
CHAPTER 5

Applications of Integration

�

5.1. Volume

In the precedingsectionwe saw how to calculateareasof planarregionsby integration. The relevant
propertyof areais that it is accumulative: we can calculatethe areaof a region by dividing it into
pieces,theareaof eachof which canbewell approximated,andthenaddingup theareasof thepieces.
To put it anotherway, we calculateareaby addingpieceby pieceaswe move throughthe region in a
particulardirection. Oncewe have obtaineda formula for the differential incrementin the area(such
asdA � L � x� dx), we �nd the areaby integration. This processcanbe usedto calculatevaluesof any
accumulativeconcept,suchasvolume,arclengthandwork. Thischapteris devotedto thesecalculations.

Example 5.1 To begin with, let uscalculatethevolumeof a sphereof radiusR. We �rst have to decide
onadirectionof accumulation;andfor thatweneedaparticularcoordinaterepresentationof thesphere.
Startwith theregion in theplaneboundedby thex-axisandthecurveC : x2 � y2

� R2. If we rotatethis
region in spaceaboutthex-axis,we obtainthesphereof radius(R) (see�gure 5.1). We now accumulate
thevolumeof thesphereby movingalongtheaxisof rotation,(thex-axis),startingatx ��� R, andending
at x � R. Let V � x� bethevolumeaccumulatedwhenwe reachthepoint x. Thenthepieceaddedwhen
we movea distancedx furtheralongtheaxis is a cylinder of width dx andof radiusy, thelengthof the
line from thex-axisto thecurveC (see�gure 5.1). Thevolumeof this pieceis thus

(5.1) dV � py2dx �

Now, alongC, y ��� R2
� x2, from whichweobtaindV � p � R2

� x2
� dx. Thevolumethusis theintegral

of this differential:

(5.2) V ��	 dV ��	
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We can�nd thevolumeof asphericalsegmentof depthh thesameway (see�gure 5.2):

(5.4) V �
	

R

R
 h
p � R2

� x2
� dx �

2p
3

h � R2
� h2

���

afteranevenlongercomputation.

In general,we cancalculatethevolumeof a solid by integrationif we canseea way of sweeping
out thesolid by a family of surfaces,andwe cancalculate,or alreadyknow theareaof thosesurfaces.
Thenwecalculatethevolumeby integratingtheareaalongthedirectionof sweep.In theaboveexample
we sweptout thesphereby moving alongthex-axis,andassociatingto eachpoint x theareaof thedisc
which is theperpendicularcross-sectionof thesphereat x.

�

5.1.1 Volume: general method

Theway to �nd thevolumeof a solid is this. Sketchtheregion underconsideration.Choosea direction
in which to accumulatethevolume.Write down theexpressionfor thedifferentialincrementin volume:

(5.5) dV � A � x� dx �

wheredx is anin�nitesimal incrementin thedirectionof accumulation,andA � x� is theareaof thesection
of thesolid at thepoint x. Of course,if thesolid is highly irregular, �nding A � x� maystill bea problem.
In this sectionwerestrictattentionto thosecaseswhereA � x� is known or is easilyfound.

Example5.2 Find thevolumeof a coneof baseradiusr andheighth.
We sweepout theconealongits axisstartingat thevertex (see�gure 5.3),sox rangesfrom 0 to h.

Thecross-sectionof theconeat any x is a disc,let r beits radius.ThendV � pr 2dx. Now, we can�nd
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r asa functionof x by similar triangles:

(5.6)
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sor � rx� h. Then

(5.7) Volume�
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Example5.3 Find thevolumeof a pyramidof heighth andsquarebaseof sidelengths.
Hereagain,wesweepthepyramidoutalongits axis,with x representingthedistancefrom thevertex

(see�gure 5.4). Thenx rangesfrom 0 to h, andat any x, thecross-sectionis a squareof sidelengths .
Thedifferentialincrementof volumeat x is dV � s 2dx. Againby similar triangless � sx� h. Thus

(5.8) Volume��	

h

0

s2

h2 x2dx �

s2

h2

x3

3 











h

0
�

1
3

s2h �

Example 5.4 Let R be the region in the planeboundedby the curvesy � x2, y � � x2. Let K be a
solid lying over this regionwhosecross-sectionis asemicircleof diametertheline segmentbetweenthe
curves(see�gure 5.5). Find thevolumeof thepieceof K lying betweenx � 1 andx � 2.

