CHAPTER 5

Applications of Integration

5.1. Volume

In the precedingsectionwe sav how to calculateareasof planarregionsby integration. The relevant
propertyof areais thatit is accumulative we can calculatethe areaof a region by dividing it into
piecesthe areaof eachof which canbewell approximatedandthenaddingup the areasof the pieces.
To put it anotherway, we calculateareaby addingpieceby pieceaswe move throughtheregionin a
particulardirection. Oncewe have obtaineda formulafor the differentialincrementin the area(such
asdA L x dx), we nd the areaby integration. This processcanbe usedto calculatevaluesof ary
accumulatre conceptsuchasvolume,arclengthandwork. Thischaptelis devotedto thesecalculations.

Example 5.1 To begin with, let us calculatethe volumeof a sphereof radiusR. We rst haveto decide
onadirectionof accumulationandfor thatwe needa particularcoordinaterepresentationf the sphere.
Startwith theregionin the planeboundedby the x-axisandthecurveC: x2  y? R2. If we rotatethis

regionin spaceaboutthex-axis,we obtainthe sphereof radius(R) (see gure 5.1). We now accumulate
thevolumeof thesphereby moving alongtheaxisof rotation,(thex-axis),startingatx R, andending

atx R LetV x bethevolumeaccumulatedvhenwe reachthe pointx. Thenthe pieceaddedwhen

we move a distancedx furtheralongthe axisis a cylinder of width dx andof radiusy, thelengthof the

line from thex-axisto thecurve C (see gure 5.1). Thevolumeof this pieceis thus

(5.1) dv  py?dx

Now, alongC, y RZ  x2, fromwhichweobtaindV p R?> x? dx. Thevolumethusis theintegral
of this differential:

R X3 R

(5.2) \Y dv pR x*dx p Rx =
R 3 R

R R3 4
(5.3) p RRR 5 RZ R 3 épR3
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We can nd thevolumeof asphericalsggmentof depthh the sameway (see gure 5.2):

R 2 2p 2
(5.4) \% pR X¥dx =hR h
R h 3

afteranevenlongercomputation.

In generalwe cancalculatethe volume of a solid by integrationif we canseea way of sweeping
out the solid by a family of surfaces,andwe cancalculateor alreadyknow the areaof thosesurfaces.
Thenwe calculatehevolumeby integratingthe areaalongthe directionof sweep.In theabose example
we sweptout the sphereby moving alongthe x-axis,andassociatindo eachpoint x the areaof the disc
whichis the perpendiculacross-sectionf the sphereat x.

5.1.1 Volume: general method

Thewayto nd thevolumeof asolidis this. Sketchtheregion underconsiderationChoosea direction
in whichto accumulatéhe volume.Write down the expressiorfor thedifferentialincrementn volume:

(5.5) dv A xdx

wheredx is anin nitesimal incremenin thedirectionof accumulationandA x istheareaof thesection
of thesolid atthe pointx. Of coursejf the solidis highly irregular, nding A x maystill bea problem.
In this sectionwe restrictattentionto thosecasesvhereA x is known or is easilyfound.

Example 5.2 Findthevolumeof a coneof baseradiusr andheighth.
We sweepout the conealongits axis startingat the vertex (see gure 5.3),sox rangesrom 0 to h.
Thecross-sectionf theconeatary x is adisc,let r beits radius.ThendV  pr 2dx. Now, we can nd



Chapters Applicationsof Integration 58

Figure5.3 Figure5.4
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(5.7) o P12 Pies, 3P

Example 5.3 Findthevolumeof a pyramidof heighth andsquarebaseof sidelengths.
Hereagain,we sweepthe pyramidoutalongits axis,with x representinghedistancerom thevertex

(see gure 5.4). Thenx rangedrom 0 to h, andat ary x, the cross-sectiofis a squareof sidelengths.

Thedifferentialincremeniof volumeatxisdV s ?dx. Againby similartriangless  sx h. Thus

h 2 2x3h 1
—_ 2 _ —
(5.8) Volume . 72X dx w3, 3th

Example 5.4 Let R be the region in the planeboundedby the curvesy x%,y  x°. LetK bea
solidlying overthis region whosecross-sectioiis a semicircleof diametertheline sgmentbetweerthe
curnves(see gure 5.5). Findthevolumeof thepieceof K lying betweerx 1andx 2.

