CalculusllI
Practice Problems 13: Answers

1. A mandrops out of a planeat 25,@0 feet of altitudeandimmedately opers his parahute. For this man
andparaclutethedecelertion dueto air resistancés 4v wherev is his velocity. How far hashefallenin one
minute?How long doesit take for him to hit theground, andat whatvelocity doeshehit theground?

Answer. Letx(t) bethedistancehemanhasfallenin timet, andx’(t) hisvelocity. Theinitial corditionsare
x(0) = 0, ¥'(0) = 0. Now, his acceleratioris dueto gravity (32 ft/sec®) lessthatdueto air resistancegiving
thedifferential equaion

() X' =32—4x

The honpbgeneas equaion (x” +4x' = 0) hasthe geneal solutionx,, = A+ Be~*. To find a particlar
solutionof (2), wetryxp = at + b. We get0 = 32— 4a, soa = 8 andour solutionis

X(t) =8t+A+Be™™
Theinitial conditiors give0 = A+ B, 0=8—-4B, soB =2, A= —2 andtheequatim of motion is
X(t) =8t —2+2e74

Now, we wantto find the valueof t whenx(t) = 25,000. At this distance the terms—2 4 4e~* areneg-
ligible, sothe answeris t = 25,000/8 = 52 secondsgive or take at mosta tenthof a second. The point

of this problemis that, excep for thefirst secondor so,the manis falling at (essentially)a constantveloc-
ity of 8 ft/sec. A moreinteresting andrealistic, prablem would be to have the manfree-fall for abou 5
secondsandthenpull theparachite. After 5 secondswith theacceleratiomlueonly to gravity, themansve-
locity is 160ft/sec. Whentheparatiuteopers, hethendecelerateabruptlyto (nearly)thevelocity of 8 ft/sec.

2. a) Let a massm hangfrom a springof springconstant. Supposehatit is setin motion Show that,
throughout the motion, mv? + kx? is constai, wherex represets displacementrom equilibrium, andv is
velocity.

Answer. Theequatim of motionis mx” + kx = 0. Multiply by dx/dt, notingthatv = dx/dt anddv/dt = x”.

We get

dv dx
mva + kxa =

whichintegratesto mv2 + kx2 = C.

b) Supmsethatk = 4 dynes/cmandm = 10 g, andthe springis alreaq in motion At a particularinstantthe
srpingis located10 cm. from equlibrium andtraveling at velocity 8 cm/sec.For this motion, whatarethe
maximum velocity andmaximum displacenentof themass?

Answer. Accordirg to part a) we have that 10v 4+ 4x? is constah At the instantgiven x = 10 and
v = 8, sothe constanis 10(8)? + 4(10)? = 1040. Now the velocity is a maximun whenx = 0, so we
have 10(Vimax)? = 1040, sothatvimax = 10.2 cm/sec.Similarly, displacemenis a maximun whenv = 0, so
4(Xmax)? = 1040, andXmax = 16.12 cm.

3. Theabove configuationis putin aviscousfluid which exertsaretarantforce proportionalto thevelocity,
with constanof proportiorality g = 12. Find theequatiorof motionof themassgiven thatattimet =01t is



atx = 0 andits velocity is 4.8 cm/sec.Whatis the maximum displacemenof themass?

Answer. Thedifferertial equatim of motion is
10X + 12X +4x=0
Therootsof theauxiliary equdion are—.6+ .2i, sothegeneal solutionis
x=e"%(Acog.2t) + Bsin(.2t))
Theinitial conditiors giveusA =0, .2B = 4.8, soB = 24, andtheequatiam of motionis
x = 24e~ 1% sin(.2t)
To find the maximumvalueof x we find thefirst valueof t for whichdx/dt = 0. Now

3_1( = 24(—1.2e7 1% sin(.2t) + .27 1% cog.2t))

Thisis zerowhentan(.2t) = .2/1.2, giving t = .8257 sec.Thenthe maxmum displacemenis

x = 24128250 gin( 2(.8257)) = 1.4645 cm.

4. A crystalglasscorsistsof cellsin acrystallineshapevhich oscillateatanaturalfrequeng, sothemotionis
governedby adifferentialequatiornk” + wéx = 0 where27/ wy is thefrequeng. If theambientair is vibrating
atafrequeng of w/2m (due to amorptonalsound perha), thenthe motionof a crystalis modifiedby the
forceof theair in motionsoasto be governedby theinhonmogeneasequatio

X' + whx = Acoswt

Findaparticularsolutionof this differentialequation Whathapensasw apprachesw,? (Thisphenanenm
is calledresonance.)

Answer. Wetry y = acoswt + bsinwt. Substitutinghatin the differentialequationleadsto
—w?(acoswt + bsinwt) + w(acoswt + bsinwt) = Acoswt

leadingto thevalues

A
2= wg-w P70

sotheparticdar solutionis

Xp = —5— COSwt .

= >
Wy — w

As we cansee,asw — w,, theamplitude of this wave becanesarbitrarily large. This is why a singercan
cracka crystalglassby singinga noteat a frequeng very closeto the naturalfrequency of thecrystal.

5. Considetrthe circuit asshavn in thediagram The switchis turnedon attimet = 0. Find thecurren asa
function of time.

Answer. Thecircuit equationis LI"” + RI’ + (1/C)I = E'(t). In ourcasewe have L= .2, R=10, 1/C=
500, E’(t) = 60cos(6(t), sotheequatioris

1
z!" 410"+ 5001 = 60cos(60t)



To find a particdar solutionwe try
| = Acog60t) +Bsin(60) .

We calculatethe derivatives:
I” = —60AsIn(60t) +Bcog60t)l , 1" = —36MAcog60) + 360MBsin(6Qt) ,
andsubstitutdan the differential equatio to find A andB. We gettheequatims
—720A+600B+500A =60, —720B—600A+500B=0,
which have thesolutionsA = —.323 B=.088.So
Ip(t) = —.323c0g6Q) +.088sin(60t)

asa particdar solution Now to find the solutionfor our initial valueprablem,we look atthe honogeneas
equatim. Therootsare—25+ 251/3, sowe ry to fit

I(t) = e 2% (acog25V/3t) + bsin(25v/3t)) —.323cog60t) + .088sin(60t)

to theinitial values.At thetime the switchis turnedon, I (0) = 0, 1'(0) = 0. We find a= .032andb = .103
sotheansweris

I(t) = € 2%(.032c08(25v/3t) + .103sin(25v/3t)) — .323cog60t) +.088sin(60t) .

Becausef theexponente=2%, thefirst termbecomesiggligible afterawhile, andthe currer oscillateswith
frequeng 60/2m andamplituce /(.323)2 + (.0882 = .334ampees.