Wesweepoutalongthex-axis.ThendV � � 1� 2� pr2dx, wherer is theradiusof thesemicircle.Now
r � x2, soweobtain

(5.9) V �
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Figure5.5
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5.1.2 Volumes of Revolution

A solid of revolution is obtainedby revolving a region in theplanearoundanaxis in theplane.There
arethreewaysof calculatingthevolumeof suchasolid,dependinguponhow we sweepit out.
Discmethod. Suppose,asin �gure 5.6,the�gure liesbetweenacurveC : y � f � x� andthex-axis,which
is theaxisof rotation.Thena crosssectionis a discof radiusy, so

(5.10) dV � py2dx � p � f � x���

2dx �

Washermethod. Supposethe�gure lies betweentwo curvesC1 : y � f � x� lying aboveC2 : y � g � x� in
theupperhalf-planeandtheaxisis thex-axis(see�gure 5.7).Thenacrosssectionis awasher: theregion
betweentwo concentriccircles. Its areais thedifferenceof theareasof thesecircles. The differential
incrementof volumeis then

(5.11) dV � � p f � x�

2
� pg � x�

2
� dx �

Figure5.7
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Shellmethod. Thismethodis usedwhenit is convenientto sweepout thevolumealonganaxisperpen-
dicular to theaxisof rotation. To be morespeci�c, supposethe region lies in the right half plane,and
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we rotateit aboutthey-axis. Thenfor eachx, the incrementalsurfaceat x is thecylinder sweptout by
rotatingtheline segmentperpendicularto thex-axislying in theregion (see�gure 5.8)abouttheaxisof
rotation.Theareaof thissurfaceis 2pxL whereL is thelengthof theline segment.Thus

(5.12) dV � 2pxLdx �

Example 5.5 Considertheregion R betweenthelinesL1 : y � x, L2 : y � 2x andx � 3 (see�gure 5.9).
Supposewegenerateasolidby rotatingRaboutthex � axis. Wesweepout thesolidalongthex-axis.At
any x thecross-sectionis thewashergeneratedby theline segmentbetweenL1 andL2. This is bounded
by thecirclesof radius2x, x respectively. ThusdV � p � � 2x�

2
� x2

� � dx � p � 3x2
� dx, andso

(5.13) V � p 	

3

0
� 3x2

� dx � px3










3

0
� 27p �

Example 5.6 Supposeinsteadwe rotatethesameregionR aboutthey-axis.Then(sweepingalongthe
x-axis),thesurfacegeneratedatany x is thecylinderof radiusx andheightthedistancebetweenthetwo
curves:2x � x. ThusdV � 2px � x� dx, and

(5.14) V � 2p 	

3

0
x2dx �

2
3

p � 33
� 03

� � 18p �

Example 5.7 We could alsodo example5.6 by accumulatingvolumealongthe axis of rotation(the
y-axis),but this is morecomplicated.As we seefrom �gure 5.10,y rangesfrom 0 to 6, andthecurve
describingtheouterboundarychangesat thepoint y � 3. Sowe have to split this up into two computa-
tions.For the�rst, y rangesfrom 0 to 3, andtheregion is boundedby thecurvesx � y� 2 � x � y, andfor
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thesecond,y rangesfrom 3 to 6 andtheregion is boundedby thecurvesx � y� 2 � x � 3. In bothcases,
a sliceata �x edy is a washer, so

(5.15) dV � p � R2
� r2

� dy �

whereR is theouterradius,andr is theinnerradius.For the�rst computationthen

(5.16) V1 � 	
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For thesecond:

(5.17) V2 � 	
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Thetotal volumeis V1
� V2 � 18p.

Example 5.8 Rotatethe triangleboundedby thecoordinateaxesandthe line x � y � 1 aboutthe line
x � 3, and�nd thevolume(see�gure 5.11).

