2,1) from the line whose symmetric equations are

X-2 y+1 z-1
3 4 -2

Answer. The direction vector of the line Is = 3l + 4J — 2K, andP(2, —1,1) is a point on the line. Consider
the parallelogram determined by the vectiorand @ whereQ is the given point. Its area j& x I@L But



this area is also the product of the length of one side and the distance to the opposing side; thi first is
and the second i, the desired distance. Thils x @| =d|L|. So, we must compute:

LxPQO= (31 +4J—2K) x (I +3J) = 6] —2J +5K .

This length isy/65, and the length df is /29, sod = /65/29 = 1.497.

9. A particle moves in space according to the formXila) = | +tJ —t?K. Find the tangential and normal
accelerations as functions of

Answer. Differentiate:
V(it)=J-2tK, A(t)=-2K.

Thus
J—-2tK B 4t

e A=A T —
Vitaz' 7 V1t 42

SinceV andA are always in thd,K-plane, we can take

-2tJ—-K 2
N=Tt=—"FT" =A-N= ——.
V1442 o V1442

10. A particle moves in space according to the form(g) =t +e?J— 2¢'K. Find the normal acceleration
at the point = 0.

Answer . Differentiate;
V() =1+2623-26 K, A(t) =4e?J - 26K .

Now, evaluate at = 0 (don’t work with the general formulas!) to find
V=I14+21-2K, A=41-2K .

Then|V| = /9= 3 and sincd = V/|V| we have

AT=0t8+E 4
3
4 4 2
A—(ATT=—31+3]+3K,

soay =|A— (A-T)T| = o164 — 2



