CalculusllI
Practice Exam 1, Answers

1. Differertiate:

x+1)
x—1

Answer. Usingthelaws of logs,we canwrite f(x) = In(x+ 1) —In(x— 1). Now the prabemis easier:

a) f(x) = In(

11 =2
T x+1 x—-1 x2-1°

(%)

b) g(x) = 5*logg x

Answer. Write 5 = "%, andlog, x = Inx/ In5, sothat

Inx
— ((In5)x
909 = ("5 < .
Now, by the prodict rule
Inx 1 5
/ — (In5)x (In5)x — gX
g (x) = (In5)(e )—|n5+(e )—xlns 5Inx+xln5.

c)h(x) = 5log,(+1)
Answer. Write log,(x? + 1) = In(x? + 1)/ In2 and5 = e"5sothat
5logz(x2+1) — e|n(><2+1)(ln5/ln2) — (X2 + 1)In5/ln2 .

Now, we candifferentiate: I
n5 _
h’(X) — m(x2+ 1)(|n5/|n2) 1(2X) .

2. Differeniate:

a)f(x)=§

X2

Answer. By thequotieri rule: f/(x) =

xXeef—2xeX _ xe*=2
x4 -

b) g(x) = 5¢°+1 _ g(In5)(x¥+1)
Answer. g (x) = NS¢+ (In5) (2x) = 2x5X°+1 .

Note: Theabove problemshave beenselectedsoasto exhibit asmuchaspossibleof the rulesof exponents
andlogaithmsaspossible. The prablemson theexamwil belesscompgex.

3. Integrate:

a) / €™ sexdx



Answer. Letu = tanx, dy = se@xdx. Then

/eta”"se@xdx= /e“du= el+C=d2™4C.

3 2
b) / 2xdx
0

Answer. Letu=x?, du= 2xdx. At x=0, 3,wehaveu=0, 9. Thus

3 5 1 r9 e(ln2)u 9 29_1
X _ - (IN2)uq; — —
/o 2" X 2/0 = Sz o= Sz

Noticethatl alwayschang AB to el"B simply becausé cannever remembet in integrating AY if | haveto
divide by, or multiply by, InA. Thisway | justrememiertheonerule | e®dx=e*/a+C.

4. Solve theinitial valueprodem:y’ = x(5—vy), y(0) = 1.

Answer. Thevariablesseparatdo give:

Integratingbothsideswe have

X2
—Inj5-yj = +C,

andexporentiatinggives|5—y| = Ke—*/2 Theinitial cordition leadsto theequation |[5— 1| = K, soK = 4.
Theambiguity in theabsolutevaluedisapparssince5-1is positive, sothesolutionisy =5 — 4%/,

Note: If theinitial condition werey(0) = 9, thenwe’d still have K = 4, but since5-9is negative, we have to
evaluate|5—y| asy-5, andthesolutionwe getisy =5+ 4612,

5. If I invest$40@ in afund, with aninterestrateof 8%, compaindedcontinwusly, how longwill it take for
thefundto beworth $10,@07?

Answer. Puttingthe givendatain the basicgronth equatim gives 10000 = 400G (08!, Solvefort: t =
(In(10/4))/(.08) = 11.45 years.

6. | investeds60® 3 yearsagoin afund beang continwously compaindel interest.Now thatfundis worth
$800. Assumingthe samerateof interesthow muchwill aninvestmentof $10000beworthin 5years?

Answer. Letr betheinterestrate,our answey P, is givenby P = 10e™. We find r from the given data:
8 = 6. Fromthis,wefind r = .0959 Now solvefor P: P = 10e(99595 = 16,153dollars.

7. Carbort* hasahalflife of 5801 years.How longdoesit take for asampleto beredwcedto 80%its original
size?

Answer. Fromthedecayequatim P = P,€"t, we have thetwo equatiors:

5=e%"  g=¢t,



wheret is the solutionto our problem Thefirst equationgivesr = 'ggg’i, so,from the seconcequatian

1 _In(.8) _
t= FIn(.S) =5 5801 = 1868 yeas.

8. A certainautocatalytichemicalreactionproceedsaccordng to the differertial equatio

dx 1-x2
— =.01
dt 0 X

wherex(t) is thefractionof thesamplewhichis theresultingcommundattimet, in secondslf we startwith
x(0) = .2, haw long doesit take for x to reach.9?

Answer. Thevariablesseparatén theequatim, giving

xdx
1—x2

=.01dt ,
whichintegratesto
—%In(l—xz):.OJI+C, or In(1-x?)=—-.02+C.

This exponentiatego 1 — x2 = Ke—%2, Now att = 0, x = .2, giving K = 1 — .04 = .96. The solutionis then
givenby theequatio
X =1-.96e"%2

We wantto solve for t whenx = .9 (sox? = .81). Thisgives

e—.02[ =1—-81=.19 or t=—-50In ;—2 = 81 second.

9. Solwve theinitial valueprodemxy’ —y = x°, y(1) = 2.

Answer. Firstsolve the hompgeneusequationxy’ —y = 0, for which the variablesseparatedy/y = dx/x.
This hasthesolutiony = Kx. So,wetry y = ux in theoriginal equationgetting
xu=x3 or u=x,

which hasthe solutionu = x?/2+4C. Thus
3
X
y=Ux= > +Cx.
Theinitial conditiongives2 = 1/2+C, soC = 3/2, andtheansweiis
X% + 3x
2

10. Solve theinitial valueproblemy’ — 2xy = exz, y(0) = 4.
Answer . Firstsolve the hompgeneasequationy’ — 2xy = 0, for which the varialles separatedy/y = 2xdx.
This hasthesolutiony = Ke?/2. Sotryy = ue/2 in the original equation,getting

&2y =g2 or U =1.

Thusu=x+C, and , ,
y=ue/2 = (x+C)&/?.

Fromtheinitial conditiors we getC = 4, soy = (x+ 4)e’<2/2 .