Figure5.11
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We'll accumulatethevolumein thedirectionof theaxisof rotation,sothevariableis y, rangingfrom
0 to 1. For a �x edy, thesurfacegeneratedby therotationis a washerof outerradius3, andinnerradius
3 � x � 3 � � 1 � y� � 2 � y. ThusdV � p � 32
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2
� � 5 � 4y � y2, andthevolumeis
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5.2. Arc Length

We have seenthata curve in theplanecanbedescribedexplicitly asthegraphof a functiony � f � x� or
implicitly, asa relationF � x � y� � C betweenthevariablex andy. A third way a curve canbedescribed
is parametricallyin theform

(5.19) x � x � t � y � y � t �



Chapter5 Applicationsof Integration 62

astheparametert rangesover an interval � a � b� . For example,a particlemaybemoving on theplane,
andits positionat timet is � x � t � � y � t ��� .

Example 5.9 The circle of radiusR canbe describedparametricallyby taking asthe parameterthe
angletheray throughthepoint makeswith thex-axis,so that � Rcost � Rsint � arethecoordinatesof the
point for a givenanglet (see�gure 5.12).

Figure5.12
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Sincecos2 t � sin2 t � 1, thesepointsall satisfytheimplicit relationx2 � y2
� R2.

Supposeanobjectis moving in aplaneperpendicularto theearth'ssurfacesothattheonly forceactingon
it is gravity. Let its positionat time t be � x � t � � y � t ��� . Thendx� dt is thehorizontalvelocity of theobject,
anddy� dt the vertical velocity, in the sensethat theseare the ratesof changeof the motion in those
directions.We saythat thepair � dx� dt � dy� dt � is thevelocityof theobject. Similarly, its acceleration
is thepair � d2x� dt2

� d2y� dt2
� , whered2x� dt2 is thehorizontalacceleration andd2y� dt2 is thevertical

acceleration. In our case,sincetheonly forceis vertical,thatof gravity, we have

(5.20)
d2x
dt2 � 0 and

d2y
dt2 � � 32 ft � sec2 �

We canintegratetheseequationsto gettheequationsof motionof theobject:

(5.21)
dx
dt

� vx
dy
dt

� � 32t � vy

wherevx is theinitial (andconstant)horizontalvelocity, andvy is theinitial verticalvelocity. Theposition
is thengivenby integratingagain:

(5.22) x � t � � vxt � x � 0� � y � t � � � 16t2
� vyt � y � 0�

whereat timet � 0 theparticleis at � x � 0� � y � 0� �

Example 5.10 A ri�e is �red from a pronepositionat anangleof 6 degreesfrom thehorizontal.The
bullet leavesthemuzzlewith aninitial velocityof 900ft/sec.Assumingthegroundis level, how fardoes
thebullet travel beforeit hits thegroundagain?How longdoesthis take?

Let � x � t � � y � t ��� representthepositionof thebullet attimet, assumingit startsattheorigin,sox � 0� � 0
andy � 0� � 0. We aretold that the tangentto the trajectoryof the bullet at t � 0 makesan angleof 6
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Figure5.13
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degreeswith thehorizontal,andthatit startsout in thisdirectionat900ft/sec.In anincrementof timedt
it travelsadistance900dt feetalongthis line, sothecorrespondinghorizontalandverticaldisplacements
(see�gure 5.13)aredx � 900cos6dt � 895dt anddy � 900sin6dt � 94dt. Thusvx � 895 ft/secand
vy � 94 ft/sec.Thus,accordingto 5.5,thepositionof thebullet at timet is

(5.23) x � t � � 895t y � t � � � 16t2
� 94t �

Now, thebullet is at groundlevel wheny � t � � 0. Solvingthatequation,t � 0 or t � 94� 16 � 5 � 88 sec,
andx � 895� 5 � 88� � 5262feet.

Example 5.11 Supposea ball is hit horizontallyat a heightof 5 ft. at 120mph(176 ft/sec). How far
from thehitterwill it hit theground?

