
Calculus II
Practice Exam 3, Answers

In problems1-4, find thelimits.
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x � ∞

x5e
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Answer. � lim
x � ∞

x5

ex � 0 	
whichconvergesto zerosincetheexponentialgrows fasterthanany polynomial.

4. lim
x � ∞



1 � x2 � x

x

Answer. � lim
x � ∞

��� 1
x2 � 1 � 1�
� 0 	

sincex
� 2 � 0 asx � ∞. We arrived at thesecondformulationfrom thefirst by dividing bothnumeratorand

denominatorby x. Observethat,although l’H ôpital’s ruleapplies,it doesn’ t getusanywhere.

In problems5-7: Doestheintegral converge or diverge?If youcan,find thevalueof theintegral.

5. � ∞
0 xe

� x2
dx � 1

2 � ∞
0 e
� udu � 1

2 	
usingthesubstitutionu � x2 	 du � 2xdx andaknown computation(seeexample 8.16).

6. Answer. � ∞

0

x2

x3 � 1
dx diverges 	 since

x2

x3 � 1
� 1

x � 1
x2 � 1

2x

for x sufficiently large,andourknowledgethat � ∞
0 dx � x diverges.
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0
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x9� 10

Answer. � lim
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� 1

a
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8. Doesthesequenceconverge or diverge?

a)an � n2

n!

Answer. an � n2

n!
� n2

n
�
n � 1� � n � 2� ! � � 1

1 � 2
n

� 1�
n � 2� ! � 0

sincethefirst factorconvergesto 1, while thesecondconvergesto 0.

b) bn � 

n!�

n � 1� 2
Answer. bn � 


n!�
n � 1� 2 ��� n!�

n � 1� 4 � ∞

becausetheexpressionunderthesquarerootsigngoesto infinity (whichwecanshow by anargumentsimilar
to thatin parta).

c) cn � n3 � 50n � 1
n4 � 123n3 � 1

Answer. cn � n3 � 50n � 1
n4 � 123n3 � 1

� 1 � 50
n2 � 1

n3

n
�
1 � 123

n � 1
n4 � � 0

sinceevery factorconvergesto 1 except thatn � ∞.

9. Doestheseriesconvergeor diverge?

a)
∞

∑
1

n2

n!

Answer. Thisconvergesby theratio test:
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n
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which is lessthan1.
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∞

∑
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Answer. Thisdivergesby 9b: thegeneral termdoesnotgo to 0.
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Answer. Thisdivergesbecause
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n
�
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2n

eventually. By comparisonwith ∑
�
1� n � theseriesdiverges.



10. Doestheseriesconverge or diverge?

a)
∞

∑
1

3n � 1
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by comparisonwith theseries∑
�
1� n3� 2 � :
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n
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n3� 2
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∞

∑
1

3nn!�
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by comparisonwith thegeometricseries:
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� 1
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� 3n
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n � 1� ! ��� � 35 � n
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∑
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�
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sincethegeneraltermdoes notconvergeto 0:�
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∑
1

1
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by comparisonwith theseries∑
�
1� n3� 2 � :

1

n1� 2 � 3n � 1� � 1

3n3� 2
11. Find theradius of convergenceof theseries:

a)
∞

∑
n � 3

n
�
n � 1� � n � 2� xn � 3

Answer. . We observe that this is thethricedifferentiatedgeometric series,soR � 1. However we canuse
theratio testfor thecoefficients: �

n � 1� n � n � 1�
n
�
n � 1� � n � 2� � n � 1

n � 2
� 1

b)
∞

∑
0

�
2n � 1� xn

Answer. Write down theratioof successivecoefficientsanddividenumeratoranddenominatorby 2 n:

2n � 1 � 1
2n � 1

� 2 � 1
2n

1 � 1
2n

� 2 	
sotheradius of convergenceis 1/2.

c)
∞

∑
1

� 3n2 � 1
n3 � 1

� � x � 1� n
Answer. Thecoefficient looks like 3� n andsotheseriesconverges if  x � 1  � 1, anddivergesoutsidethis
interval. ThusR � 1.



12. Find theMaclaurin seriesfor
�
1 � x � � 3.

Answer. Startingwith thegeometric series,substitute� x for x:�
1 � x � � 1 � ∞

∑
n � 0

� � 1� nxn

Now, differentiatetwice: � � 1 � x � � 2 � ∞

∑
n � 1

� � 1� nnxn � 1

2
�
1 � x � � 3 � ∞

∑
n � 2

� � 1� nn
�
n � 1� xn � 2

so
1�

1 � x � 3 � 1
2

∞

∑
n � 0

� � 1� n � n � 2� � n � 1� xn

13. Find theMaclaurin seriesfor � x
0 arctantdt.

Answer. We startby substituting� x2 for x in thegeometric series:

1
1 � x2 � ∞

∑
n � 0

� � 1� nx2n

Now integrate twice:

arctanx � ∞

∑
n � 0

� � 1� n x2n � 1

2n � 1
	

� x

0
arctantdt � ∞

∑
n � 0

� � 1� n x2n � 2�
2n � 2� � 2n � 1� 	

14. Find theMaclaurin seriesfor x ln
�
x � 1� .

Answer. Onceagainstartwith thegeometric series,with � x for x�
1 � x � � 1 � ∞

∑
n � 0

� � 1� nxn !
Integrateandmultiply by x:

lnx � x
∞

∑
n � 0

� � 1� n xn � 1

n � 1
� ∞

∑
n � 0

� � 1� n xn � 2

n � 1
!

15. Find thetermsup to fourth order for theMaclaurinseriesfor

ex

1 � x

Answer. Wewrite down theMaclaurin seriesfor eachof ex 	 1� � 1 � x � , explicitly, thatis, termby term,upto
thefourthorder:

ex � 1 � x � x2

2
� x3

6
� x4

24
�#"�"$"



1
1 � x

� 1 � x � x2 � x3 � x4 �%"$"�"
Now, we multiply thesetogetherasif they werepolynomials,relegatingall termsof ordergreaterthan4 to
the "�"$" :

ex

1 � x
� � 1 � x � x2

2
� x3

6
� x4

24
�%"�"$" � � 1 � x � x2 � x3 � x4 �%"�"$" �

� � 1 � x � x2 � x3 � x4 �&� � x � x2 � x3 � x4 �&� � x2

2
� x3

2
� x4

2
�&� � x3

6
� x4

6
�'� x4

24
�#"�"$"

wherewehavedonethemultiplication by successively multiplying thesecondseriesby thetermsof thefirst.
Now we collectterms;

ex

1 � x
� 1 � 1

2
x2 � 1

3
x3 � 9

24
x4 �#"�"�"

(Why haveall thetermsin thefirst two parentheses, except 1,cancelled?)


