2210-90 Final Exam
Summer 2013

vane___KEY

Instructions.  Show all work and include appropriate explanations when necessary. Correct answers
unaccompanied by work may not receive full credit. Please try to do all all work in the space provided and
circle your final answer.

1. (15pts) Consider the three vectorsu=2i+j—-k,v=i-j+2k,and w=3i+j-k

(a) (3pts) Findu+v—w
A

(2145-F) ¢ (1-3+28) ~(314)-F) = OF=f 12F

(b) (3pts) Find [|v||

—

1Pl = {1241%2> =J ¢
{c) (3pts) Find w - u
Wi = ()4 Y+ (-0E) = &

(d) (2pts) Which two vectors are orthogonal? Circle one:

A uv B.u,w

(e) (4pts) Find u x w

W= 2 =1 | = T) - (23 e (23)f
A

3 \ - = -] F.

2. (9pts) Find an equation for the plane which contains the points (1,0,1), (2,-1,1), and (3,1, 2).
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3. (20pts) Consider the function f(z,y) = $z? — zy + 33°.
(a) (4pts) Find Vf(z,y), the gradient of f.

2
VA tey) = Ex-y,-x sy ™2
(b) (4pts) Find (D, f)(2,1), the directional derivative of f at (2,1) in the direction u = %i - %j.
vz = <1, 1>
o iS¢ is=2,8% oy
uf>(2,1)= -1 [ ct < s

(c) (4pts) Find the equation of the tangent plane to the graph of f at the point (2,1).

£y = 2-2+% =4
2’=J§+|(X'L)~l(-l>=x—j*%
| ! J

(d) (4pts) Find the two critical points of f. .
SO I (000)

o;-x+j7'=—-x+x"=) x=0,l. (1)
1

(e) (4pts) Is the critical point with the larger z-coordinate a local minimum, a local maximum, or a
saddle point? .
xx = Dl = Y- ("= >0
’F‘IY =2y fux >0
‘ij”’ () e lval van.

4. (10pts) Use the method of Lagrange multipliers to find the point on the hyperbola z2 — 4% = 1 in
the first quadrant which is closest to the point (0,1). Do this by finding the point (z,y) in the first
quadrant which minimizes the function f(z,y) = z2 + (y — 1)2, the distance squared from the point
(0,1), subject to the constraint g(z,y) = 2> —y> —1=0.
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5. (24pts) Evaluate the following double or triple integrals:

(a) (6pts) // (2zy + 1) dA, where R is therectangle 0 <z <2,0<y < 3.
R
2,79 2 3 s
oA = [ -
fo Lézxyﬂ)"j X f (xy+y ] ax = foé‘l‘x  3)tx

(>K+3x|:— = M"”G@

(b) (6pts) // (z® + 3y) dA, where T is the triangle in the zy-plane with vertices (0,0), (2,0) and
T
(2,2). T X 2 X
% = = Ay = x*y + 2 7’} A
S e J, 0y iy, a
, -

(= 4
= 1.3
T | gb (X?‘rix‘)i)c = (% +ZX

(o0)  (30)
- | 1
= = ¥
7 Pzl

(c) (6pts)///(2.’1; 4y + 2%) dV, where Bisthe box 0<z <1, -1<y<1,and0<z < 3.
B

gzg“ (O($x~‘i]+z?—)al)<oljdt - go L [ g || 4y 42
] f [ Oty ) dyds = fcj - 2y*r 2%y l,: L

3 3
- K (2422%)dz = (22+ 327" = b+5@7)-Lnir

(d) (6pts) ///H(zz(:z;2 + 42 4+ 2%)) dV, where H is the hemisphere 2% + 4> + 22 <1,y > 0.
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6. (8pts) Match the following vector fields with the graphs below by writing the letter in the blank
provided.
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7. (10pts) Consider the vector field F(z,y) = xy%i — 2zyj.

(a) (4pts) Compute / F - dr, where C) is the curve connecting (0,0) to (1,1) parameterized by
1

for0 <t <1.
‘(‘( 5 { 2 2 {"/’ > ?/ ’
(P2, (\,LJ)M;LH ) = (£-2 )
_ L_ 2 -
-t 3 1z
(b) (4pts) Compute / F - dr, where C; is the curve connecting (0,0) to (1,1) parameterized by
Ca
z(t)y =t  yt)=t
for 0 <t <1.
( ' [ Lob [
fo (t i‘—Lt3J") (2T 4 ) dt >f (2¢°-2¢2) dE = (3& «J;t'f/o
0

=4 -1 =
3 2
(c) (2pts) Is F a conservative vector field? Circle one: YES

8. (6pts) Consider the vector field and the closed oriented curve C drawn below. In the blank provided,
write ‘P’ if the quantity is positive, ‘N’ if the quantity is negative, and ‘Z’ if the quantity is zero.
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9. (16pts) Let F(z,y) = (z® —y)i+ (¥ + z)j and let C denote the unit circle traversed counterclockwise.

a pts) Compute the line integra - ar using Green’'s eorem.
(a) (8pts) C he line integral [, F - dr using Green’s Th
"

" A ; A A
Phx 9/)3 Yor | = f (l+l) = 2
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(b) (8pts) Compute the line integral [, F - n ds using the plane Divergence Theorem (which is also
a form of Green’s Theorem).

AvF = 3xT43y% = 3 <Py ™)
fF'K""5 =jg3(X1+VL)dA
¢ S
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10. (8pts) Consider the vector field F(z,y, z) = 22231+ 1z43j + zyk. Use the Divergence Theorem and to

compute
// F-ndS,
S

where S is the surface of the cylinder z2+32 < 1,0 < z < 1 and n is the outward pointing unit normal

vector.

Aiv F > g (32x°) 'déy (J”f) ¥ 55 (y) 7 2 (g )

curl F =

o H Foud = ([ o £y = (([ = by AV
S R R
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11. (8pts) Let F(z,y,z) = (z?y + 1)i + (3y? + z2)j — z2°k.
(a) (4pts) Compute divF

Awv F = 2—% (x"y'ri) +;33 (Bj"+)<a) g 23; (’){bz'> =IZM?

(b) (4pts) Compu't\e curl F ~ /)::

1 A A ~ 2)

L\M"\ F = )/)X )/\i?j )/}i' = ‘ <D’X) +J (21) t P(ijx )

2 iy a ~ 24, 2\ l
¥ 3yMxe X2 =\-x1 +27) (1) E
12. (16pts) Let S dendte the top half of the unit sphere, a surface determined by the graph of

z=v1-2% -y

(a) (8pts) Find the surface area of S by evaluating an integral.
'-FCXL )= (1-x* L)/L N
4 () ® 2 (1-x 'j/L) (-2x) —\h x-—y
£y e =3 (14%y) *1-2y) - oo
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0 (5] W= |-y
(b) (8pts) Use Stokes’s Theorem to evaluate

//S(curlF) -n dS,

F = (22 + 2)i + yzj + zyk.
DS X2 ove FM&N’MM L,j
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DEtear
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where F denotes the vector field