Puttingtheorigin of thecoordinatesat thebatter's feet,wehavex � 0� � 0 � y � 0� � 5. Sincetheball is
struckhorizontally, we havevx � 120� vy � 0. Thus,from (2), theequationsof motionare

(5.24) x � t � � 120t y � t � � � 16t2
� 5 �

Groundlevel is at y � t � � 0, sowe cansolve thesecondequationfor t : 0 � � 16t2
� 5, from which we

�nd t �

�

5 � 16 � � 559.Thustheansweris x ��� 559� � 120��� 559� � 67� 1 ft.

WhenacurveC is givenparametricallyasx � x � t � � y � y � t � , it maynotbesoeasyto describethecurve.
To do that,onetriesto write thecurveasa relationbetweenx andy by eliminatingthevariablet.

Example5.12 SupposeC is givenparametricallyby

(5.25) x � t � � 15t � 10 y � t � � � 16t2
� 32t �

To eliminatet we solve the�rst equationfor t in termsof x : t � � x � 10� � 15,andthenput that in the
equationfor y:

(5.26) y � � 16

�

x � 10
15

�

2
� 32

�

x � 10
15

�

�

from whichweseethaty is a quadraticfunctionof x alongC, sothecurve is a parabola.
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Example5.13 Sometimesa little algebraicingenuityis required.Given

(5.27) x � t � � t3
� t � 1 � y � t � � t2

�

we eliminatet in this way:

(5.28) x � t � t2
� 1�

� 1 �

�

y � y � 1�

� 1 or � x � 1�

2
� y � y � 1�

2
�

sotherelationbetweenx andy is quadraticin x andcubicin y.

Finally, let us seehow to calculatethe lengthof a curve. SupposethatC is a curve in the plane
runningfrom point P to Q. First of all, observe thatarc lengthis accumulative: if we breakthecurve
up into many pieces,the lengthof thecurve is thesumof the lengthsof thepieces.We thusanticipate
thatarclengthcanbefoundby integration;in orderto discoverwhatto integrate,we seeka differential
relationshipbetweenarclengthandthecoordinates.For Rany pointonthecurve,weconsiderthelength
of thearc from P to R. It is customaryto usethe letter s asthe function representingarc lengthalong
thecurve: thuss� R� is the lengthof thecurve from P to R. If we now move alongthecurveC a small
distanceds from R, thenthevariablesaredisplacedby smallamountsdx anddy (see�gure 5.14).

Figure5.14
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NearR thecurve is almostits tangentline, sowe usethe tangentline approximationto the length. By
thepythagoreantheoremwe have

(5.29) ds2
� dx2

� dy2

andthusthelengthof arcfrom P to Q is L � C � ���

Q
P ds ���

Q
P

�

dx2 � dy2
�

To do this integration,we usetheequationsdescribinga curve,explicit or parametric.We warnthe
readerthatusuallythis computationleadsto anexpressionwe do not yet know how to integrate;in this
caseweshall leave it asade�nite integral.

Example5.14 Whatis thelengthof theline y � 3x � 2 betweenthepointsP � 1 � 5� andQ � 3 � 11� ?
Herewecanexpresstheform 5.29in termsof x. We havedy � 3dx, so

(5.30) ds2
� dx2

� dy2
� dx2

� 32dx2
� 10dx2

sods �

�

10dx. Then

(5.31) L �
	

Q

P
ds �

	

3

1
� 10dx � � 10� 3 � 1� � 2� 10
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which is, of course,thesameanswerwe wouldhavegottenfrom thedistanceformulaof chapterI.

Example5.15 Find thelengthof thearcof a circleof radiusR subtendedby ananglea .
Hereweparametrizethecircleasin example5.9(see�gure 5.12):x � Rcost � y � Rsint. Thendx �

� Rsintdt � dy � Rcostdt and2ds2
� dx2 � dy2

� ��� Rsint �

2t2 �

� Rcost �

2dt2
� R2

� sin2 t � cos2 t � dt2
�

R2dt2
� Our lengthis thus

(5.32) L � 	 ds � 	

a

0
Rdt � Ra �

anotherstandardformula.

Example5.16 Find thelengthof thecurvex2
� y3 from (0,0) to (27,9).

First we have to �nd a suitableparametrizationof thecurve. Sincethevariablesarepositive in this
range,wecanwrite y � t2, andthenx2

� y3
� � t2

�

3
� � t3

�

2, sowecantakex � t3, ast rangesfrom 0 to
3. Now dy � 2tdt anddx � 3t2dt, so

(5.33) ds2
� dx2

� dy2
� 9t4dt2

� 4t2dt2
� t2

� 9t2
� 4� dt2 ;

thatis, ds � t � 9t2 � 4dt. Thenthelengthis

(5.34) L �
	 ds �

	

3

0
t

�

9t2 � 4dt � �

1
18

	

85

4
u1� 2du

usingthesubstitutionu � 9t2 � 4 � du � 18tdt. Thelimits of integrationin u arefoundby evaluatingu at
t � 0 andt � 3. Thelengthis

(5.35) L �

1
18

2
3

u3� 2













85

4
�

1
27

� 853� 2
� 8� �

Example5.17 Find thelengthof theparabolicsegmenty � 5x � x2 from x � 0 to x � 5.
We havedy � � 5 � 2x� dx, sods2

� � 1 �

� 5 � 2x�

2
� dx2, andthelengthis

(5.36) L ��	

5

0

�

1 �

� 5 � 2x�

2dx �

1
2

	

5


 5

�

1 � u2du �

makingthesubstitutionu � 2x � 5 � du � 2dx. But thatdidn't help;we still endup with an integral we
haveyet to learnhow to integrate.
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�

5.3. Work

Work is theproductof forceanddistance.Theunit of forcein theBritish systemis thefoot-pound;in the
metricsystemit is thejoule,or newton-meter. For example,to movea box a distanceof 12 feetagainst
a forceof friction of 40 lbs takes40� 12 = 480foot-pounds.To lift a weightof 25 poundsa distanceof
8 feettakes25� 8 = 200foot-pounds.Rememberthattheweight(at thesurfaceof theearth)of anobject
is a measureof its gravitationalforce,andis equalto mg, wherem is themassof theobjectandg is the
accelerationof gravity. In themetricsystem,thegramandthekilogramaremeasuresof mass,soto �nd
theweight(in joules)wemustmultiply themass(in kilograms)by g = 9.8m/sec2.

Example5.18 How muchwork is donein lifting a massof 1.2kg a distanceof 12meters?
Theweightof themassis (1.2)(9.8)newtons,sothework is (1.2)(9.8)(12)= 141.12joules.

Now, supposethat the force is not constant,but variesover thedistancetraversed.For example,when
we put a rocket in orbit, we mustcalculatetheenergy (work) required.Now theforceon therocket (its
effectiveweight)decreasesasit leavesthesurfaceof theearth.We shalltake up this problembelow.

So,supposewe have a forceactingalonga line; denotethevalueof theforceat thepoint x asF � x� .
If F � x� is positive, it works in the directionof increasingx, andif negative, it works oppositeto that
direction. That is, if the force is positive, it doeswork aswe progress,andif negative, it causeswork
aswe progress.Work is accumulative: If we breakthe interval up into pieces,the total work doneis
thesumof thework doneover eachpiece.We setup a work calculationby integration,oncewe know
thedifferentialrelation. Let W � x� bethework doneto get from a to x. If we move a smalldistancedx
further, wemayassumetheforceto beconstant,andequalto F � x� overthis interval. Thentheincrement
in work is dW � F � x� dx. We now �nd thetotal work by integrating:

(5.37) W �
	

b

a
F � x� dx �

In particular, if this is positive,theforceis doingwork over theinterval, andif negative,wemustsupply
thework to overcomeit.

De�nition 5.1 LetF � x� bea forceactingalongtherealaxis,such thatF � x�

� 0 whenF is actingin the
directionof increasingx. Leta � b. Theworkdonebytheforceovertheinterval � a � b� isW ���

b
a F � x� dx.

Example5.19 Let F � x� � x � 1 � x2
� beaforceactingonthex axis.How muchwork is doneby theforce

a)betweenthepoints0 � 1?b) betweenthepoints0 � 2?

