
Calculus II
Exam 4, Fall 2002, Answers

1. Find thefoci of theellipsegiven by theequationx 2 � 4y2 � 2x � 8.

Answer. Complete thesquare:�
x2 � 2x

�
1� � 4y2 � 8

�
1 sothat

�
x
�

1� 2 � 4y2 � 9

giving us �
x
�

1� 2
9

� y2

9� 4 � 1

sothecenteris at (-1,0), theaxisis horizontal,sois theline y � 0, anda 2 � 9 � b2 � 9� 4, soc2 � 9 � 9� 4 �
27� 4. Thusthefoci are � 27� 2 unitsremovedfrom thecenteralongtheline y � 0,soareat

� � 1 �	� 27� 2 � 0� .
2. Thepoint P

�
1 � 5� lies on theparabola givenby theequationy 2 � 8x � 2y � 7. Let F bethefocusof this

parabola.

a)Whatarethecoordinatesof thefocus F?

Answer. Complete thesquare;

y2 � 2y
�

1 � 8x
�

7
�

1 sothat
�
y � 1� 2 � 8

�
x
�

1��

Thusthevertex is at (-1,1), theaxisis horizontal,andtheparabolaopens to theright. Since4p � 8, thefocus
of theparabola is two unitsto theright of thevertex ontheaxis,sois at (1,1).

b) Whatis theanglebetweentheline PF andthetangentto theparabola atP?

Answer. By the focal propertyof theparabola, this is thesameastheanglebetweenthe tangentat P and
thehorizontal.We find theslopeof thatline by differentiatingtheequation of theparabola andevaluating at
P
�
1 � 5� :

2
�
y � 1� dy

dx
� 8 sothat 2

�
5 � 1� dy

dx
� 8

or dy � dx � 1, andtheanglehastangent1, sois π � 4.

Another way to seethis is to notethat thepoint P lies on thesamevertical asthefocusF , soPF makesan
angleof π � 2 with thehorizontal. Thus,if α is theangle betweentheline PF andthetangent at P, we have
α � π � 2 � α � π , soα ��� π � 4.

3. Find theequationof theellipsewith verticesat
�
0 �� 2� andfoci at

�
0 �� 1� .

Answer. For thisellipse,theaxisis theline x � 0 andthecenteris theorigin (midwaybetweenthevertices).
We havec � 1 � b � 2, andsincec2 � b2 � a2 � 4 � 1, wehavea ��� 3. Thustheequation is

x2

3
� y2

4
� 1

4. Find theintegral (donot try to evaluateit) giving thelengthof thespiralr � 2θ from θ � 0 to θ � 2π .



Answer. Sincedr � 2dθ � ds2 � dr2 � r2dθ 2 � � 4 � 4θ 2 � dθ 2, sothelengthis

Length ��� 2π

0
2 � 1

� θ 2dθ 


5. Find theareaenclosedby thecardiodr � 2
�

2sinθ .

Answer. dA � � 1� 2� r2dθ � � 1� 2� � 2 � 2sinθ � 2dθ � 2
�
1
�

sinθ � 2dθ and

Area � 2 � 2π

0

�
1
�

sinθ � 2dθ � 2 � 2π

0

�
1
�

2sinθ � 1 � cos2θ
2

� dθ � 6π


