CalculusllI
Problemson Numerical M ethods, Answers

1. Sincetan(r/6) = 1/+/3,andtherebre, m= 6arctarf1/ +/3) we canusethe Taylor seriefor thearctanget
to estimatert. Do this, usingthefirst threenorezeroterms.

Answer. We have the Taylor exparsion:

1 © i2n+1
arctan— = _n3 ,
V3 n;( ) 2n+1
sothefirst threenonzeo termsare
1 1,14 1,1 1 1 1
— == (—=)+=(—=)=—+-(1-—=+--)=.56879,

Sincethis estimatest/6, theestimatefor Tis 3.41278.

2. Sincesin(rt/6) = 1/2, we canalsofind 1 by solvingthe equdion sinx = 1/2. We canappoximatethe
solutionby replacingsin by anappoximating Taylor polynomial, andthenusingNewton’s method Do this
with the threetermTaylor polynomial for sinx.

Answer. ThethreetermTaylor polynomialfor sinx is

3 xe
f(x)_x—€+1—20.

We wantto find the valueof x for which thisis 1/2. We thusapply Newton’s methodfor f(x) —1/2. The
recursio formulais

X _1
2
Startingwith theguess«, = .5, we obtainrecusively
X; = 052342136, x,=0.52359606, x;=0.52359613

so we have stability after three steps. Since this appraimates1/6, the estimatefor 7 that we get is
3.1457879.

3. Find a solution by Newton's method of theequation
x4 —x—-4=0
corred to five decinal places.

Answer . Heretherecusionis
XX+ —x2—4

5x* — 4x3 4 3x2 — 2x
Startingwith x, = 1, we obtainthesequence

X =x—

X =3, X,=244654(B81, x,=2.02383867, x,=17225105
X5 = 15700808, X, = 152468489, x;=1521396, xg=1.52137977.



Thenext valuerepeatghelastvalue,sothisis the desiredappioximation Youwill seethatif you startwith
practicallyary initial value(x, = 0 won't do - why?) you endup with the sameroot. Doesthattell usthat
thereis only onerealrootto this equaion?

4. Hereis anothemway of estimatingrr. We know that

1 dx
n/4_/0 1+x2°

Estimatethis integral by the trapezoidrule, usingstepsof size1/10. How mary stepsshouldwe take to be
sureof anestimatecorrectto 4 decimalplaces?

Answer. We have to evaluae 1/(1+ x?) at eachof the points0,0.1,0.2,0.3,...,1. Thetrapezdd rule then
givesusastheestimate

1
Z)(1 +2(0.9900+ 0.96153+ 0.91743+ 0.86206+ 0.8+ 0.73529+ 0.6711+ 0.60975+ 0.55248) + .5)
whichis 3.1392.70 be correct to within 4 decima placeswe needNto satisfy( usingtheerra formua; see
proposition10.5
_(1-0° 1 a

E(N) = N2 M, < 210 .
whereM, bowndsthe secondierivative. We calculatethatwe cantake N sothat6N2 > 10% N = 50will do.
Notethatl justneedabig enoudn N, notthesmallestwhichwill do: thecompuer cando this calculationfor
ary N < 1000in justabou the sametime.

5. Define

Evaluae J,(1) correctly to 4 decimalplaces.

Answer. Although this lookslike somethingnadeup by a madmathematicianit hapgnsto bethefirstin
a sequene of functionsimportantin enginering, known asthe Bessel functions. Let's write down the first
few termsof Jy(x):
2 N 6
X X
Jy(X)=1—— —
o) 8 1626 64624 "

Now, we have the prablem of finding out how mary termsto take to geta 10~* estimate.We cant turn to
Taylor’s errorestimate for thatrequies estimateson the successie derivativesof J,, andsincewe’ll only
have a seriesexpressiorfor these the prodemiis only magnified But, we obseve thatthe seriesfor J ,(1) is
analternatingserieswith decreasingeneal term,sothe erra betweerary partialsumandthetruevalueis
lessthanthenext term. The next termof this seriesis

1

sowe getour estimateby evaluatirg thefour termsabove:

= (73780) 1< 107°,

1 1 1
(1) =1- 871626 64624 = 8801




6. Find anestimatefor

2 i
SIinx

[ oy
0 X

usingSimpson s rule with N = 20 subdvisions.
Answer. We divide theinterval [0, 2] into tenths,andevaluatesinx/x at all of the endpants. Of course,the
attemptto evaluatethis atx = 0 fails, but we cantake thatvalueto be 1 since

. sinx
lim—=1.
x—=0 X

Simpsons rule gives us (sinx) /x = 0.80270correctto four decimals.



