Calculusl|
Exam 4, Spring 2003, Answers

1. Findthefocusandvertex (or foci andvertices)of the conicgivenby theequationx 2 — 8x — 8y = 8.

Answer. Complde thesquare:
X2 —8x+16—8y=8+16, or (x—4)2=8(y+3).

This is the equatiam of a parabda which opensupward andwhosevertex is at (4,-3). Sincedp=28, p= 2,
sothefocusis 2 unitsabove thevettex, at (4,-1).

2. Find theequationof the conicwhich hasafocusat (6,2) andendsof theminoraxisat (1,7)and(1,-3).

Answer. The centerof the conicis midway betweerthe endsof the minor axis,sois atC: (1,2). Thusthe
axesarethelinesx= 1, y=2,andb = 5. Sinceafocusis at(6,2, c=6—1=>5. Thusa? = b®+ ¢? = 25+ 25,
soa=5/2. Sincethecenteris at (1,2, anda? = 50, b? = 25, we have the equaion
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If you first thowght the coric might be a hyperbola andtried c? = a2 + b? first, you would obtaina = 0, so
thatexcludesthatpossibility.

3. Findtheequationof thetangen line ot thehyperbola
X2
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atthepoint (4,v/3).

Answer. Takingdifferentials,we obtain

%(—wdy:o.

Puttingin thevaluesx = 4, y = /3 gives us 2dx— 2y/3dy = 0, sothetanget line hasslopedy/dx = 1/+/3.
Theequatiom thusis
X—4
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4. Findtheareaof theregionthatlies outsidethecircler = 1 andinsidethecircler = 2cos6.

Answer. At the point of intersectionof the two curves we have 1 = 2cos6, so 8 = +11/3. Sincethearea
insideacuner = r(0) is givenby integratingdA = (1/2)r2d6, the areabetweerthe curves r = 2cosf and
r=1is
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5. Find thecenterfoci andvertices of the ellipsegivenin polarcoodinatesby the equation
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Answer. This ellipsehasa focusat the origin, andits vetticesareat the pointswherer hasa minimumand
amaximun. Theminimum is attainedwvhensin® is aslarge asit canbe,sois at 6 = /2, withr = 12. The
maximum is at 8 = —71/2. with r = 4. Thusthe y-axs is the major axis of the ellipse,andthe vetticesare
at(0,12), (0,4). Thecenteris the midpdnt of this sggmen, sois at (0,4). Thusc = 4 (thedistancerom the
centerto afocus, anda = 8, thedistancdrom thecenterto avertex. In summay:

Center. (0,4) Foci: (0,0), (0,8) Vertices: (0,—4), (0,12).
For the record sinceb? = a® — ¢? = 64— 16 = 48, b = 44/3, andthe equationof the ellipsein cartesian
coordnatesis
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An alternatve methodis to switch to cartesiancoordnatesfirst. We can rewrite the equaion asr(1 +
sinB/2) = 6 or, in cartesiarcoadinates, /X2 +y2 +y/2 = 6. Moving thetermy/2 to the right handside
andsquaing we get

V2

4
which bringsusto (1) aftercombiring termsandcompléing the squae.

X% +y? = 36—6y+



