CalculusllI
Exam 4, Fall 2002, Answers

1. Find thefoci of theellipsegiven by the equationx? 4 4y? + 2x = 8.

Answer. Complde thesquare:
(®+2x+1)+4y°=84+1 sothat (x+1)24+4y*=9

giving us
x+1% ¥y _
9 9/4
sothecenteris at (-1,0), theaxisis horizontal,sois theline y = 0, anda? = 9, b?> = 9/4, soc? =9—-9/4=
27/4. Thusthefoci are+/27/2 unitsremovedfrom thecenteralongtheline y = 0, soareat (— 14 v/27/2,0).

2. Thepoint P(1,5) lies on the parabda given by the equationy? — 8x— 2y = 7. Let F bethefocusof this
paralmla.

a) Whatarethe coordnatesof thefocus F?

Answer. Complee thesquare;
YV —2y+1=8x+7+1 sothat  (y—1)2=8(x+1).

Thusthevertex is at(-1,1), theaxisis horizantal, andthe paralmla opers to theright. Since4p = 8, thefocus
of theparabda is two unitsto theright of thevertex onthe axis,sois at(1,1).

b) Whatis theanglebetweertheline PF andthetangento the paralmla at P?

Answer. By thefocal property of the parabda, this is the sameasthe anglebetweerthe tangentat P and
thehorizontal. We find the slopeof thatline by differentiatingthe equatia of the paralwla andevaluatirg at
P(1,5):
dy dy
2(y—1)d—x =8  sothat 2(5—1)d—x =8
or dy/dx= 1, andtheanglehastangentl, sois /4.
Anothe way to seethis is to notethatthe point P lies onthe sameverticd asthefocusF, soPF makesan

angleof 11/2 with the horizortal. Thus,if a is theande betweertheline PF andthetangen at P, we have
a=T/2+a=Ts00 =—T1/4

3. Find theequatiorof theellipsewith verticesat (0,+2) andfoci at (0, +1).

Answer. For this ellipse,theaxisis theline x = 0 andthecenteris theorigin (midway betweerthevettices).
Wehavec =1, b= 2, andsincec?® = b? — a®> = 4— 1, we have a= /3. Thustheequatim is

4. Findtheintegral (do nottry to evaluateit) giving thelengthof the spiralr = 20 from 6 = 0to 6 = 2.



Answer. Sincedr = 2d0, ds? = dr? +r?d6? = (4+ 462)d6?, sothelengthis

2
Length :/ 2v/1+ 62d6 .
0

5. Findtheareaenclosedy thecardiodr = 2+ 2sin6.
Answer. dA = (1/2)r2d6 = (1/2)(2+ 2sin8)?d6 = 2(1+sin)?dB and

2n 2n _
Area :2/ (1+sin6)2d6:2/ (1+25in6+ﬁ)d9:6n
0 0



