Calculusl|
Practice Problems 12: Answers
1. Solvey” — 5y = O with theinitial valuesy(0) = 1, y'(0) = —1.
Answer . Theauxiliary equatiorr 2 — 5 = 0 hastherootsr = ++/5, sothegenerakolutionis

y = Acoshv/5x + Bsinhv/5x .

Theinitial conditiors giveusA= 1, v/5B = —1. Thustheansweiis

1
= coshv/5x — — sinhv/5x .
y N

2. Solvey"” 4 By = 0 with theinitial valuesy(0) = 1, y'(0) = —1.
Answer . Theauxiliary equatiorr 2+ 5= 0 hastherootsr = +i+/5, sothegenerakolutionis
y = Acosv/5x+ Bsiny/bx .

Theinitial conditiors giveusA = 1, v/5B = —1. Thustheansweiis

1
= cosv/Bx— — sinv/bx .
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3. Solwey” — 5y + 6y = 0 with theinitial valuesy(0) = 1, y'(0) = —1.

Answer . Theauxiliary equatiorr > — 5r + 6 = 0 hastheroatsr = 2, 3, sothegenerakolutionis

y=Ae*+Be*.
Theinitial conditiors give theequaions
1=A+B, —1=2A+3B, sothat A=4, B=-3
andthesolutionis
y = 4> —3e¥.

4. Solvey” + 4y + 5y = 0 with theinitial valuesy(0) = 1, y'(0) = —1.
Answer. Theauxiliary equatiorr2 + 4r +5 = 0 hastheroasr = —2+ i, sothegeneal solutionis
y = e %(Acosx+ Bsinx)

with derivative
y = —2e”%(Acosx+ Bsinx) + e~2(—Asinx+ Bcasx).

The initial condtions give the equatims 1 = A, — 1= —2A+B, or A= 1,B =1, sothe solutionis y =
e 2(cosX + Sinx).




5. Sohey” —y = 0 with theinitial valuesy(2) = 1, y'(2) = 2.

Answer. The auxiliary equationr? —r = 0 hastherootsr = 0, 1, sothe gereral solutionis y = A+ BeX.
Theinitial condtions give the equatims 1 = A+ Be?, 2 = Be?, soB = 2/€?, A= —1, andthe solutionis
y=—1+2e"2.

6. Solvey” + 2y +y= 0 with thevaluesy(—1) = 1, y(1) = 1.

Answer. The auxiliary equationr? + 2r + 1 = 0 hasthe singleroot r = —1, so the generalsolution is
y = Ae~*+ Bxe *. Thespecifiedvalues(calledboundary values) give ustheequatios:

1=Ae—Be, 1=Ae'4+Be™!
with solutionsA = (e+€71)/2, B = (e— e~1)/2, andthedesiredfunctionis

1
etz e—=z
y=e"(—"+—5%)

7. Solwey” + 2y +y = x with theinitial valuesy(0) = 0, y'(0) = 0.

Answer . Firstwe find thegeneal solutionof thehonopgeneasequation Its auxiliary equatimis r 2+ 2r + 1,
whichhasthesinglerootr = —1. Thuswe have

(1) Y, =€ *(AX+B).

Now, we find a particularsolutionby trying y = ax+ b. Substitutingthatinto the given equaion givesus
0+ 2a+ax+b=x sowemusthavea=1, 2a+b=0sob= -2,andy, = x— 2. Thusour solutionis of
theform

Y=Yp+¥,=X—2+€ X(Ax+B) with y =1-e*(Ax+B)+Ae*.

We solve for A andB usingtheinitial condtions;
0=-2+B,0=1-B+A or B=2, A=1.

Thesolutionis
y=Xx—2+€eX(x+2)

8. Findthegenerhsolutionof y” + 2y +y = sinx.

Answer. We havethesamesolutiors (1) of thehonpgeneasequationasabove. To find aparticuar solution
wetry y = acosx+ bsinx, leadirg to the equation

—acosx— bsinx+ 2(—asinx+ bcosx) + acosx+ bsinx = sinx .

Equatirg coeficients: —a+2b+a=0, —b—2a+b=1,soa= —1/2, b= 0. Thusthegener&solutionis

1
Y=Yp+¥= —icosx+e‘x(Ax+ B) .

9. Findthegenerasolutionof y” — 4y = sin(2x).



Answer. Theauxiliary equationfor the homogeneois equationis r 2 — 4 = 0, which hastherootsr = +2.
Thusthe geneal solutionof the hombgen®usequationis Ae? + Be~2*. To find a particularsolutionof our
equatio wetry yp = asin(2x) + bcog2x). Substitutinghis in the given equatiorieadsto

—4asin(2x) — 4bcog2x) — 4(asin(2x) + bcoq2x)) = sin(2x)

giving usyp = —(1/8) sin(2x). Thustheansweris

y= —% sin(2x) + Ae* + B~

10. Find thegeneal solutionof y” + 4y = sin(2x).

Answer. Heretheinhomogeneusterm satisfieshe honogen®usequation sowe have to try a function of
theform
y = (ax+ b) sin(2x) + (cx+ d) coq2x)

We find
y' = —4(ax+ b) sin(2x) + 4acog2x) — 4(cx+ d) cog2x) — 4C sin(2x)

andthus
y' + 4y = 4acoq2x) — 4csin(2x) = sin(2x)

Thusa=, c= —1/4 andb andd canbearything. Thegenerasolutionis

y = bsin(2x) + (—%x+ d) cog2x)