We sweepoutalongthex-axis. ThendV 1 2 pr2dx, wherer is theradiusof thesemicircle.Now
r x%, soweobtain

21 L, 1% 1
(5.9 \% 1§px dx Epgl Ep32 1 31p
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5.1.2 Volumes of Revolution

A solid of revolution is obtainedby revolving a region in the planearoundan axisin the plane. There
arethreewaysof calculatingthe volumeof suchasolid, dependingiponhow we sweepit out.
Discmethod. Supposeasin gure 5.6,the gure liesbetweeracurveC:y f x andthex-axis,which
is theaxisof rotation. Thena crosssectionis a discof radiusy, so

(5.10) dv  py’dx p fx 2dx

Washermethod. Supposehe gure lies betweertwo curvesC, :y  f x lying aboveC,:y gx in
theupperhalf-planeandtheaxisis thex-axis(see gure 5.7). Thenacrosssectionis awasher theregion
betweerntwo concentriccircles. Its areais the differenceof the areasof thesecircles. The differential
incrementof volumeis then

(5.11) dv  pfx? pgx?dx

Figure5.7 Figure5.8
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Shellmethod. This methodis usedwhenit is corvenientto sweepoutthe volumealonganaxisperpen-
dicularto the axis of rotation. To be more speci ¢, supposehe region lies in the right half plane,and
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we rotateit aboutthe y-axis. Thenfor eachx, theincrementakurfaceat x is the cylinder sweptout by
rotatingtheline sggmentperpendiculato the x-axislying in theregion (see gure 5.8) aboutthe axisof
rotation. Theareaof this surfaceis 2pxL whereL is thelengthof theline segment.Thus

(5.12) dv  2pxLdx

Example 5.5 Consideitheregion R betweerthelinesL, :y x,L,:y 2xandx 3(seegure 5.9).
Supposeave generata solid by rotatingR aboutthex axis We sweepoutthesolid alongthex-axis. At

ary x the cross-sectiofis the washergeneratedy theline segmentbetweerl ; andL,. Thisis bounded
by thecirclesof radius2x, x respectiely. ThusdV p 2x? x? dx p 3x? dx, andso

3 3
(5.13) V o p 3 dx px3O 27p
0

Example5.6 Supposénsteadwe rotatethe sameregion R aboutthey-axis. Then(sweepingalongthe
x-axis),thesurfacegenerateatary x is thecylinder of radiusx andheightthedistancebetweerthetwo
curves:2x x. ThusdV  2px x dx, and

3
(5.14) V. 2p  xPdx gp 32 02 18
0

Example 5.7 We could alsodo example5.6 by accumulatingvolume along the axis of rotation (the
y-axis), but this is morecomplicated.As we seefrom gure 5.10,y rangesfrom 0 to 6, andthe curve
describingthe outerboundarychangestthe pointy 3. Sowe have to split this up into two computa-
tions. For the rst, y rangedrom 0 to 3, andtheregionis boundedby thecurvesx y 2 x vy, andfor
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thesecondy rangesrom 3 to 6 andtheregionis boundedby thecurvesx y 2 x 3. In bothcases,
asliceata x edy is awasherso

(5.15) dv p R’ r?dy
whereRis the outerradius,andr is theinnerradius.For the rst computatiorthen
3 2 3
y p 27
(5.16) i PY 5 dy g %dy
For thesecond:
6 2 6 2 6
2 Y y v o
(5.17) \Z , P ¥ 5 oy P S T W Py 5 , % 4P

ThetotalvolumeisV; V, 18p.

Example 5.8 Rotatethetriangleboundedby the coordinateaxesandthelinex y 1 abouttheline
X 3,and nd thevolume(see gure 5.11).

Figure5.11

We'll accumulateéhevolumein thedirectionof theaxisof rotation,sothevariableis y, rangingfrom
0to 1. Fora x edy, the surfacegeneratedby therotationis awasherof outerradius3, andinnerradius
3 x 3 1y 2 yThusdVv p32 2 y2 5 4y y? andthevolumeis

y o8

1
(5.18) 5 4y y?dy 5y 2% = e
0 3 45 3

5.2. Arc Length

We have seenthata curve in the planecanbe describedxplicitly asthegraphof afunctiony f x or
implicitly, asarelationF xy  C betweerthevariablex andy. A third way a curve canbe described
is parametricallyin theform

(5.19) X xt y yt
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asthe parametert rangesoveranintenval a b . For example,a particlemay be moving on the plane,
andits positionattimetis xt yt

Example 5.9 The circle of radiusR canbe describecharametricallyby taking asthe parametethe
anglethe ray throughthe point makeswith the x-axis,sothat Rcost Rsint arethe coordinate®of the
pointfor agivenanglet (see gure 5.12).

Figure5.12

Rcos Rsint

Sincecogt sir‘t 1, thesepointsall satisfytheimplicit relationx?  y2 R2.

