
Calculus III
Exam 2, Answers

You may usegraphing calculators and a Table of Integrals. Each problem is worth 20 points. You
MUST show your work. Just the correct answeris not sufficient for any points.

1. A conicin theplaneis given by theequation

2x2 � 2xy
�

y2 � 2x � y � 100 �
a)Whatconicis it?

Answer. B2 � 4AC ��� � 2� 2 � 4 � 2��� 1��� � 4 	 0, soit is anellipse.

b) At whatangleto thex-axisaretheaxesof theconic?

Answer. If θ is theangleof oneof theaxeswith thex-axis,we know that

tan� 2θ ��� B
A � C

�
� 2

2 � 1
� � 2 


so θ ��� 1� 2� arctan � � 2�� � � 3524π radians. Theotheraxis is perpendicular to this axis,so is at anangle
θ � π � 2 ��� 1476π radians.

2. Let f � x 
 y �� x2 � 3xy � y2.

Answer. a)∇ f ��� 2x � 3y � I � � 3x
�

2y � J.

b) At (1,2), ∇ f � � 4I � 7J. Thedirection of maximumincreaseis thatof ∇ f , sois

U � � 4I
�

7J�
65

�

c) Find theequationof theplanetangent to thesurfacez � f � x 
 y � at thepoint (1,2,-9).

Theequation of thetangent planeis z � � � 9��� ∇ f ����� x � 1� I � � y � 2� J � , or

z
�

9 � � 4 � x � 1� � 7 � y � 2�
whichsimplifiesto 4x

�
7y
�

z � 9.

3. Let f � x 
 y 
 z ��� xsin� yz � . Let thecurveγ begivenby theequationX � t ��� 2tI � tJ
�

K . Let g � t ��� f � X � t ��� .
Do thefollowing calculations at thevaluet � π � 2;

Answer. a)∇ f � sin� yz � I � xzcos� yz � J � xycos� yz � K 


whichevaluatesat t � π � 2 to

∇ f � sin� � π
2
� I � π cos� � π

2
� J � π2

2
cos� � π

2
� K � � I �

b)
dX
dt

� 2I � J 




c)
dg
dt
� ∇ f � dX

dt
� � 2 �

4. Let f � x 
 y �� 3x2y
�

3xy.

Answer. a)∇ f ��� 6xy
�

3y � I � � 3x2 � 3x � J.

b) Whatarethecritical pointsof f ?

Answer. Thesearethesolutions of theequations f x � 0 
 fy � 0, or

6xy
�

3y � 0 
 3x2 � 3x � 0 �
Fromthesecondequation, eitherx � 0 or x � � 1. Fromthefirst equation, for bothvaluesof x we gety � 0.
Thusthecritical pointsare(0,0)and(-1,0).

c) Whatkind of critical pointsarethey?

Answer. We have fxx � 6y 
 fxy � 6x
�

3
 fyy � 0, soD � � � 6x
�

3� 2 	 0 at bothpoints. Thusbothpoints
aresaddlepoints.

5. Find themaximum valueof xy on thecurve x 2 � 2y2 � 1.

Answer. Let f � x 
 y ��� xy andg � x 
 y ��� x2 � 2y2. UsingLagrangemultipliers, themaximumis takenat some
pointwhere∇ f � λ∇g 
 g � x 
 y ��� 1. We differentiateto obtain

∇ f � yI
�

xJ 
 ∇g � 2xI
�

4yJ

sotheLagrangeequationsare
y � 2λx 
 x � 4λy 
 x2 � 2y2 � 1 �

Substitutingthefirst in thesecondwe obtainx � 8λ 2x, soeitherx � 0 or λ ��� 8 � 1� 2.

Casex � 0. Fromthelastequationwe find y ��� 2 � 1� 2, and f � x 
 y ��� 0.

Caseλ ��� 8� 1� 2. Theny � 2 � 8 � 1� 2 � x; puttingthatin thelastequation gives

x2 � 2
4
8

x2 � 1 
 or 2x2 � 1

giving thesolutionsx ��� 2 � 1� 2 
 y ��� 1� 2. Thevaluesof f at thesepointsare

� 1

2
�

2
sothemaximum is

1

2
�

2



takenatthepoints ��� 1�
�

2 
 1� 2� . Anotherwaytogois toeliminate2λ from thefirst twoLagrangeequations;

this leadsto y
x
� x

2y

 or x2 � 2y2 �

Substitutingthis in thelastequationgives4y2 � 1, which leadseasilyto thesolution.


