
Calculus II
Exam 4, Spring 2003, Answers

1. Find thefocusandvertex (or foci andvertices)of theconicgivenby theequationx 2 � 8x � 8y � 8.

Answer. Complete thesquare:

x2 � 8x
�

16 � 8y � 8
�

16 � or � x � 4� 2 � 8 � y � 3���
This is theequation of a parabola which opensupward, andwhosevertex is at (4,-3). Since4p � 8 � p � 2,
sothefocus is 2 unitsabove thevertex, at (4,-1).

2. Find theequationof theconicwhichhasa focusat (6,2) andendsof theminoraxisat (1,7)and(1,-3).

Answer. Thecenterof theconicis midway betweentheendsof theminor axis,so is atC : � 1 � 2� . Thus the
axesarethelinesx � 1 � y � 2,andb � 5. Sinceafocusis at(6,2), c � 6 � 1 � 5. Thusa 2 � b2 � c2 � 25

�
25,

soa � 5 � 2. Sincethecenteris at (1,2), anda2 � 50� b2 � 25,we havetheequation

� x � 1� 2
50

� � y � 2� 2
25

� 1 �
If you first thought theconic might bea hyperbola, andtried c 2 � a2 � b2 first, you would obtaina � 0, so
thatexcludesthatpossibility.

3. Find theequationof thetangent line ot thehyperbola

x2

4
� y2 � 1

at thepoint � 4 � � 3� .
Answer. Takingdifferentials,we obtain

xdx
2

� 2ydy � 0 �
Puttingin thevaluesx � 4 � y � � 3 gives us2dx � 2 � 3dy � 0, sothetangent line hasslopedy 	 dx � 1	 � 3.
Theequation thusis

y � � 3 � x � 4

� 3
�

4. Find theareaof theregionthatlies outsidethecircle r � 1 andinsidethecircle r � 2cosθ .

Answer. At thepoint of intersectionof the two curves we have 1 � 2cosθ , so θ ��
 π 	 3. Sincethearea
insidea curve r � r � θ � is givenby integratingdA � � 1	 2� r2dθ , theareabetweenthecurves r � 2cosθ and
r � 1 is

Area � 1
2

� π  3
� π  3 � � 2cosθ � 2 � 12 � dθ � � π  3

� π  3 � 1
�

2cos� 2θ � � 1
2
� dθ � � 3



5. Find thecenter, foci andvertices of theellipsegivenin polarcoordinatesby theequation

r � 6

1
� 1

2 sinθ
�

Answer. This ellipsehasa focusat theorigin, andits verticesareat thepointswherer hasa minimumand
a maximum. Theminimum is attainedwhensinθ is aslarge asit canbe,sois at θ � π 	 2, with r � 12. The
maximum is at θ � � π 	 2. with r � 4. Thusthey-axis is themajoraxisof theellipse,andtheverticesare
at (0,12), (0,-4). Thecenteris themidpoint of this segment, sois at (0,4). Thusc � 4 (thedistancefrom the
centerto a focus,anda � 8, thedistancefrom thecenterto avertex. In summary:

Center: � 0 � 4� Foci : � 0 � 0����� 0 � 8� Vertices: � 0 � � 4����� 0 � 12���
For the record, sinceb2 � a2 � c2 � 64 � 16 � 48� b � 4 � 3, andthe equationof the ellipse in cartesian
coordinatesis

� 1� x2

48
� � y � 4� 2

64
� 1 �

An alternative methodis to switch to cartesiancoordinatesfirst. We can rewrite the equation as r � 1 �
sinθ 	 2� � 6 or, in cartesiancoordinates, � x2 � y2 � y 	 2 � 6. Moving the term y 	 2 to the right handside
andsquaring we get

x2 � y2 � 36 � 6y
� y2

4
whichbringsusto (1) aftercombining termsandcompleting thesquare.