Suppos@nobjectis movingin aplaneperpendiculato theearthssurfacesothattheonly forceactingon
it is gravity. Letits positionattimet be xt yt . Thendx dt is thehorizontalvelocity of the object,
anddy dt the vertical velocity, in the sensethat thesearethe ratesof changeof the motion in those
directions. We saythatthe pair dx dt dy dt is thevelocityof the object. Similarly, its acceleation
is the pair d?x dt? dy dt? , whered?x dt? is the horizontalacceleation andd?y dt? is the vertical
acceleation. In our case sincethe only forceis vertical, thatof gravity, we have

d?x d?y

(5.20) gz 0 and 5 32ft seé
We canintegratetheseequationgo getthe equationf motionof the object:
dx dy
(5.21) @ Vi at 32wy

wherevy is theinitial (andconstanthorizontalvelocity, andvy is theinitial verticalvelocity. Theposition
is thengivenby integratingagain:

(5.22) xt wt x0 yt 162 wt yo
whereattimet Otheparticleisat x0 y 0

Example5.10 A rie is red from a pronepositionat an angleof 6 degreesfrom the horizontal. The
bullet leavesthemuzzlewith aninitial velocity of 900ft/sec. Assumingthegroundis level, how fardoes
thebullet travel beforeit hits the groundagain?How long doesthis take?

Let xt yt representhepositionofthebulletattimet, assumingt startsattheorigin,sox 0 0
andy 0 0. We aretold thatthe tangentto the trajectoryof the bullet att 0 makesanangleof 6
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Figure5.13
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degreeawith the horizontal,andthatit startsoutin this directionat 900ft/sec.In anincremenbf time dt

it travelsa distanced00dt feetalongthisline, sothecorrespondindporizontalandverticaldisplacements
(see gure 5.13)aredx 900cos6dt 895dt anddy 900sin6édt 94dt. Thusvky 895ft/secand
vy 94ft/sec. Thus,accordingto 5.5,thepositionof thebullet attimet is

(5.23) xt 89% yt 162 o4

Now, the bulletis atgroundlevelwheny t 0. Solvingthatequationt Oort 94 16 5 88sec,
andx 895588 5262feet.

Example 5.11 Supposea ball is hit horizontallyat a heightof 5 ft. at 120 mph (176 ft/sec). How far
from the hitter will it hit theground?

Puttingthe origin of thecoordinateatthebattersfeet,wehavex 0 0 y 0 5. Sincetheballis
struckhorizontally we havevy 120 vy, 0. Thus,from (2), theequationf motionare

(5.24) xt 12060yt 162 5

Groundlevelisatyt 0, sowe cansolve thesecondequationfort: 0 162 5, from whichwe
nd t 516 559.Thustheanswerisx 559 120 559 67 1ft.

WhenacurveCis givenparametricallyasx xt y vyt ,it maynotbesoeasyto describehecurve.
To dothat,onetriesto write the curve asarelationbetweerx andy by eliminatingthe variablet.

Example5.12 Suppose is givenparametricallyby
(5.25) xt 18 10 yt 162 32

To eliminatet we solve the rst equationfort intermsofx: t x 10 15,andthenputthatin the
equationfor y:

2
x 10 32 x 10
15 15

(5.26) y 16

from whichwe seethaty is a quadratidunctionof x alongC, sothecurveis aparabola.
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Example5.13 Sometimes little algebraidngenuityis required.Given

(5.27) xt 2t 1yt ¢t

we eliminatet in thisway:

(5.28) x tt2? 1 1 yy 1 1 or x 12 yy 12

sotherelationbetweerx andy is quadratidn x andcubicin y.

Finally, let us seehow to calculatethe length of a curve. SupposehatC is a curve in the plane
runningfrom point P to Q. First of all, obsene thatarclengthis accumulatie: if we breakthe curve
up into mary piecesthelengthof the curve is the sumof thelengthsof the pieces.We thusanticipate
thatarclengthcanbefound by integration;in orderto discover whatto integrate we seeka differential
relationshipbetweerarclengthandthecoordinatesFor R ary pointonthecurve,we considetthelength
of thearcfrom P to R. It is customaryto usethe letter s asthe function representingrc lengthalong
the curve: thuss R is thelengthof the curve from P to R. If we now move alongthe curve C a small
distanceds from R, thenthevariablesaredisplacedy smallamountgdx anddy (see gure 5.14).

Figure5.14

ds dy
dx

NearR the curve is almostits tangentiine, sowe usethe tangentine approximatiorto the length. By
the pythagoreartheoremwe have

(5.29) ds>  dx® dy?

andthusthelengthof arcfromPtoQisL C ~ 2ds 2 dx@ dy?

To do this integration,we usethe equationsiescribinga curve, explicit or parametricWe warnthe
readerthatusuallythis computationeadsto anexpressionve do not yet know how to integrate;in this
casewe shallleave it asade nite integral.

