
Calculus I
Final Exam, Spring 2003, Answers

1. Find theintegrals:

a)
���

esinx � 2cosxdx

Answer. Let u � sinx � du � cosxdx. Then

���
esinx � 2cosxdx � ���

eu � 2du � �
e2udu � e2u

2 � C � e2sinx

2 � C �
Alternatively, let v � esinx � dv � esinx cosxdx, sothat

� �
esinx � 2cosxdx � �

esinx
�
esinx cosxdx � � �

vdv � v2

2 � C �
�
esinx � 2

2 � C �
b)

�
x � x 	 1dx

Answer. Let u � x 	 1 sothatx � u � 1 anddu � dx. Then�
x � x 	 1dx � ���

u � 1� u1
 2du � ���
u3
 2 � u1
 2 � du � 2

5

�
x 	 1� 5
 2 �

2
3

�
x 	 1� 3
 2 � C �

2. Integrate
�

t2�
t2 	 1� � t 	 2� dt

Answer. . We expand thefunction in partialfractions.Therootsare-1,1,2, sowe write

t2�
t2 	 1� � t 	 2� � A

t � 1 �
B

t 	 1 �
C

t 	 2
� A

�
t 	 1� � t 	 2� � B

�
t � 1� � t 	 2� � C

�
t2 	 1��

t2 	 1� � t 	 2� �
Equatethenumeratorsat theroots.

t ��	 1 :
� 	 1� 2 � A

� 	 2�
� 	 3� so A � 1

6

t � 1 : 12 � B
�
2�
� 	 1� so B �	 1

2

t � 2 : 22 � C
�
4 	 1� so C � 4

3
Thisgivesus �

t2�
t2 	 1� � t 	 2� dt � 1

6

�
dt

t � 1
	 1

2

�
dt

t 	 1 �
4
3

�
dt

t 	 2

� 1
6

ln
�
t � 1� 	 1

2
ln
�
t 	 1� �

4
3

ln
�
t 	 2� � C �

3. Integrate
�

x lnxdx

Answer. Weintegrateby partssoasto getrid of theln term:u � lnx � dv � xdx, sothatdu � dx � x � v � x 2 � 2,
and �

x lnxdx � x2

2
lnx 	 � �

x2

2
� dx

x
� x2

2
lnx 	 x2

4 � C �



4. A certaincompoundtransformsfrom stateA to stateB at a (perminute)rateproportional to theconcen-
trationof B in themixture:

dcA

dt
�	�� 02cB �

wherecA andcB aretheconcentrationsof A andB respectively (and, assumingno othermaterialis present,
cA � cB � 1). If at time t � 0 themixtureis 90%in stateA how longwill it take to be10%A?

Answer. SubstitutecB � 1 	 cA in thedifferential equation, andseparatevariables,obtaining

dcA

1 	 cA
�	�� 02dt �

Integratebothsidesandexponentiate:

	 ln
�
1 	 cA

� �	�� 02t � C exponentiatingto 1 	 cA � Ke � 02t �
Solve for K usingcA ��� 9 whent � 0, gettingK �� 1. Now solve for cA:

cA � 1 	�� 1e � 02t �
(Of coursethis makessensesolongascA � 0; onceA is gone,theprocessstops.)Now setcA ��� 1 andsolve
for t: � 1e � 02t ��� 9, so

t � ln9
� 02

� 109� 86 minutes�

5. Find thelimit. Show yourwork.

a) lim
x � 1

lnx
sin

�
πx � �

Answer. At x � 1, bothnumeratoranddenominatorarezero,sol’H ôpital’s ruleapplies:

lim
x � 1

lnx
sin

�
πx � � l � H lim

x � 1

1� x
π cos

�
πx � ��	 1

π
�

b) lim
x � 0

xex

e2x 	 1
�

Answer. Again bothnumeratoranddenominatorarezeroat x � 0, so

lim
x � 0

xex

e2x 	 1
� l � H lim

x � 0

ex � xex

2e2x � 1
2
�

c) lim
x � ∞

3x6 � 7x4

2
�
x3 � 1� 2 � 3

2

sincethefactorshave thesamedegree.

6. Do theintegralsconverge?If so,evaluate:

a)Answer.
� ∞

0
xe � xdx � lim

A � ∞

� A

0
xe � xdx � lim

A � ∞

�
xe � x 	 e � x ���� A0 � lim

A � ∞

�
e � A

�
A 	 1� 	

� 	 1��� � 1 �



b)
� ∞

2

dx
x
�
lnx � 25

Answer. Let u � lnx � du � dx � x. Then
� A

2

dt
x
�
lnx � 25 � � A

ln2

du
u25 ��	 u � 24

24
�� Aln2 � 1

24

�
1�

ln2� 24 	 1�
lnA � 24

�
whichconvergesto 1� � 24

�
ln2� 24 � asA � ∞.

7. Do theseriesconvergeor diverge?Giveavalid reasonfor youranswer.

a)
∞

∑
n � 1

n2 � 1�
n � 1� 3

Answer. Theseriesdivergesby comparisonwith the p-testwith p � 1: thedenominatoris only of degree1
morethanthenumerator.

b)
∞

∑
n � 1

lnn
2n

Answer. Theseriesconverges by comparisonwith ageometric series:

lnn
2n � 2n 
 2

2n � �
1

� 2
� n �

and1� � 2 � 1.

c)
∞

∑
n � 1

�
n! � 1� 2���
n � 1� ! � 2

Answer. Theseriesconvergesby comparisonwith the p-testwith p � 2. Dividebothnumeratoranddenom-
inatorby

�
n! � 2: �

n! � 1� 2���
n � 1� ! � 2 �

�
1 � 1

n!
� 2� �

n ! 1" !
n!

� 2 � 2�
n � 1� 2

sincethenumeratoris boundedby 2.

8. Find theverticesof theconicgiven by theequation4x 2 	 y2 � 8x 	 4y � 12 � 0

Answer. Complete thesquare:

4
�
x2 � 2x � 1� 	 �

y2 � 4y � 4� � 12 	 4 � 4 � 0 or 4
�
x � 1� 2 	 �

y � 2� 2 ��	 12 �
Thisgivesthestandardform

	
�
x � 1� 2

3 �
�
y � 2� 2

12
� 1 �

This is a hyperbolawith centerat (-1,-2) andaxistheline x ��	 1. Settingx ��	 1 gives they coordinatesof
thevertices: �

y � 2� 2
12

� 1 or y �	 2 # � 12 �
Thustheverticesareat

� 	 1 ��	 2 	 2 � 3� and
� 	 1 ��	 2 � 2 � 3� .

9. Find theareaof theregion enclosedby thecurve givenin polarcoordinatesby r � 2e θ � 0 � θ � 2π and
thesegmentof thex axisbetweenx � 2 andx � 2e2π .
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Answer. Fromthediagramwe seethattheareais

Area � 1
2

� 2π

0
r2dθ � 2

� 2π

0
e2θ dθ � e2θ �� 2π

0 � e4π 	 1 �

10. a)Find thegeneral solutionof thehomogeneousdifferential equation y % %&	 3y% � 2y � 0.

Answer. Therootsof theequationr2 	 3r � 2 � 0 are1,2.Thus thegeneralsolutionis

yh � Aex � Be2x �
b) Finda particular solutionof thehomogeneousdifferentialequationy % %'	 3y % � 2y � sinx.

Answer. We usethemethod of undeterminedcoefficients.Try a solutionof theform y � Acosx � Bsinx:� 	 Acosx 	 Bsinx � 	 3
� 	 Asinx � Bcosx � � 2

�
Acosx � Bsinx � � sinx �

leadingto theequations 	 A 	 3B � 2A � 0 �(	 B 	 � 3A � 2B � 1. ThesolutionsareB � 1� 10 � A � 3� 10, so
a particular solutionis

yp � 0 � 3cosx � 0� 1sinx �


