CalculusllI
Practice Final Exam, Answers

1. Differertiate:
a) f(x) =In(sin(e*)).

Answer. Thisis anexerdsein thechainrule:

f'(x) = coge™) - 2e* = 2e* cot(e®)

sin(eX)
b) g(x) = xtan1(x?).
Answer. Thisis anexerdsein theproductrule:

2X2

=tan1(x®) + ——
( )+1+x4

g (x) = tan 1(>?) + e

) h(x)=e™.

Answer. Thisis anexerdsein thedefinitionof In : €"* = x, soh’(x) = 1.

2. Findtheintegrals:

a)/uz(u— 1)5du
Answer. Letv=u—1, dv=du. Then

/“2(“—1)5du=/(V+ 1)2V5dV=/(V7+2v6+v5)dv

_1 8, 2 7,1 6
_8(u 1) +7(u 1) +6(u 1)°+C.
b)/x(lnx)dx
Answer. Letu= Inx, dv= xdx sothatdu = dx/x, v = x?/2, andwe canintegrateby parts:
2 2
/ x(Inx)dx _—Inx /—xd X InX—XZ+C
et
C)/1+exdx

Answer. Letu= 1+ €%, du= e*dx:

/1+e>< /duu n(1+e)+

3x+1

3. Integrate/m X



Answer. Firstwe mustfind the partialfractionsexpansionof theintegrand:

3+1 _ A Bx+C _ A+1)+x(Bx+C)
x(x2+1)  x  xXe+1 X(x2+ 1)

Thenumeratorsontheleft andright areequad. Evaluatingatx = 0, we find A = 1. Equding the coeficients
of X2 : 0= A+ B, soB = —1. Finally, equaing the coeficientsof x: C = 3. Thus

3x+1 dx xdx 1, .,
/ x2+1 / /x2+1 / ] |nX—§|n(x +1) + 3arctanx+C

X2 +1
4, Integrate/ = D=2 (3 dx

Answer. Firstwe mustfind the partialfractionsexpansionof theintegrand:

X2 +1 A B C
= + +
(x—1)(x—2)(x—3) x—1 x—2 x—3

_ AX=2)(x=3)+B(x=1)(x=3) +C(x—1)(x—-2)
N (x=1)(x—2)(x—3)

Evaluging atx =1, we get2=A(—1)(—2), atx = 2,we get5 = B(1)(—1), atx = 3, we get10= C(2)(1).
ThusA=1, B= -5, C=5,andthus

2
/ = 1)();_4_21)()(_3) dx=In(x—1) —5In(x—2) +5In(x—3) +C.

5. Integrate/exsinxdx
Answer . We integrateby partswith u = €*, dv = sinxdx, giving usdu = e*dx, v= — cosx, SO
/exsinxdx= —e"cosx+/excosxdx.

Thesameideagivesus
/e?<cos><dx= e?‘sinx—/e?<sinxdx.

Puttingthisin the precedhg equatia gives us
/e?<sinxdx= —e*cosx+ €sinx — /e?<sinxdx,

fromwhichwelearn 1
/e"sinxdx = 5(—e"cosx+ g'sinx) +C.

6. The populationof Dim Cornes, Alabana hasbeendecreaing at a rateof 4.6% peryearfor the pastten
years.If thepresenpopuationis 6,100 whatwasthepopuation six yearsago?

Answer . Thisis anexponentialdecayproblem with r = .046 P(0) = 610Q We areasledto find P(—6). We
evaluate
P(—6) = 6100e(~949(-6) — 6100e%276 = 8039.



7. Find thelimit:

Answer. Sincecoq (1)) = —1,I'H dpital's rule appliesand

. cogmX)+1 . —TISin(7X)
M=z = Max-y

Sincebothnumeratoranddenoninatorarezeroatx = 1, we canonceagan applyl'H épital’srule:

M i —mcognx) T

x—1 2 27

b) /°° Inx

Answer. Letu = Inx, du= dx/x, sothattheintegral becones |3’ udu. This clearlyis infinite.
® dx
1 X8

A
. _ _1/51A

Answer. = lim [ x®°dx= —5x l/5|1:5
A—o0 J1

c)

8. Find the Taylor expansionfor f 1 o centeredatx = 0. Whatis its radiusof corvergence?

Answer. We startwith thegeometic serieswhich hasradius of corvergencel:

Now, substitute—x* for x. Theradius of corvergerceis still 1:

1 ny4n
1+x z 1™

Now, integratebothsides.Theradiusof convergenceis still 1:

[ X4n+1

/1+x4 Z) +1

9. Do thefollowing seriescorverge or diverge?Give yourreasonig.

a)Answer. I7_ divergesby compaisonwith theseriesy (1/n):

1n2+

n 1 >1
m+1 n+i" 2n°

n

2n
b) Answer. Z;_;— o convergesby theratiotest:



a,, 20l 2 o
a  (n+1!'22 n+1

whichis lessthanl.

c) Answer. X7 corvergesby compaisonwith theseriesy (1/n?):

+n2+1
n _ 1 < 1
n3+n2+1_n2+jﬁ-+ﬁlz_ n2'

10. Findtheareaenclosedy the curve given in polarcoordiratesby r = 4secd from 6 = 0to 6 = 1/3.
Answer. SincedA = (1/2)r?de:

n/a
Area = % / (4secf)?d6 = 8tand | = 8/3
0

11. Hereis theequatim of anhyperbda:
—6y?+ 10x— 12y = 92.
Findthe coordnatesof its centerandvertices andthe slopesof its asymptdes.

Answer . First,completethe squae:
5. o 197
sothecenteris at (—5/2, —1), andtheaxisis horizontal. Dividing by 1972 we get:

(X+3)?  (y+1)?

To7 - 17— L
4 12
sothat
V197 V197
a= , b=
2 2/3

andtheverticesareatthe poirts ( %’ + @7 ,—1) andtheasymptoeshave slope+ %

12. Solwetheinitial valueproblem
y'+8y =€, y0)=4y(0)=
Answer. Thesolutionof thehonogeneasequatia is
¥y, = AcogV/8x) + Bsin(v/8x) .
To find a particuar solution try y, = ae™, to find (25a+ 8a)e™ = e, soa= 1/33. Thusoursolutionis
y= 3—13e5x+ Acogv/8x) + Bsin(v/8x) .

Now, theequaionsfor theinitial condtions are

1 5
33t 3" Vee,
giving usthesolution
1. 131
Y= 338"~ 33 OO 0gv/8x) — sin(v/8x) .

33 f