Example5.14 Whatis thelengthof theliney 3x 2 betweerthepointsP 1 5 andQ 3 11 ?
Herewe canexpresstheform 5.29in termsof x. We havedy  3dx, so

(5.30) d?  dx® dy? dx* 3Pd  10d¥P

sods  10dx. Then

Q _ _
(5.31) L ds 10dx 103 1 2 10
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whichis, of course the sameanswemwe would have gottenfrom the distanceormulaof chapter.

Example 5.15 Findthelengthof thearcof acircle of radiusR subtendedby ananglea.
Herewe parametrizéhecircle asin example5.9(seegure 5.12):x Rcost y Rsint. Thendx
Rsintdt dy Rcostdtand2ds® dx? dy? Rsint 22 Rcog 2dt? R? sirft cogt dt?
R?dt? Ourlengthis thus

a
(5.32) L ds Rd Ra
0

anotherstandardormula.

Example5.16 Findthelengthof thecurvex? y® from (0,0)to (27,9).

Firstwe haveto nd asuitableparametrizatiorof the curve. Sincethe variablesare positive in this
rangewe canwritey t2, andthenx? y3 t23 132 sowecantakex t3, ast rangesromOto
3.Nowdy 2tdtanddx 3t2dt, so

(5.33) ds> dx® dy? ot*dt? 4t?dt® t2 9ot? 4 di?;

thatis,ds t 9t2 4dt. Thenthelengthis

I 1 85
(5.34) L ds t o2 4dt —  ut?du
0 18 4

usingthesubstitutionru 9t 4 du 18tdt. Thelimits of integrationin u arefoundby evaluatingu at
t Oandt 3. Thelengthis

85 1

gu32 _8532 8

1
(5.35) L 53¢, &

Example5.17 Findthelengthof theparabolicsggmenty 5x x%2fromx Otox 5.
Wehavedy 5 2xdx,sods?> 1 5 2x?2dx? andthelengthis

5

(5.36) L 1 5 2xZ2x
0

1 u2du
5

NI =

makingthesubstitutionu 2x 5 du 2dx. Butthatdidn't help;we still endup with anintegralwe
have yetto learnhow to integrate.
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5.3. Work

Work is theproductof forceanddistance Theunit of forcein theBritish systemis thefoot-pound;in the
metricsystemit is thejoule, or nenton-meter For example,to move a box a distanceof 12 feetagainst
aforce of friction of 40 Ibs takes40 12 = 480foot-pounds.To lift aweightof 25 poundsa distanceof
8 feettakes25 8 = 200foot-pounds Remembethatthe weight (at the surfaceof the earth)of anobject
is ameasuref its gravitationalforce,andis equalto mg wherem is the massof the objectandg is the
acceleratiorof gravity. In themetric systemthegramandthekilogramaremeasuresf masssoto nd
theweight(in joules)we mustmultiply themass(in kilograms)by g = 9.8 m/seé.

Example5.18 How muchwork is donein lifting amassof 1.2kg a distanceof 12 meters?
Theweightof themassis (1.2)(9.8)newtons,sothework is (1.2)(9.8)(12) 141.12joules.

Now, supposehatthe force is not constantput variesover the distancetraversed.For example,when
we putarocketin orbit, we mustcalculatethe enegy (work) required.Now theforce on the rocket (its
effective weight) decreaseasit leavesthe surfaceof the earth.We shalltake up this problembelow.

So,supposeve have aforce actingalonga line; denotethe valueof theforceatthe pointx asF x .
If F x is positive, it worksin the directionof increasingx, andif negative, it works oppositeto that
direction. Thatis, if theforceis positive, it doeswork aswe progressandif negative, it causesvork
aswe progress.Work is accumulatie: If we breakthe interval up into pieces.the total work doneis
the sumof the work doneover eachpiece. We setup a work calculationby integration,oncewe know
the differentialrelation. LetW x bethework doneto getfrom a to x. If we move a smalldistancedx
further, we mayassumeéheforceto beconstantandequalto F x overthisinterval. Thentheincrement
inworkisdW F x dx. Wenow nd thetotalwork by integrating:

b
(5.37) W F x dx

a

In particular if thisis positive, theforceis doingwork overtheinterval, andif negative, we mustsupply
thework to overcomeit.

De nition 5.1 LetF x beaforceactingalongtherealaxis,suchthatF x  0whenF is actingin the
directionofincreasingx. Leta b. Theworkdonebytheforceovertheinterval a b isW ;’F X dx.

Example5.19 LetF x x1 x? beaforceactingonthex axis. How muchwork is doneby theforce
a) betweerthe pointsO 1? b) betweerthepoints0O 27?

1 2 1

(5.38) W x Xdx = X 12
0 2 4
2 2 2

(5.39) w x fax L X 2
0 2 4,

Thustheforcedoeswork for usbetweerD and1, but againstusbetweenl and?2.
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5.3.1 Springs

Considera springhangingvertically. If the springis extendedor compresseda force will be exerted,
calledtherestoringforce, directedtowardtheinitial restposition.If aweightis carefullyattachedo the
spring,it will extendto anew restposition,atwhichtheweightexactly balancesherestoringforce. This
is the equilibrium positionfor thatweight. Accordingto Hooke's Law, the magnitudeof the restoring
force andthe displacemenfrom restare proportional. Thatis, if we let x representhe displacement
from the equilibriumposition,andF x theforcein thespring,thenwe have

(5.40) Fx  kx

for someconstank, calledthe springconstant The negative signindicatesthatthe force actsin the
directionoppositeto the displacement.

Example 5.20 Supposea 5 b weightextendsa springby 1.5inches.a) Whatis the springconstant)
How farwill a12Ib. weightextendthespring?

Theforcein thespringat 1.5inches,or .125feetis -5 Ibs,soby (5) 5 k 125,sok 40Ib/ft,
andHooke's law for this springis F x 40x. Whenthe 12 Ib weightis attachedtherestoringforce
isF x 12,sowe nd x by solving 12 40x,0orx  3ftor3.6inches.

Example 5.21 Supposea 3 poundweightdisplacesa spring2 inches. How muchwork is requiredto
displacethe springtwo feet?

First we useHooke's law with the giveninformationto nd the springconstant.In our situation,
whenx 1 6foot, F 3 poundsFromHooke'slaw, 3 k 1 6 ,sothespringconstanisk 18,
andHooke'slaw for thisspringis F x 18x. Now, for work, we havedW F x dx, soto extendthe
spring2 feet,we calculatethework doneby the springover this distance:

2 2
(5.41) w 18dx 9% 36
0 0

ft-Ibs. Thusthework neededo extendthe spring2 feetmustcounterbalancthis, sois 36 foot-pounds.

Now if a springwith an objectat its endis extendeda certaindistanceandthenreleasedit will
vibrate. To understandhis motion, we recall the discussiorof Example4.11. Therewe saw that for
abodyin motionvdv  adx, wherex is the displacementy the velocity anda the acceleration.If we
multiply by themassmanduseNewton'slaw, F  ma, we get

(5.42) mvdv  Fdx

Theexpressiorontherightis dW, thedifferentialof work, andtheexpressiorontheleft is thedifferential
of 1 2mV?, thekinetic enegy: the changen kinetic enegy is equalto the work done. Thisis thenthe
differential expressionof the law of conseration of enegy. Now, for a spring, F X kx, s05.42
becomes

(5.43) mvdv kxdx O
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for aspring,whichintegratesto
(5.44) mv k¢ constant

duringthemotionof avibratingspringof springconstank anda massm atits end.

Example 5.22 A springof springconstank 4 ft/lb with anobjectof weight3 Ibs attachedo its end
is atrest. The objectis extendeda distanceof 2 feetandthenreleasedAt whatvelocity doesthe object
passits equilibriumposition?

The massof the objectism wg 3 32 0938. Thus, in this situation5.3.1tells us that
09387 4x? is constanturingthemotion. At themomentof releasey 0andx 2, sothis constant
is 093802 422 16. At the momentthe objectpasseghe equilibrium point, x 0, sowe can
solve: 0938/ 16,forv 18 48ft/sec.

Example5.23 A 1 kg massextendsaspring8 cm. Supposehatamassof 3 kg is attachedo thespring,
thenextended20 cm. beyondequilibriumandreleasedWhatwill bethevelocity of themassasit passes
the 10 cm. point?

First we must nd the spring constant. The weightof a1 kg massisw mg 1 98 98
newtons. From Hooke's law we have 98 k008,sok 98 008 1225 newtons/meter For
our 3 kg massin motion, equation5.3.1is 3v? 1225x*>  constant.At the momentof releasey 0
andx 02, sotheconstanis 122502 2 49. At thelOcmpoint,wesolve3v? 1225 12 49,
givingv 1 107meters/second.

Example 5.24 Whatis theenengy requiredto lift a payloadof 1000Ibs a distanceof 250 milesfrom the
surfaceof theearth?

We have to calculatethe work requiredto move the payload250 miles vertically from the earths
surface. Let s represendistancefrom the centerof the earth,and let R be the radius of the earth.
Accordingto Newton'slaw of gravitation, theforce of gravity is

(5.45) Fs é
for someconstank. Now, whens R, for our payload,F R 10% Ibs,sok 10°R?, andF s
10°R? . Thusthework "doneby” gravity is
R 250 1 (3R2

wre LT o 250

5.46 w S —
(5.46) R s S R RR 250

TakingR 3900miles,we seethattheenegy requiredto lift this payloadto 250milesis

(5.47) 103 3900% 23410° milbs 124 10° ft Ibs

Example5.25 A cisternis aholein theground(usuallylined with steelor cementusedto collectwater
Supposehatwe have a cylindrical cisternof radius8 feetandof depth20feet. If it is full of water how
muchwork is requiredto emptythe cistern?
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In this problem,the force is the weight of the water (one cubic foot of waterweighs62.51bs), but
thedistancethe waterhasto be moved dependsiponhow deepinto the cisternwe have gotten. So,we
againapproactthe problemdynamically wherethe dynamicvariableis the depthy of thewater At this
depth,thework requiredto lift the next slabof water(of thicknessdy) isy (weightof thatslab). The
weightof thatslabis 62.5 (volume).Theslabis a cylinder of radius8 feetandthicknessdx. Thus

(5.48) dw 625 p 8 %dy

Sincethecisternis 20feetdeep thetotal work thenis theintegral

20 y2 20
(5.49) 625p 8 %ydy 4007 8 10°p
0

ft Ibs.

Example 5.26 Supposénsteadthat the cistern,of the samedimensionshasa parabolicpro le, fol-
lowing thecurvey 5 16 x2. Now, to lift the slabof thicknessdy at a depthy takesthe amountof
work

(5.50) dW 625 pxPydy

becaus¢heradiusatthis level is now x. Sincex? 16 5y, thetotal work is givenby

20 16 20
(5.51) 62 5p€y2dy 20007 533 10°p
0 0

5.4. Mass and Moments

Mass is anotherconceptwhich is accumulatie, and so canbe calculatedby integration. An objectis
saidto behomaeneousf its compositionis everywherethe same.In this casemassis proportionalto
volume,wherethe constanbf proportionalityis denotedd, the density Thus,for example,the density
of wateris 1 g/cc,or 62.5Ibs/cu.ft.If theobjectis inhomogeneoushenits densitywill vary aswe move
aroundthe object. For x a point onthe object,we let d x beits densityat thatpoint - in the sensehat
dM d x dV atthepoint: theratio of themasgo volumeof asmallcubecenteredatx is approximately
dx.

Example5.27 A cisternis formedby rotatingthecurvey  x*fromx 0tox 1yd. aroundthey-axis.
Thecisternis lled with muddywaterwhich hassettled,so thatthe densityof the waterat a heighty
from the bottomis d y 102 02y? 625 Ibs/cu.ft(see gure 5.15). Whatis the total weightof the
uid containedn thecistern?

We calculatethe weightby accumulatinguid alongthey-axis,fromy 0to 1. At aheighty, the
weightof thediscof heightdyisdW d y dV,anddV pr2dy, wherer is theradiusof thatdisc. Since
theprole isthecurvex y! 4 weharedW pd y y' ?dy. Finally, sinceour spatialmeasurements



Chapters Applicationsof Integration 70

Figure5.15

aregivenin yards,we corvertthedensityto Ibs/yd: d y 102 02?2 625 27 Ibs/cu.yd.Thusthe
weightis

1 1
(5.52) w 625 27 p 102 022 y'2dy 53013 102 02°2 dy
0 0

1

2 2
(5.53) 53013 102 §y3 202 7y7 2 35746 Ibs
0

Example 5.28 A basebalbatcanbe consideredsa coneof height28in, andof baseradiusl1.5in. If
the batis madeof hickory, of density0.0347Ib/in%, whatis the weightof the bat?

We accumulatehe weight of the batfrom its vertex to its base At a distancex in from the vertex, a
slice of thicknessdx hasvolumedV  pr2dx, wherer is the radiusat thatpoint. By similar triangles,
r15 x 28,sor 15x 28 0535 Thentheweightof thebatis

28 2
(5.54) W ddv 0347p 0535 %dx 312 104 8x%dx 2283 lbs
0 0

5.4.1 Moments

Supposethat we have two small objectssituatedon a plane,andL is a line which runs betweenthe
objects(see gure 5.16).

Archimedesobsenedthatthe objectsarebalancedaroundtheline L if the productof the massand
thedistanceto theline is the samefor thetwo objects.By “balance”we meanthis: if theline L werea
rod in spacewhich is free to rotate,andthe objectswereattachedo this rod by armsperpendiculato
therod (asin the gure), thentherod will notrotateif this conditionis met. This productwe call the
momenif the objectabouttheline L : Mom ~ mass distance. If we take distanceto be directed:
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Figure5.17

m,
&

2

Figure5.16

md; myd, mgd; myd,

negative on onesideof theline, andpositive onthe other, Archimedes'Law is thatasystems in balance
aboutaline L if thesumof the momentsaboutL is zero. Phrasedhis way, the law appliesto a system
of mary massesfor examplethesystemin gure 5.17isin balance.