(5.38) W �
	

1

0
� x � x3

� dx �

x2

2
�

x4

4 











1

0
� 1 � 2

(5.39) W �
	

2

0
� x � x3

� dx �

x2

2
�

x4

4 











2

0
� � 2

Thustheforcedoeswork for usbetween0 and1, but againstusbetween1 and2.
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�

5.3.1 Springs

Considera springhangingvertically. If the springis extendedor compressed,a force will be exerted,
calledtherestoringforce, directedtowardtheinitial restposition.If aweightis carefullyattachedto the
spring,it will extendto anew restposition,atwhichtheweightexactlybalancestherestoringforce.This
is theequilibriumpositionfor thatweight. Accordingto Hooke's Law, themagnitudeof the restoring
force andthe displacementfrom restareproportional. That is, if we let x representthe displacement
from theequilibriumposition,andF � x� theforcein thespring,thenwe have

(5.40) F � x� � � kx

for someconstantk, calledthespringconstant. Thenegativesignindicatesthattheforceactsin the
directionoppositeto thedisplacement.

Example 5.20 Supposea 5 lb weightextendsa springby 1.5 inches.a) Whatis thespringconstant?b)
How farwill a 12 lb. weightextendthespring?

Theforcein thespringat 1.5 inches,or .125feetis -5 lbs,soby (5) � 5 � � k ��� 125� , sok � 40 lb/ft,
andHooke's law for this springis F � x� � � 40x. Whenthe12 lb weight is attached,therestoringforce
is F � x� � � 12,sowe �nd x by solving � 12 � � 40x, or x � � 3 ft or 3.6inches.

Example 5.21 Supposea 3 poundweightdisplacesa spring2 inches.How muchwork is requiredto
displacethespringtwo feet?

First we useHooke's law with the given informationto �nd the springconstant.In our situation,
whenx � 1 � 6 foot, F � � 3 pounds.FromHooke's law, � 3 � � k � 1� 6� , sothespringconstantis k � 18,
andHooke's law for thisspringis F � x� � � 18x. Now, for work, wehavedW � F � x� dx, soto extendthe
spring2 feet,wecalculatethework doneby thespringover this distance:

(5.41) W ��	

2

0
� 18xdx � � 9x2













2

0
� � 36

ft-lbs. Thusthework neededto extendthespring2 feetmustcounterbalancethis,sois 36 foot-pounds.

Now if a springwith an objectat its end is extendeda certaindistanceandthen released,it will
vibrate. To understandthis motion, we recall the discussionof Example4.11. Therewe saw that for
a body in motion vdv � adx, wherex is thedisplacement,v thevelocity anda theacceleration.If we
multiply by themassm anduseNewton's law, F � ma, we get

(5.42) mvdv � Fdx �

Theexpressionontheright is dW, thedifferentialof work,andtheexpressionontheleft is thedifferential
of � 1� 2mv2, thekinetic energy: thechangein kinetic energy is equalto thework done.This is thenthe
differentialexpressionof the law of conservation of energy. Now, for a spring,F � x� ��� kx, so 5.42
becomes

(5.43) mvdv � kxdx � 0
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for aspring,which integratesto

(5.44) mv2
� kx2

� constant

duringthemotionof avibratingspringof springconstantk andamassm at its end.

Example 5.22 A springof springconstantk � 4 ft/lb with anobjectof weight3 lbs attachedto its end
is at rest.Theobjectis extendeda distanceof 2 feetandthenreleased.At whatvelocitydoestheobject
passits equilibriumposition?

The massof the object is m � w� g � 3 � � 32� � � 0938. Thus, in this situation5.3.1 tells us that
� 0938v2 � 4x2 is constantduringthemotion.At themomentof release,v � 0 andx � 2, sothisconstant
is � 0938� 0�

2 � 4 � 2�

2
� 16. At the momentthe objectpassesthe equilibrium point, x � 0, so we can

solve:� 0938v2
� 16, for v � 18� 48ft/sec.

Example5.23 A 1 kg massextendsaspring8 cm. Supposethatamassof 3 kg is attachedto thespring,
thenextended20cm. beyondequilibriumandreleased.Whatwill bethevelocityof themassasit passes
the10cm. point?

