Calculusl
Final Exam, Spring 2003, Answers

1. Findtheintegrals:
a) / (e5™)2 cosxdx
Answer. Letu = sinx, du= cosxdx. Then

/(esmx)zcosdeZ /(e“)zdu = /ezudu: % +C= ez;inx +C.

Alternatively, letv = 5™ dv = 5™ cosxdx, sothat

(esinX)Z

C.
2+

i\ 2 _ i : _ _ V_2 B
/ (e¥™)*cosxdx = / '™ (e8"™ cosxdx) = / vdv = > +C=

b) / xv/x—1dx

Answer. Letu= x— 1 sothatx = u+ 1 anddu = dx. Then

/x\/x—ldx:/(u+1)ul/2du=/(u3/2+u1/2)du= é(x—1)5/2+§(x—1)3/2+c.

t2
2. Integrate / mdt

Answer. . We expard thefundion in partialfractions. Therootsare-1,12, sowe write

t2 A B C  At-1(t-2+B(t+1)(t—2)+C(t>-1)
@-D({-2 t+l -1 t-2_ @—Di-2) '

Equatethe nuneratorsattheroats.

t=1: 1°=B(2)(-1) so B=-Z
. 2 4
t=2: 2°=C(4-1) so C=g
This givesus
/ 1 +4 dt
(t2 1)t— 6 t+1 2/ t-1"3/t-2

1
:6|n(t+1)—§|n(t—1)+§|n(t—2)+c.

3. Integrate/xln xdx

Answer. We integrateby partssoasto getrid of theln term:u = Inx, dv = xdx, sothatdu = dx/x, v=x?/2,

and 2 2 d 2 2
X X X X X
/X|nXdX—E|nX—/(2)7 —l _Z‘i‘c



4. A certaincompaindtransfamsfrom stateA to stateB at a (per minute)rateproportioral to the concen

trationof B in themixture: q
c
d_tA = —OZCB 5

wherec, andcg arethe concentrationsof A andB respectrely (and assumingno othermaterialis present,
C,p+Cg = 1). If attimet = 0 themixtureis 90%in stateA how longwill it take to be 10%A?

Answer. Substitutec; = 1— ¢, in thedifferertial equatim, andseparatearialdes, obtairing

dc,
l-c,

=—.02dt .

Integratebothsidesandexporentiate:
—In(1-c,) =-.02+C exporentiatingto 1-c,=Ke%? .
Solvefor K usingc, = .9 whent = 0, gettingK = .1. Now solvefor c,:
Cp=1-.1e%2.
(Of coursethis makessensesolongasc, > 0; onceA is gone,the processtops.)Now setc, = .1 andsolve

fort: .1e92 = 9,s0

In9 .
t= 0= 10986 minutes.

5. Findthelimit. Show yourwork.

. Inx
a) lim ——
x—1 Sin(71X)

Answer. At x = 1, bothnumeratoranddenaninatorarezero,sol’H dpital’'srule applies:

Inx  py . 1/x 1
im — ="lm—=—=.
x—1 Sin(T1X) x—1 TTCOY TIX) m
xe*
lim —— =
i 1
Answer. Again bothnumeatoranddenaninatorarezeroatx = 0, so
x—06X—1 x50 28X 2
3¢+t 3
c) lim =

X—300 2(X3 + 1)2 ~2

sincethefactorshave thesamedegree.

6. Do theintegralscorverge? If so,evaluate:

) A
a) Answer . / xe¥dx= lim [ xe™*dx= lim (xe™* — e‘x)|g = lim(eNA=1)—(-1)=1.
0 A—o0 J0 A—c0 A—o0



® dx
b)/2 x(Inx)25

Answer. Letu = Inx, du=dx/x. Then

/A dt _/AE_ u—24|A_i( 1 1 )
2 X(INX)25 " Jijnpuz® 24 N2 24%(In2)24  (InA)24

which corvergesto 1/(24(In2)?4) asA — .

7. Do theseriesconvergeor divege?Give avalid reasorfor youranswer

® 2+l
)z (n+1)3

Ana/ver The seriesdivergesby comparisonwith the p-testwith p = 1: thedenoninatoris only of degreel
morethanthe numeator.

 Inn

b)z on

Answer. Theseriescornverges by compaisonwith ageometic series:

n/2
In_n < z_z(i)”’
n = N2

and1/v2 < 1.
* (nl+1)2
92 (nr e

Answer. Theseriescorvergesby compaisonwith the p-testwith p= 2. Divide bothnumeatoranddenom
inatorby (n!)2:

(n+12  (1+5)° 2

(n+Hz (o2 = (n+1)2

sincethe nunmeratoris boundedby 2.

8. Find theverticesof the conicgiven by the equation4x? — y? 4+ 8x— 4y +12=0

Answer. Complde thesquare:
AR+ 2x+1) — (YP+4y+4)+12—4+4=0 or 4(x+1)°—(y+2)?%=-12.

This givesthe standardorm
(x+1?  (y+2)?
3 12
Thisis ahypeabolawith centerat (-1,-2) andaxistheline x = —1. Settingx = —1 givesthey coadinatesof
thevertices:
(y+2?

= =-2+ .
P 1 or y=-2++v12
Thustheverticesareat (—1,—2 — 2v/3) and(—1, -2+ 2/3).

=1.

9. Find the areaof the region enclosecy the curve givenin polarcoodinatesby r = 2e?, 0< 8 < 2rrand
the sggmentof thex axisbetweerx = 2 andx = 2e?™.
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Answer. Fromthediagramwe seethattheareais

2 21
Area= > [T r2do =2 [ e0de =8| = g1,
2Jo 0 0

10. a) Find thegeneal solutionof the homogeneusdifferertial equatio y” — 3y + 2y = 0.
Answer. Therootsof theequatiorr2 — 3r + 2 = 0 are1,2. Thus the gereral solutionis
Yi, = Ae*+ B
b) Find a particuar solutionof the homayeneais differentialequationy” — 3y’ + 2y = sinx.
Answer. We usethe methal of undeteminedcoeficients. Try a solutionof theform y = Acosx+ Bsinx:
(—Acosx— Bsinx) — 3(—Asinx+ Bcosx) + 2(Acosx+ Bsinx) = sinx,
leadingto theequatio’s —A—3B+2A=0, —B—+3A+ 2B = 1. ThesolutionsareB = 1/10, A= 3/10, so

aparticdar solutionis
Yp = 0.3cosx+ 0.1sinx.



