
Calculus II
Practice Exam 1, Answers

1. Differentiate:

a) f
�
x ��� ln

� x � 1
x � 1

�
Answer. Usingthelaws of logs,we canwrite f

�
x ��� ln

�
x � 1��� ln

�
x � 1� . Now theprobemis easier:

f � � x �	� 1
x � 1

� 1
x � 1

� � 2
x2 � 1 


b) g
�
x ��� 5x log5 x

Answer. Write 5x � e � ln5
 x, andlog5 x � lnx � ln5, sothat

g
�
x ��� �

e � ln5
 x � lnx
ln5 


Now, by theproduct rule

g � � x �	� �
ln5� �

e � ln5
 x � lnx
ln5

� �
e � ln5
 x � 1

x ln5
� 5x lnx � 5x

x ln5 

c) h

�
x �	� 5log2 � x2 � 1


Answer. Write log2

�
x2 � 1��� ln

�
x2 � 1��� ln2 and5 � eln5sothat

5log2 � x2 � 1
 � eln � x2 � 1
 � ln5� ln2
 � �
x2 � 1� ln5� ln2 


Now, we candifferentiate:

h � � x �	� ln5
ln2

�
x2 � 1� � ln5� ln2
�� 1 �

2x � 

2. Differentiate:

a) f
�
x ��� ex

x2

Answer. By thequotient rule: f � � x �	� x2ex � 2xex

x4 � xex � 2
x3 


b) g
�
x ��� 5x2 � 1 � e � ln5
 � x2 � 1


Answer. g � � x �	� e � ln5
 � x2 � 1
 �
ln5� �

2x ��� 2x5x2 � 1 

Note: Theabove problemshave beenselectedsoasto exhibit asmuchaspossibleof therulesof exponents
andlogarithmsaspossible.Theproblemson theexamwil belesscomplex.

3. Integrate:

a) � etanx sec2 xdx



Answer. Let u � tanx � dy � sec2 xdx. Then

� etanx sec2 xdx � � eudu � eu � C � etanx � C 

b) � 3

0
2x2

xdx

Answer. Let u � x2 � du � 2xdx. At x � 0 � 3, we haveu � 0 � 9. Thus

� 3

0
2x2

xdx � 1
2

� 9

0
e � ln2
 udu � e � ln2
 u

2ln2 ��
9
0 � 29 � 1

2ln2 

NoticethatI alwayschangeAB to e � lnA 
 B, simplybecauseI cannever remember, in integratingA u if I haveto
divideby, or multiply by, lnA. Thisway I just remember theonerule � eaxdx � eax � a � C.

4. Solve theinitial valueproblem: y � � x
�
5 � y ��� y

�
0��� 1.

Answer. Thevariablesseparateto give:
dy

5 � y
� xdx 


Integratingbothsides,wehave

� ln � 5 � y ��� x2

2
� C �

andexponentiatinggives � 5 � y ��� Ke � x2 � 2 Theinitial condition leadsto theequation � 5 � 1 ��� K, soK � 4.
Theambiguity in theabsolutevaluedisappearssince5-1 is positive,sothesolutionis y � 5 � 4e � x2 � 2.

Note: If theinitial condition werey
�
0�	� 9, thenwe’d still have K � 4, but since5-9 is negative,we have to

evaluate� 5 � y � asy-5, andthesolutionwe getis y � 5 � 4e � x2 � 2.

5. If I invest$4000 in afund, with aninterestrateof 8%,compoundedcontinuously, how longwill it takefor
thefundto beworth$10,000?

Answer. Puttingthe givendatain the basicgrowth equation gives 10000 � 4000e ��� 08
 t . Solve for t : t ��
ln

�
10� 4����� � 
 08��� 11
 45 years.

6. I invested$6000 3 yearsagoin a fund bearing continuouslycompounded interest.Now thatfund is worth
$8000. Assumingthesamerateof interest,how muchwill aninvestmentof $10,000beworth in 5 years?

Answer. Let r be the interestrate,our answer, P, is given by P � 10e5r. We find r from the given data:
8 � 6e3r. Fromthis,we find r � 
 0959. Now solve for P : P � 10e � � 0959
 5 � 16� 153dollars.

7. Carbon14 hasahalf life of 5801 years.How longdoesit takefor asampleto bereducedto 80%its original
size?

Answer. Fromthedecayequation P � P0ert , we have thetwo equations:


 5 � e5801r � 
 8 � ert �



wheret is thesolutionto ourproblem. Thefirst equationgivesr � ln �!� 5

5801 , so,from thesecondequation

t � 1
r

ln
� 
 8��� ln

� 
 8�
ln

� 
 5� 5801 � 1868 years 

8. A certainautocatalyticchemicalreactionproceedsaccording to thedifferential equation

dx
dt

� 
 01
1 � x2

x

wherex
�
t � is thefractionof thesamplewhichis theresultingcompoundat timet, in seconds.If westartwith

x
�
0��� 
 2, how longdoesit take for x to reach.9?

Answer. Thevariablesseparatein theequation, giving

xdx
1 � x2 � 
 01dt �

which integratesto

� 1
2

ln
�
1 � x2 �	� 
 01t � C � or ln

�
1 � x2 �	�"� 
 02t � C 


This exponentiatesto 1 � x2 � Ke � � 02t . Now at t � 0 � x � 
 2, giving K � 1 � 
 04 � 
 96. Thesolutionis then
givenby theequation

x2 � 1 � 
 96e � � 02t 

We wantto solve for t whenx � 
 9 (sox2 � 
 81). Thisgives

e � � 02t � 1 � 
 81 � 
 19 or t �"� 50ln
19
96

� 81 seconds

9. Solve theinitial valueproblemxy � � y � x3, y

�
1�	� 2.

Answer. First solve thehomogeneousequationxy � � y � 0, for which thevariablesseparate:dy � y � dx � x.
Thishasthesolutiony � Kx. So,we try y � ux in theoriginal equation, getting

x2u � � x3 or u � � x �
whichhasthesolutionu � x2 � 2 � C. Thus

y � ux � x3

2
� Cx 


Theinitial conditiongives 2 � 1� 2 � C, soC � 3� 2, andtheansweris

y � x2 � 3x
2 


10. Solve theinitial valueproblemy � � 2xy � ex2 � y
�
0��� 4.

Answer. First solve thehomogeneousequationy � � 2xy � 0, for which thevariablesseparate:dy � y � 2xdx.
Thishasthesolutiony � Kex2 � 2. Sotry y � uex2 � 2 in theoriginal equation,getting

ex2 � 2u �#� ex2 � 2 � or u �#� 1 

Thusu � x � C, and

y � uex2 � 2 � �
x � C � ex2 � 2 


Fromtheinitial conditions we getC � 4, soy � �
x � 4� ex2 � 2 



