
Calculus II
Practice Problems 13: Answers

1. A mandrops out of a planeat 25,000 feetof altitudeandimmediately opens his parachute.For this man
andparachutethedeceleration dueto air resistanceis 4v wherev is hisvelocity. How farhashefallenin one
minute?How longdoesit take for him to hit theground,andatwhatvelocitydoeshehit theground?

Answer. Let x
�
t � bethedistancethemanhasfallenin time t, andx � � t � hisvelocity. Theinitial conditionsare

x
�
0��� 0 � x � � 0��� 0. Now, his accelerationis dueto gravity (32 ft/sec2) lessthatdueto air resistance,giving

thedifferential equation
�
2� x � � � 32 � 4x �

The homogeneous equation (x � �	� 4x �
� 0) hasthe general solution xh � A � Be � 4t . To find a particular
solutionof (2), we tryx p � at � b. We get0 � 32 � 4a, soa � 8 andoursolutionis

x
�
t ��� 8t � A � Be � 4t

Theinitial conditions give0 � A � B � 0 � 8 � 4B, soB � 2 � A ��� 2 andtheequation of motion is

x
�
t ��� 8t � 2 � 2e � 4t

Now, we want to find the valueof t whenx
�
t �
� 25� 000. At this distance,the terms � 2 � 4e � 4t areneg-

ligible, so the answeris t � 25� 000� 8 � 52 seconds,give or take at mosta tenthof a second.The point

of this problemis that,except for thefirst secondor so, themanis falling at (essentially)a constantveloc-
ity of 8 ft/sec. A more interesting, andrealistic,problem would be to have the manfree-fall for about 5
seconds,andthenpull theparachute.After 5 seconds,with theaccelerationdueonly to gravity, theman’sve-
locity is 160ft/sec.Whentheparachuteopens,hethendeceleratesabruptlyto (nearly)thevelocityof 8 ft/sec.

2. a) Let a massm hangfrom a springof springconstantk. Supposethat it is set in motion. Show that,
throughout the motion, mv2 � kx2 is constant, wherex represents displacementfrom equilibrium, andv is
velocity.

Answer. Theequation of motionis mx � ��� kx � 0. Multiply by dx � dt, notingthatv � dx � dt anddv � dt � x � � .
We get

mv
dv
dt
� kx

dx
dt
� 0

which integratesto mv2 � kx2 � C.

b) Supposethatk � 4 dynes/cmandm � 10 g, andthespringis already in motionAt a particularinstantthe
srpingis located10 cm. from equilibrium andtraveling at velocity 8 cm/sec.For this motion, whatarethe
maximum velocityandmaximum displacementof themass?

Answer. According to part a) we have that 10v2 � 4x2 is constant. At the instant given, x � 10 and
v � 8, so the constant is 10

�
8� 2 � 4

�
10� 2 � 1040. Now the velocity is a maximum when x � 0, so we

have 10
�
vmax � 2 � 1040, so thatvmax � 10� 2 cm/sec.Similarly, displacement is a maximum whenv � 0, so

4
�
xmax � 2 � 1040, andxmax � 16� 12 cm.

3. Theaboveconfigurationis put in aviscousfluid whichexertsaretardantforceproportionalto thevelocity,
with constantof proportionality q � 12. Findtheequationof motionof themass,given thatat time t � 0 it is



at x � 0 andits velocity is 4.8cm/sec.Whatis themaximum displacement of themass?

Answer. Thedifferential equation of motion is

10x � � � 12x � � 4x � 0

Therootsof theauxiliary equation are ��� 6 ��� 2i, sothegeneral solutionis

x � e �
� 6t � Acos
� � 2t ��� Bsin

� � 2t ���
Theinitial conditions giveusA � 0 ��� 2B � 4 � 8, soB � 24,andtheequation of motionis

x � 24e � 1 � 2t sin
� � 2t �

To find themaximumvalueof x we find thefirst valueof t for whichdx � dt � 0. Now

dx
dt
� 24

� � 1 � 2e � 1 � 2t sin
� � 2t ����� 2e � 1 � 2t cos

� � 2t ���
This is zerowhentan

� � 2t ����� 2� 1 � 2, giving t ��� 8257 sec.Thenthemaximumdisplacement is

x � 24e � 1� 2 � � 8257� sin
� � 2 � � 8257����� 1 � 4645 cm�

4. A crystalglassconsistsof cellsin acrystallineshapewhichoscillateatanaturalfrequency, sothemotionis
governedby adifferentialequationx � ��� ω2

0x � 0 where2π � ω0 is thefrequency. If theambientair is vibrating
at a frequency of ω � 2π (due to a monotonalsound,perhaps), thenthemotionof a crystalis modifiedby the
forceof theair in motionsoasto begovernedby theinhomogeneousequation

x � � � ω2
0x � Acosωt

Findaparticularsolutionof thisdifferentialequation. Whathappensasω approachesω 0? (Thisphenomenon
is calledresonance.)

Answer. We try y � acosωt � bsinωt. Substitutingthatin thedifferentialequationleadsto

� ω2 � acosωt � bsinωt ��� ω2
0
�
acosωt � bsinωt ��� Acosωt

leadingto thevalues

a � A
ω2

0 � ω2 � b � 0 �
sotheparticular solutionis

xp � A
ω2

0 � ω2 cosωt �
As we cansee,asω � ω0, theamplitude of this wave becomesarbitrarily large. This is why a singercan
cracka crystalglassby singinga noteat a frequency verycloseto thenaturalfrequency of thecrystal.

5. Considerthecircuit asshown in thediagram. Theswitchis turnedon at time t � 0. Find thecurrent asa
function of time.

Answer. Thecircuit equation is LI � ��� RI ��� � 1� C � I � E � � t � . In our casewe have L ��� 2 � R � 10� 1� C �
500� E � � t ��� 60cos

�
60t � , sotheequationis

1
5

I � � � 10I � � 500I � 60cos
�
60t �
�



To find a particular solutionwe try
I � Acos

�
60t ��� Bsin

�
60t � �

We calculatethederivatives:

I � �!� 60Asin
�
60t ��� Bcos

�
60t � I � I � � ��� 3600Acos

�
60t ��� 3600Bsin

�
60t �
�

andsubstitutein thedifferential equation to find A andB. We gettheequations

� 720A � 600B � 500A � 60 �"� 720B � 600A � 500B � 0 �
whichhavethesolutionsA ����� 323� B ��� 088.So

Ip
�
t ������� 323cos

�
60t ���#� 088sin

�
60t �

asa particular solution. Now to find thesolutionfor our initial valueproblem,we look at thehomogeneous
equation. Therootsare � 25 � 25i $ 3, sowe try to fit

I
�
t ��� e � 25t � acos

�
25$ 3t ��� bsin

�
25$ 3t ���
�%� 323cos

�
60t ���#� 088sin

�
60t �

to theinitial values.At thetime theswitchis turnedon, I
�
0��� 0 � I � � 0��� 0. We find a ��� 032andb ��� 103,

sotheansweris

I
�
t ��� e � 25t � � 032cos

�
25$ 3t ���&� 103sin

�
25$ 3t ���
�%� 323cos

�
60t ���#� 088sin

�
60t �'�

Becauseof theexponente � 25t , thefirst termbecomesnegligible afterawhile, andthecurrent oscillateswith
frequency 60� 2π andamplitude ( � � 323� 2 � � � 088� 2 ��� 334amperes.


