
Calculus II
Problems on Numerical Methods, Answers

1. Sincetan
�
π � 6��� 1��� 3,andtherefore,π � 6arctan

�
1��� 3� wecanusetheTaylorseriesfor thearctangent

to estimateπ . Do this,usingthefirst threenonzeroterms.

Answer. We havetheTaylorexpansion:
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Sincethis estimatesπ � 6, theestimatefor π is 3.41278.

2. Sincesin
�
π � 6��� 1� 2, we canalsofind π by solvingtheequation sinx � 1� 2. We canapproximatethe

solutionby replacingsin by anapproximating Taylorpolynomial,andthenusingNewton’s method. Do this
with thethreetermTaylorpolynomial for sinx.

Answer. ThethreetermTaylorpolynomialfor sinx is
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We want to find thevalueof x for which this is 1� 2. We thusapplyNewton’s methodfor f
�
x � � 1� 2. The

recursion formulais
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Startingwith theguessx0 ��� 5, weobtainrecursively

x1 � 0 � 523442136 
 x2 � 0 � 523596306 
 x3 � 0 � 523596313

so we have stability after three steps. Since this approximatesπ � 6, the estimatefor π that we get is
3.141577879.

3. Finda solution, by Newton’s method, of theequation

x5 � x4 � x3 � x2 � 4 � 0

correct to fivedecimal places.

Answer. Heretherecursionis
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5x4
�

4x3 � 3x2
�
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Startingwith x0 � 1, we obtainthesequence

x1 � 3 
 x2 � 2 � 446540881 
 x3 � 2 � 023831867 
 x4 � 1 � 729251795

x5 � 1 � 570080738 
 x6 � 1 � 524684789 
 x7 � 1 � 521396 
 x8 � 1 � 521379707 �



Thenext valuerepeatsthelastvalue,sothis is thedesiredapproximation. You will seethatif youstartwith
practicallyany initial value(x0 � 0 won’t do - why?) you endup with thesameroot. Doesthat tell usthat
thereis only onerealroot to this equation?

4. Hereis anotherwayof estimatingπ . We know that

π � 4 ��� 1

0

dx
1 � x2 �

Estimatethis integral by thetrapezoidrule,usingstepsof size1� 10. How many stepsshouldwe take to be
sureof anestimatecorrectto 4 decimalplaces?

Answer. We have to evaluate 1� � 1 � x2 � at eachof thepoints0 
 0 � 1 
 0 � 2
 0 � 3 
 ����� 
 1. Thetrapezoid rule then
givesusastheestimate
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which is 3.13992.To becorrect to within 4 decimal places,weneedNto satisfy( usingtheerror formula; see
proposition10.5)
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whereM2 boundsthesecondderivative. We calculatethatwe cantake N sothat6N 2 � 104 � N � 50will do.
NotethatI justneedabig enough N, not thesmallestwhichwill do: thecomputercando thiscalculationfor
any N � 1000in just about thesametime.
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Evaluate J0

�
1� correctly to 4 decimalplaces.

Answer. Although this lookslike somethingmadeup by a madmathematician, it happensto bethefirst in
a sequenceof functions important in engineering,known astheBessel functions. Let’s write down thefirst
few termsof J0
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Now, we have theproblemof finding out how many termsto take to geta 10 � 4 estimate.We can’t turn to
Taylor’s errorestimate,for that requiresestimateson the successive derivativesof J 0, andsincewe’ll only
havea seriesexpressionfor these,theproblem is only magnified. But, we observe thattheseriesfor J 0

�
1� is

analternatingserieswith decreasinggeneral term,sotheerror betweenany partialsumandthetruevalueis
lessthanthenext term.Thenext termof thisseriesis
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sowegetourestimateby evaluating thefour termsabove:

J0

�
1��� 1

� 1
8
� 1

16 � 2 � 6 � 1
64 � 6 � 24

�"� 8801



6. Findanestimatefor � 2

0

sinx
x

dx

usingSimpson’ s rulewith N � 20subdivisions.

Answer. We divide theinterval # 0 
 2$ into tenths,andevaluatesinx � x at all of theendpoints. Of course,the
attemptto evaluatethis at x � 0 fails,but we cantake thatvalueto be1 since

lim
x % 0

sinx
x
� 1 �

Simpson’s rulegives us
�
sinx ��� x � 0 � 80270correctto four decimals.


