
Calculus II
Practice Final Exam, Answers

1. Differentiate:

a) f
�
x ��� ln

�
sin
�
e2x ��� .

Answer. This is anexercisein thechainrule:

f � � x ��� 1
sin
�
e2x � cos

�
e2x ��� 2e2x � 2e2x cot

�
e2x �

b) g
�
x �	� x tan
 1 � x2 � .

Answer. This is anexercisein theproduct rule:

g � � x ��� tan
 1 � x2 �
� x
2x

1 � � x2 � 2 � tan
 1 � x2 ��� 2x2

1 � x4

c) h
�
x ��� elnx.

Answer. This is anexercisein thedefinitionof ln : e lnx � x, soh � � x �	� 1.

2. Find theintegrals:

a)
�

u2 � u � 1� 5du

Answer. Let v � u � 1 � dv � du. Then
�

u2 � u � 1� 5du �
� �

v � 1� 2v5dv �
� �

v7 � 2v6 � v5 � dv

� 1
8

�
u � 1� 8 � 2

7

�
u � 1� 7 � 1

6

�
u � 1� 6 � C �

b)
�

x
�
lnx � dx

Answer. Let u � lnx � dv � xdx sothatdu � dx � x � v � x2 � 2, andwe canintegrateby parts:

�
x
�
lnx � dx � x2

2
lnx �

�
x2

2
xdx � x2 lnx

2
� x2

4
� C

c)
�

ex

1 � ex dx

Answer. Let u � 1 � ex � du � exdx:

�
ex

1 � ex dx �
�

du
u
� ln

�
1 � ex ��� C

3. Integrate
�

3x � 1
x
�
x2 � 1� dx



Answer. First wemustfind thepartialfractionsexpansionof theintegrand:

3x � 1
x
�
x2 � 1� �

A
x
� Bx � C

x2 � 1
� A

�
x2 � 1��� x

�
Bx � C �

x
�
x2 � 1�

Thenumeratorson theleft andright areequal. Evaluatingat x � 0, we find A � 1. Equating thecoefficients
of x2 : 0 � A � B, soB ��� 1. Finally, equating thecoefficientsof x : C � 3. Thus

�
3x � 1

x
�
x2 � 1� dx �

�
dx
x
�
�

xdx
x2 � 1

� 3
�

dx
x2 � 1

� lnx � 1
2

ln
�
x2 � 1��� 3arctanx � C

4. Integrate
�

x2 � 1�
x � 1� � x � 2� � x � 3� dx

Answer. First wemustfind thepartialfractionsexpansionof theintegrand:

x2 � 1�
x � 1� � x � 2� � x � 3� �

A
x � 1

� B
x � 2

� C
x � 3

� A
�
x � 2� � x � 3��� B

�
x � 1� � x � 3��� C

�
x � 1� � x � 2��

x � 1� � x � 2� � x � 3�
Evaluating at x � 1, we get2 � A

� � 1� � � 2� , at x � 2, we get5 � B
�
1� � � 1� , at x � 3, we get10 � C

�
2� � 1� .

ThusA � 1 � B ��� 5 � C � 5, andthus

�
x2 � 1�

x � 1� � x � 2� � x � 3� dx � ln
�
x � 1��� 5ln

�
x � 2��� 5ln

�
x � 3��� C �

5. Integrate
�

ex sinxdx

Answer. We integrateby partswith u � ex � dv � sinxdx, giving usdu � exdx � v ��� cosx, so
�

ex sinxdx ��� ex cosx �
�

ex cosxdx �
Thesameideagivesus �

ex cosxdx � ex sinx �
�

ex sinxdx �
Puttingthis in thepreceding equation gives us

�
ex sinxdx ��� ex cosx � ex sinx �

�
ex sinxdx �

from whichwe learn �
ex sinxdx � 1

2

� � ex cosx � ex sinx ��� C �

6. Thepopulationof Dim Corners, Alabama hasbeendecreasingat a rateof 4.6% peryearfor thepastten
years.If thepresentpopulation is 6,100, whatwasthepopulationsix yearsago?