Thus,momentis anaccumulatre conceptandwe candiscover the momentfor ary objectby inte-
gration. We shall consideronly planarhomogeneousbjectsof densityl, sothatmassandareaarethe
same.The rst methodfor nding momentis to sweepout theregion in the directionperpendiculato
theline; ateachstageaddingthe momentof a differentialrectangleata x eddistancerom theline.

Supposeto startwith, wewishto nd themomentaboutthey-axis x 0 of aregionis boundedyy
thecurvesy f x y gx,fromx atox b(seegure 5.18).We calculatethemomentby adding
the momentsof in nitesimal strips, startingatx &, andgoingto x b. At a pointx, the next strip
hasheightf x g x andwidth dx, soits massis f x g x dx, andthemomentaboutthey-axisis
dMom, , distancemass x f x g x dx. Themomentof the entireregionis theintegral of this
differentialfrom a to b:

b
(5.55) Mom . xfx gx dx

a

for theregionof gure 5.18.
Figure5.18

dx g x

0
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Example5.29 Considettheregionboundedby thecoordinateaxesandtheline4x 3y 12(seegure
5.19). Find the momentsof this region aboutthe coordinateaxes.

Figure5.19

4x 3y 12

To nd Mom_ , , wesweepoutalongthex axisfromx Otox 3. Theheightof thestripata

pointxisy 12 4x 3,andthedistancdromthelinex 0isx. ThusdMom,  , 1 3x12 4x dx,
andthemomentis

31 1 a3 3
2
(5.56) Mom, o 212 & dx o 6x — i 6

To nd the momentaboutthe x-axis, we sweepthe region out in the vertical directionfromy 0to
y 4. At apointy, thewidth of thestripisx 12 3y 4,sodMom y 0 y 4 12 3ydy,so

4
(5.57) Mom, 4 1 12y 3y’ dy 8
0 4

Example 5.30 Find the momentaboutthe y-axis of the region boundedby the x axis andthe curve
y 16 10x x2(seegure 5.20).

Figure5.20

y 16 10x X2

dx

Theregionwill be sweptout alongthe x-axisfrom the pointswherethe curve intersectghe x-axis.
We solve 0 16 10x x° 8 x 2 x. Theregionthuslies betweenthelinesx 2 and
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X 8. At anintermediatepoint x, the differentialstrip is at distancex from the y-axis, andthe massis
16 10x X2 dx, so

2

(5.58) dMom, , x 16 10x x?dx
and

8 8
(5.59) Mom X 16 10x x° dx 16x 10 x3 dx

2 2

8

(5.60) 8x2 1—:x3 § 180

2

Example5.31 Findthemomentabouttheline x 4 of the sameregion.
Herewe have the sameanalysisbut now the distancerom the strip to the balanceaxisisx 4, so

(5.61) dMom X 4 16 10x x? dx

4
Notethatif x 4 thiswill benegative,andif x 4 it is positive - thisis just whatwe wantbecauseve
want the contrikutions of the pieceson either side of the axisto be opposite. To nd the momentwe
integrate;

8 8
(5.62) Mom  , x 4 16 10x x*dx 64 56x 14x° x> dx 36

2 2
Sincethe answeris positive, this region is overbalancedo theright. Note thattheregion is symmetric
aboutthelinex 5, sothatit is perfectlybalancedaboutthelinex 5. If we calculateMom ., we'll
getO.

Example 5.32 Find the momentof a rectangulaistrip of width w andheighth aboutthe line through
oneend.
Thisis Mom y o of theregion sketchedin gure 5.21. Sweepingoutfromy Otoy h, wehave

h

1
dMom  ,  ywdy,soMom g . ywdy Eth

Figure5.21
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Writing themomentaswh h 2 , we seethatthis is the momentof a point objectof the samemass(wh
situatedat the midpointof the strip. This obsenationleadsto analternatve methodfor calculatingthe
momentabouty 0 withouthaving to changehe variableof integration.

Considettheregionboundedy thecurvesy f x andy g x andthelinesx aandx b, asin
gure 5.18.We calculatethe momentaboutthe x-axisby sweepingutin thex direction. At ary pointx
thedifferentialpieceto beaddeds averticalrectangulastripof mass f x g x dx. Themidpointof
thisrectangleés 1 2 f x gx .Thus

fx gx fx gx dx

(5.63) dMomy o

NI =

Example5.33 Findthemomentaboutthex-axisof theregionin the rst quadranboundecby thelines
y 3xy 2x x 5(gure5.22).

