
Calculus II
Practice Problems 12: Answers

1. Solvey
� � � 5y � 0 with theinitial valuesy

�
0��� 1 � y

� �
0��� � 1.

Answer. Theauxiliaryequationr2 � 5 � 0 hastherootsr ���
	 5, sothegeneralsolutionis

y � Acosh	 5x � Bsinh	 5x �
Theinitial conditions giveusA � 1 � 	 5B � � 1. Thustheansweris

y � cosh	 5x � 1

	 5
sinh	 5x �

2. Solvey
� � � 5y � 0 with theinitial valuesy

�
0��� 1 � y

� �
0��� � 1.

Answer. Theauxiliaryequationr2 � 5 � 0 hastherootsr ��� i 	 5, sothegeneralsolutionis

y � Acos	 5x � Bsin 	 5x �
Theinitial conditions giveusA � 1 �
	 5B � � 1. Thustheansweris

y � cos	 5x � 1

	 5
sin 	 5x �

3. Solvey
� � � 5y

� � 6y � 0 with theinitial valuesy
�
0��� 1 � y

� �
0��� � 1.

Answer. Theauxiliaryequationr2 � 5r � 6 � 0 hastheroots r � 2 � 3, sothegeneralsolutionis

y � Ae2x � Be3x �
Theinitial conditions give theequations

1 � A � B � � 1 � 2A � 3B � sothat A � 4 � B � � 3

andthesolutionis
y � 4e2x � 3e3x �

4. Solvey
� � � 4y

� � 5y � 0 with theinitial valuesy
�
0��� 1 � y

� �
0��� � 1.

Answer. Theauxiliaryequationr2 � 4r � 5 � 0 hastheroots r � � 2 � i, sothegeneral solutionis

y � e � 2x � Acosx � Bsinx �
with derivative

y
� � � 2e � 2x � Acosx � Bsinx ��� e � 2x � � Asinx � Bcosx ���

The initial conditions give the equations 1 � A � � 1 � � 2A � B, or A � 1 � B � 1, so the solution is y �
e � 2x � cosx � sinx � .



5. Solvey
� � � y

� � 0 with theinitial values y
�
2��� 1 � y

� �
2��� 2.

Answer. The auxiliary equation r2 � r � 0 hasthe rootsr � 0 � 1, so the general solutionis y � A � Bex.
The initial conditions give the equations 1 � A � Be2 � 2 � Be2, so B � 2� e2 � A � � 1, andthe solutionis
y � � 1 � 2ex � 2 �

6. Solvey
� � � 2y

� � y � 0 with thevaluesy
� � 1��� 1 � y

�
1��� 1.

Answer. The auxiliary equationr2 � 2r � 1 � 0 hasthe single root r � � 1, so the generalsolution is
y � Ae � x � Bxe � x. Thespecifiedvalues(calledboundary values) giveustheequations:

1 � Ae � Be � 1 � Ae � 1 � Be � 1

with solutionsA � �
e � e � 1 ��� 2 � B � �

e � e � 1 ��� 2, andthedesiredfunction is

y � e � x � e � 1
e

2
� e � 1

e

2
x �

7. Solvey
� � � 2y

� � y � x with theinitial valuesy
�
0��� 0 � y

� �
0��� 0.

Answer. Firstwefind thegeneral solutionof thehomogeneousequation. Its auxiliary equation is r 2 � 2r � 1,
whichhasthesingleroot r � � 1. Thuswehave
�
1� yh � e � x � Ax � B ���

Now, we find a particularsolutionby trying y � ax � b. Substitutingthat into the given equation givesus
0 � 2a � ax � b � x, sowe musthave a � 1 � 2a � b � 0 sob � � 2, andy p � x � 2. Thusour solutionis of
theform

y � yp � yh � x � 2 � e � x � Ax � B � with y
� � 1 � e � x � Ax � B ��� Ae � x �

We solve for A andB usingtheinitial conditions;

0 � � 2 � B � 0 � 1 � B � A or B � 2 � A � 1 �
Thesolutionis

y � x � 2 � e � x � x � 2�

8. Find thegeneral solutionof y
� � � 2y

� � y � sinx.

Answer. Wehavethesamesolutions(1) of thehomogeneousequationasabove. To find aparticular solution,
we try y � acosx � bsinx, leading to theequation:

� acosx � bsinx � 2
� � asinx � bcosx ��� acosx � bsinx � sinx �

Equating coefficients: � a � 2b � a � 0 � � b � 2a � b � 1, soa � � 1� 2 � b � 0. Thusthegeneral solutionis

y � yp � yh � � 1
2

cosx � e � x � Ax � B ���

9. Find thegeneral solutionof y
� � � 4y � sin

�
2x � .



Answer. Theauxiliary equationfor thehomogeneous equationis r 2 � 4 � 0, which hasthe rootsr ��� 2.
Thusthegeneral solutionof thehomogeneousequationis Ae 2x � Be � 2x. To find a particularsolutionof our
equation wetry yp � asin

�
2x ��� bcos

�
2x � . Substitutingthis in thegiven equationleadsto

� 4asin
�
2x � � 4bcos

�
2x � � 4

�
asin

�
2x ��� bcos

�
2x ����� sin

�
2x �

giving usyp � � � 1� 8� sin
�
2x � . Thustheansweris

y � � 1
8

sin
�
2x ��� Ae2x � Be � 2x

10. Find thegeneral solutionof y
� � � 4y � sin

�
2x � .

Answer. Heretheinhomogeneoustermsatisfiesthehomogeneousequation, sowe have to try a function of
theform

y � �
ax � b � sin

�
2x ��� � cx � d � cos

�
2x �

We find
y
� � � � 4

�
ax � b � sin

�
2x ��� 4acos

�
2x � � 4

�
cx � d � cos

�
2x � � 4C sin

�
2x �

andthus
y
� � � 4y � 4acos

�
2x � � 4csin

�
2x ��� sin

�
2x �

Thusa �
� c � � 1� 4 andb andd canbeanything. Thegeneral solutionis

y � bsin
�
2x ��� � � 1

4
x � d � cos

�
2x �


