Calculuslll
Exam 2, Answers

You may use graphing calculators and a Table of Integrals. Each problem is worth 20 points. You
MUST show your work. Just the correct answeris not sufficient for any points.

1. A conicin theplaneis given by theequation
2x% — 2xy + y? + 2x—y = 100.

a) Whatconicis it?
Answer. B? —4AC = (—2)? — 4(2)(1) = —4 < 0, soit is anellipse.
b) At whatangleto the x-axisarethe axesof the conic?

Answer. If 6 is theangleof oneof theaxeswith thex-axis,we know that
)= B -2

~A-C 2-1
s0 6 = (1/2)arctan(—2) = —.3524mrradiars. The otheraxisis perpeuicularto this axis, sois atanangle
0+ /2 = .1476tradians.

tan(20 -2,

2. Let f(x,y) = x> — Xy —y~.
Answer. a) Of = (2x— 3y)l — (3x+ 2y)J.

b) At (1,2, Of = —4l —7J. Thedirection of maximumincreasas thatof Of, sois

4 +73
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c¢) Find the equatiorof the planetangem to the surfacez = f(x,y) atthepoint (1,2;9).

U=

Theequatio of thetanget planeis z— (—9) = Of - (x— 1)1 + (y—2)J), or
z+9=—-4(x—1)-7(y—2)
which simplifiesto 4x+ 7y +z=9.

3. Let f(x,y,2) = xsin(yz). Letthecurwe y begivenby theequationX(t) = 2tl —tJ+K. Letg(t) = f(X(t)).
Do thefollowing calculatiors at thevaluet = 11/2;

Answer. a) Of = sin(yz)l + xzcogyz)J + xycoqyz)K ,

which evaluatesatt = m/2to

Oof = sin(—g)l + ncos(—g)J—gcos(—l—zT)K =—1.

b)(jj—>t<=2I—J,
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) dt dt

4. Let f(x,y) = 3xy + 3xy.

Answer. a) Of = (6xy+ 3y)l + (3x? + 3x)J.

b) Whatarethecritical pointsof f?

Answer. Thesearethesolutiors of theequdions fy =0, fy =0, or
6xy+3y=0, 3x°+3x=0.

Fromtheseconcdequatim, eitherx = 0 or x = —1. Fromthefirst equationfor bothvaluesof x we gety = 0.
Thusthecritical pointsare(0,0)and(-1,0).

¢) Whatkind of critical pointsarethey?

Answer. We have f, = 6y, fyy = 6x+3, fyy = 0,s0D = —(6x+ 3)2 < 0 at both points. Thusboth points
aresaddlepoints.

5. Find the maximum valueof xy onthecurve x? 4 2y? = 1.

Answer. Let f(x,y) = xy andg(x,y) = x? + 2y?. UsingLagrangemultipliers, the maxinmumis takenat some
pointwhereOf = A0g,g(x,y) = 1. We differentiateto obtain

Of =yl +xJ, 0Og=2xl +4yJ

sothelLagrangeequatimsare
y=2AX, Xx=4Ay, X*+2°=1.

Substitutingthefirst in the secondwe obtainx = 8A 2x, soeitherx=0o0r A = +8-%/2,

Casex = 0. Fromthelastequationwe find y = +2-%/2, and f (x,y) = 0.

Casel = £8~%2, Theny = 2(8~Y/2)x; puttingthatin thelastequatim gives
x2+ng2: 1, or 2*=1

giving thesolutionsx = 212, y = +1/2. Thevaluesof f atthesepointsare

1 . .
+—— sothemaximumis

1
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takenatthepoints+(1/+/2,1/2). Anotherwayto gois to eliminate2A from thefirst two Lagrangeequdions;

thisleadsto

- = — —Zy.

Substitutingthis in thelastequationgives4y? = 1, which leadseasilyto the solution