Figure5.22

y 3X

NIg1
x
T
|

Wesweeputfromx O0tox 5. Thedifferentialstripatthepointx hasthemass 3x 2x dx  xdx,
andits midpointis 1 2 3x 2x 5 2 x. Thus

5.2
(5.64) dMomy 0 EX dx
S0
55 625
2
(5.65) Momy 0 . §X dx 6

To nd themomentaboutthey-axis,we have

(5.66) dMom x3x 2xdx xdx

0

soMom ox2dx 125 3.

0

Example 5.34 Find the momentaboutthe x-axis of the region of example30, boundedby the x axis
andthecurey 16 10x X2
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At a point x betweer2 and8, the differentialmassis ydx, andthe midpoint of thatstripisy 2, so

dMom, y? 2 dx. Thus

16 10x x° 2dx

(5.67) Mom %;

NI =

y O

5.4.2 Centroids

Let Rbearegionin theplaneandL aline in theplane.If Rliesto theright of theline, thenthemoment
of RaboutL, Mom R, is positive,andif Ris totheleft of L, thenMom Ris negative. So, if welook atalll
lineswith agivenslope,aswe move from onesideof R to theother, the momentaboutthatline changes
sign. Thus,thereis a particularline with a givenslopefor which the momentof R is zero. The region
R is balancedaboutthis line: if R wereto walk atightropein this direction,it would have thetightrope
directly below this line. If we changethe slope,we get anotherline of balancein the new direction.
Thesetwo linesintersectin a point. It turnsout thatthe line of balanceof ary slopegoesthroughthis
point, calledthe centioid, or centerof massof theregionR

De nition 5.2 Thecentoid of aregion Rin the planeis that pointin the planesud that for anyline L
throughthat point, Mom R 0.

To calculatethe centroid,it is enoughto look atlines of two differentslope,in particular horizontal
andvertical lines. Suppose A A is the centroidof R, sothatthe momentabouttheline x A is zero.
Thedistancdrom ary point x y tothislineisx A, sowe have

(5.68) Mom . R x AdA 0
or xdA A dA whichsayshatMom  , R ,&MassR.SimiIarIywegetMom/ o R AMassR.
Thusthecoordinategor the centroidare
Mom R Mom R
(5.69) __ x0 ° A __yo
MassR MassR

Example 5.35 Find thecentroidof thetrianglein example29.
Thisis arighttrianglewith sidesof length4, 3, sothemasss 1 23 4 6. WefoundMom

6 Momy O 8,sothecentroidisat A & 6686 1133 (seegure 5.23).
Figure5.23

4 3y 12

Wi

|- --0
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Example 5.36 Find the centroidof the region in the rst quadrantooundedby thelinesy 3x y
2x x 5(gure 5.22).
In example5.33,wefoundMom ., 1253 Mom, , 625 6. Themasss

5 25 25
(5.70) Mass 3x  2xdx X —
0 2, 2

Thushk 1253 252 103andA 6256 252 25 3.
Example 5.37 Find the centroidof theregion boundedby they axisandthe curvey 16 10x x?

(see gure 5.20).
First of all, sincethe region is symmetricabouttheline x 5, we have & 5. In example5.34,we

foundMom yo 64851t remaingo calculatethe massof theregionwhichis
8 3 8

(5.71) 16 10x x° dx 16x 5x° 3 36
2 2

ThusA 6485 36 36.Thecentroidisat 536 . Asa nal applicationof momentsye derive

Theorem 5.1 (Pappus' Theorem) Let R be a region in the right half plane and considerthe solid
obtainedby rotating R aboutthe y-axis. Thevolumeof this solid is the productof the areaof R andthe
distancetraveledby the centioid of R.

Thisis easyto seeusingthe shellmethodfor nding thevolume.By thatmethod,
(5.72) Volume 2p xdA

wherethe integrationis taken alongthe x-axis betweenthe boundinglines. But xdA Mom
A Area wherethecentroidhascoordinates X A . So

0

(5.73) Volume 2p A Area

whichis whatis assertedby by Pappus'theorem Althoughat Pappus'time the calculusdidn't evenexist
(in fact,neitherdid algebra) hedemonstratethis resultin essentialljthe sameway, usingArchimedes'
theoryof moments.

Example 5.38 Find the volumeof the solid ring obtainedby rotatingthedisc x 52 y?> 16about
they-axis.

Theregion beingrotatedis thecircle centeredat 5 0 andof radius4. Clearlythe centroidof adisc
isits centerso A 5. Thusthevolumeis2p 5 p 42> 160p?