Answer. This is anexponentialdecayproblem, with r ��� 046� P � 0��� 6100. Weareaskedto find P
� � 6� . We

evaluate
P
� � 6�	� 6100e � 
�� 046� � 
 6� � 6100e � 0276 � 8039 �



7. Find thelimit:

a) lim
x � 1

cos
�
πx ��� 1�

x � 1� 2 �
Answer. Sincecos

�
π
�
1������� 1, l’H ôpital’s ruleappliesand

lim
x � 1

cos
�
πx ��� 1�

x � 1� 2 � l � H lim
x � 1

� π sin
�
πx �

2
�
x � 1� �

Sincebothnumeratoranddenominatorarezeroat x � 1, wecanonceagain applyl’H ôpital’s rule:

� l � H lim
x � 1

� π2cos
�
πx �

2
� π2

2
�

b)
� ∞

1

lnx
x

dx �
Answer. Let u � lnx � du � dx � x, sothattheintegral becomes � ∞

0 udu. This clearlyis infinite.

c)
� ∞

1

dx

x
6
5

Answer. � lim
A � ∞

� A

1
x 
 6� 5dx ��� 5x 
 1� 5   A1 � 5 �

8. Find theTaylorexpansionfor � dx
1! x4 centeredat x � 0 � Whatis its radiusof convergence?

Answer. We startwith thegeometric series,whichhasradius of convergence1:

1
1 � x

� ∞

∑
n " 0

xn

Now, substitute� x4 for x. Theradius of convergenceis still 1:

1
1 � x4 �

∞

∑
n " 0

� � 1� nx4n

Now, integratebothsides.Theradiusof convergenceis still 1:

�
dx

1 � x4 �
∞

∑
n " 0

� � 1� n x4n ! 1

4n � 1

9. Do thefollowing seriesconverge or diverge?Giveyour reasoning.

a)Answer. Σ∞
n " 1

n
n2 � 1

divergesby comparisonwith theseries∑
�
1� n � :

n
n2 � 1

� 1

n � 1
n #

1
2n

�

b) Answer. Σ∞
n " 1

2n

n!
convergesby theratio test:



an ! 1

an
� 2n ! 1�

n � 1� !
n!
2n � 2

n � 1 $ 0

which is lessthan1.

c) Answer. Σ∞
n " 1

n
n3 � n2 � 1

convergesby comparisonwith theseries∑
�
1� n2 � :

n
n3 � n2 � 1

� 1

n2 � 1
n � 1

n2 %
1
n2 �

10. Find theareaenclosedby thecurve given in polarcoordinatesby r � 4secθ from θ � 0 to θ � π � 3.

Answer. SincedA � �
1� 2� r2dθ :

Area � 1
2

� π � 3
0

�
4secθ � 2dθ � 8tanθ   π � 30 � 8& 3

11. Hereis theequation of anhyperbola:

2x2 � 6y2 � 10x � 12y � 92 �
Find thecoordinatesof its centerandvertices,andtheslopesof its asymptotes.

Answer. First,completethesquare:

2
�
x � 5

2
� 2 � 6

�
y � 1� 2 � 197

2
�

sothecenteris at
� � 5� 2 ��� 1� , andtheaxisis horizontal.Dividing by 197/2 weget:�

x � 5
2 � 2

197
4

�
�
y � 1� 2

197
12

� 1 �
sothat

a � & 197
2

� b � & 197

2& 3

andtheverticesareat thepoints
� 5

2 '�( 197
2 ��� 1� andtheasymptoteshaveslope ' 1

( 3
.

12. Solve theinitial valueproblem:

y � � � 8y � e5x � y
�
0�	� 4 � y � � 0�	� 0 �

Answer. Thesolutionof thehomogeneousequation is

yh � Acos
� & 8x ��� Bsin

� & 8x �)�
To find a particular solution, try y p � ae5x, to find

�
25a � 8a � e5x � e5x, soa � 1� 33. Thusoursolutionis

y � 1
33

e5x � Acos
� & 8x ��� Bsin

� & 8x �*�
Now, theequationsfor theinitial conditions are

4 � 1
33
� A 0 � 5

33
�+& 8B �

giving usthesolution

y � 1
33

e5x � 131
33

cos
� & 8x ��� 5

33& 8
sin
� & 8x �)�


