
Calculus II
Final, Fall 2002, Answers

1. Find theintegrals:

a)
�

ln � 2x �
x

dx

Answer. Make thesubstitutionu � ln � 2x ��� du � dx � x (yes,thatis correct!), leadingto

�
ln � 2x �

x
dx �

�
udu � � ln � 2x ��� 2

2 � C 	

b)
�

ex 
 1

ex dx

Answer. Sinceex 
 1 � ex � e1, wehave
�

ex 
 1

ex dx � e
�

dx � ex � C 	

2. Integrate
�

u2 � 1
u2 � u � 1� du

Answer. We integrateby parts;thatis, we find A � B � C suchthat

u2 � 1
u2 � u � 1� �

A
u �

B
u2 �

C
u � 1

	
Puttingtheright sideoveracommon denominatorandequating numeratorsgivesu 2 � 1 � Au � u � 1� � B � u �
1� � Cu2. Now evaluateat theroots:

At u � 0 : 1 � B �
� 1� sothat B ��� 1 �
At u � 1 : 12 � 1 � C sothat C � 2 	

Now we equate thecoefficientsof u2 : 1 � A � C, sothatA ��� C ��� 2. Thisgivesus

�
u2 � 1

u2 � u � 1� du �
� � 2

u
du �

� � 1
u2 du �

�
2

u � 1
du ��� 2ln � u � � u � 1 � 2ln � u � 1 � � C 	

3.
�

xarctanxdx

Answer. We integrateby parts,letting

u � arctanx � dv � xdx � du � 1
1 � x2 dx � v � x2

2
	

Then �
xarctanxdx � x2

2
� arctanx ��� 1

2

�
x2

1 � x2 dx � x2arctanx
2

� 1
2
� x � arctanx � � C 	

4. The deerpopulation in SadValley, Idaho was1200in the year2000, andin 2002is 1450. Assuming
continuousgrowth at thesamerate,in whatyearwill thepopulationreach2400?



Answer. Thegrowth equation is P � P0ert , wheret is thenumberof years after2000. We aregiven P0 �
1200� P � 2��� 1450andareasked; for whatt do we have P � t ��� 2400? First, find r: From1450 � 1200e 2r,
we get

r � 1
2

ln � 1450
1200

����	 0946 	
Now, solve1200e � 0946t � 2400, or t � ln2��	 0946 � 7 	 326years.

5. Find thelimit. Show yourwork.

a)Answer. lim
x � 4

sin� πx �
x2 � 16

� l � H lim
x � 4

π cos� πx �
2x

� π
8
	

b) Answer. lim
x � 0

ex � 1 � x
2x2 � l � H lim

x � 0

ex � 1
4x

� l � H lim
x � 0

ex

4
� 1

4
	

c) Answer. limx � ∞
x3

ex � l � H limx � ∞
3x2

ex � l � H limx � ∞
6x
ex � l � H limx � ∞

6
ex � 0 	

6. Do theintegralsconverge?If so,evaluate:

a)Answer.
� ∞

1
e � 2θ dθ � lim

A � ∞

� A

1
e � 2θ dθ � lim

A � ∞

e � 2θ

� 2 ��
A
1 � 1

2
	

b) Answer.
� ∞

0

dt
1 � t

divergessince � A
0 dt ��� 1 � t ��� ln � 1 � A ��� ∞ asA � ∞.

7. Herearesomeseriesandsequences.Write theletter C if thereis convergence,andtheletter D if not.

a � lim
n � ∞

n!
� 2n � ! b � lim

n � ∞

2n

n2 c � lim
n � ∞

3n2 � 2n � 1
4n3 � 1

d � Σ∞
n � 1

n!
� 2n � ! e � Σ∞

n � 1
n

n2 � 1

f � Σ∞
n � 1n � n � 1��� n � 3� 2n g � Σ∞

n � 1
n � ln � n ��� 2

n3 � 1
h � Σ∞

n � 1
1

� 2n � 1��� 2n � 2�
Answer.

a) C sincethedenominatoris greaterthann � 1 timesthenumerator,
b) D by l’H ôpital’s rule,
c) C sincethedegreeof thedenominatoris onemorethanthedegreeof thenumerator,
d) C by theratio test,
e) D sincethedegreeof thedenominatoris only onemore thanthedegreeof thenumerator,
f) D sincethegeneral termdoesnotconverge to zero.
g) C sincethedegreeof thedenominatoris morethanonemorethanthedegreeof thenumerator,
h) C by comparisonwith theseries∑ � 1� n2 � .

8. Find thefocusof theparabola given by theequationy 2 � 8x � 2y � 17 � 0.

Answer. Complete thesquare;

y2 � 2y � 1 � 8x � 16 or � y � 1� 2 � 8 � x � 2��	
Thevertex is at � 2 �
� 1� andtheparabola opensto theright. Since4p � 8, p � 2,andthefocusis 2 unitsright
of thevertex, sois at � 4 �
� 1� .



9. Find theareaof theregionenclosedby thecurvegivenin polarcoordinatesby r � 2cosθ .

Answer. This is thecircle of radius1 centeredat thepoint (1,0) sohasareaπ . If you did not recognizethe
curve, you integrated,but only from 0 to π , sincethatis all youneedto traversethewholeboundary. Thus

Area �
� π

0

1
2

r2dθ � 1
2

� π

0
� 2cosθ � 2dθ �

� π

0
� 1 � cos� 2θ ��� dθ � π 	

10. a)Find thegeneral solutionof thedifferentialequation y   � 4y  � 5y � 0.

Answer. Theauxiliaryequation, r2 � 4r � 5 � 0 hastherootsr � 2 ! i. Thus thegeneralsolutionis

yh � e2x � Acosx � Bsinx ��	
b) Solve theinitial valueproblem:

y   � 4y  � 5y � 5 � y � 0�"� 0 � y  � 0�"� 0 	
Answer. A particularsolutionis the constantfunction y p � 1. Thus the general solutionis y � y p � yh �
1 � e2x � Acosx � Bsinx � . We solve for A andB from theinitial conditions:

0 � 1 � A � 0 � 2A � B � so A ��� 1 � B � 2

andthesolutionis y � 1 � e2x �#� cosx � 2sinx � .