First we must �nd the spring constant. The weight of a 1 kg massis w � mg � � 1� � 9 � 8� � 9 � 8
newtons. From Hooke's law we have � 9 � 8 ��� k � 0 � 08� , so k � 9 � 8 � 0 � 08 � 122� 5 newtons/meter. For
our 3 kg massin motion,equation5.3.1is 3v2 � 122� 5x2

� constant.At themomentof release,v � 0
andx � 0 � 2, sotheconstantis 122� 5 � 0 � 2�

2
� 4 � 9. At the10 cm point,we solve 3v2 � 122� 5 ��� 1�

2
� 4 � 9,

giving v � 1 � 107meters/second.

Example5.24 Whatis theenergy requiredto lift apayloadof 1000lbsadistanceof 250milesfrom the
surfaceof theearth?

We have to calculatethe work requiredto move the payload250 miles vertically from the earth's
surface. Let s representdistancefrom the centerof the earth,and let R be the radiusof the earth.
Accordingto Newton's law of gravitation,theforceof gravity is

(5.45) F � s� � �

k
s2

for someconstantk. Now, whens � R, for our payload,F � R� � � 103 lbs, sok � 103R2, andF � s� �

� 103R2
� s2. Thusthework ”doneby” gravity is

(5.46) W � �
	

R� 250

R

103R2

s2 ds � � 103R2
�

�

1
s

�













R� 250

R
� � 103R2

�

250
R � R � 250�

�

�

TakingR � 3900miles,weseethattheenergy requiredto lift this payloadto 250milesis

(5.47) 103
� 3900�

250
4150

� 2 � 34� 105
� mi � lbs � 12� 4 � 109

� ft � lbs

Example5.25 A cisternis aholein theground(usuallylinedwith steelor cement)usedto collectwater.
Supposethatwe haveacylindrical cisternof radius8 feetandof depth20 feet. If it is full of water, how
muchwork is requiredto emptythecistern?
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In this problem,the force is theweight of thewater(onecubic foot of waterweighs62.5 lbs), but
thedistancethewaterhasto bemoveddependsuponhow deepinto thecisternwe have gotten.So,we
againapproachtheproblemdynamically, wherethedynamicvariableis thedepthy of thewater. At this
depth,thework requiredto lift thenext slabof water(of thicknessdy) is y � (weightof thatslab). The
weightof thatslabis 62.5� (volume).Theslabis a cylinderof radius8 feetandthicknessdx. Thus

(5.48) dW � � 62� 5� p � 8�

2ydy �

Sincethecisternis 20 feetdeep,thetotalwork thenis theintegral

(5.49) 	

20

0
62� 5p � 8�

2ydy � 4000p
y2

2









20

0
� 8 � 105p

ft � lbs.

Example 5.26 Supposeinsteadthat the cistern,of the samedimensions,hasa parabolicpro�le, fol-
lowing the curve y � � 5 � 16� x2. Now, to lift the slabof thicknessdy at a depthy takesthe amountof
work

(5.50) dW � � 62� 5� px2ydy �

becausetheradiusat this level is now x. Sincex2
� � 16� 5� y, thetotalwork is givenby

(5.51) 	

20

0
62� 5p

16
5

y2dy � 200p
y3

3 











20

0
� 5 � 33 � 105p

�

5.4. Mass and Moments

Mass is anotherconceptwhich is accumulative, andso canbe calculatedby integration. An object is
saidto behomogeneousif its compositionis everywherethesame.In this case,massis proportionalto
volume,wheretheconstantof proportionalityis denotedd, thedensity. Thus,for example,thedensity
of wateris 1 g/cc,or 62.5lbs/cu.ft.If theobjectis inhomogeneous,thenits densitywill varyaswemove
aroundtheobject. For x a point on theobject,we let d � x� beits densityat thatpoint - in thesensethat
dM � d � x� dV at thepoint: theratioof themassto volumeof asmallcubecenteredatx is approximately
d � x� .

Example5.27 A cisternis formedby rotatingthecurvey � x4 from x � 0 to x � 1 yd. aroundthey-axis.
The cisternis �lled with muddywaterwhich hassettled,so that thedensityof thewaterat a heighty
from thebottomis d � y� � � 1 � 02 � � 02y2

� 62� 5 lbs/cu.ft(see�gure 5.15).Whatis thetotal weightof the
�uid containedin thecistern?

We calculatetheweightby accumulating�uid alongthey-axis, from y � 0 to 1. At a heighty, the
weightof thediscof heightdy is dW � d � y� dV, anddV � pr2dy, wherer is theradiusof thatdisc.Since
thepro�le is the curve x � y1� 4, we have dW � pd � y� y1� 2dy. Finally, sinceour spatialmeasurements
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Figure5.15

PSfragreplacements

y � x4

aregivenin yards,weconvertthedensityto lbs/yd:d � y� � � 1 � 02 � � 02y2
� � 62� 5� � 27� lbs/cu.yd.Thusthe

weightis

(5.52) W �
	

1

0
� 62� 5� � 27� p

�

1 � 02 � � 02y2� y1� 2dy � 5301� 3 	

1

0
� 1 � 02y1� 2

� � 02y5� 2

�

dy

(5.53) � 5301� 3

�

� 1 � 02�

2
3

y3� 2
� � � 02�

2
7

y7� 2
�













1

0
� 3574� 6 lbs

Example 5.28 A baseballbatcanbeconsideredasa coneof height28 in, andof baseradius1.5 in. If
thebatis madeof hickory, of density0.0347lb/in3, whatis theweightof thebat?

We accumulatetheweightof thebatfrom its vertex to its base,At a distancex in from thevertex, a
sliceof thicknessdx hasvolumedV � pr2dx, wherer is the radiusat thatpoint. By similar triangles,
r � 1 � 5 � x� 28,sor � 1 � 5x� 28 � � 0535x. Thentheweightof thebatis

(5.54) W �
	 ddV �

	

28

0
��� 0347� p ��� 0535x�

2dx � � 3 � 12 � 10

 4

�
	

2

0
8x2dx � 2 � 283 lbs

�

5.4.1 Moments

Supposethat we have two small objectssituatedon a plane,andL is a line which runsbetweenthe
objects(see�gure 5.16).

Archimedesobservedthat theobjectsarebalancedaroundthe line L if theproductof themassand
thedistanceto theline is thesamefor thetwo objects.By “balance”we meanthis: if theline L werea
rod in spacewhich is free to rotate,andtheobjectswereattachedto this rod by armsperpendicularto
the rod (asin the �gure), thenthe rod will not rotateif this conditionis met. This productwe call the
momentof theobjectaboutthe line L : MomL � � mass� � distance� . If we take distanceto bedirected:
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Figure5.16

PSfragreplacements
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Figure5.17

PSfragreplacements
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negativeononesideof theline, andpositiveontheother, Archimedes'Law is thatasystemis in balance
abouta line L if thesumof themomentsaboutL is zero.Phrasedthis way, the law appliesto a system
of many masses;for examplethesystemin �gure 5.17is in balance.

Thus,momentis anaccumulative concept,andwe candiscover themomentfor any objectby inte-
gration.We shallconsideronly planarhomogeneousobjectsof density1, sothatmassandareaarethe
same.The�rst methodfor �nding momentis to sweepout theregion in thedirectionperpendicularto
theline; ateachstageaddingthemomentof a differentialrectangleat a �x eddistancefrom theline.

Suppose,to startwith, wewishto �nd themomentaboutthey-axis � x � 0 � of aregionis boundedby
thecurvesy � f � x� � y � g � x� , from x � a to x � b (see�gure 5.18).We calculatethemomentby adding
the momentsof in�nitesimal strips,startingat x � a, andgoing to x � b. At a point x, the next strip
hasheight f � x� � g � x� andwidth dx, soits massis � f � x��� g � x��� dx, andthemomentaboutthey-axis is
dMomx� 0 � distance� mass� x � f � x� � g � x��� dx. Themomentof theentireregion is the integral of this
differentialfrom a to b:

(5.55) Mom� x� 0�

�
	

b

a
x � f � x� � g � x� � dx

for theregionof �gure 5.18.

Figure5.18
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�
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Example5.29 Considertheregionboundedby thecoordinateaxesandtheline 4x � 3y � 12(see�gure
5.19).Find themomentsof this regionaboutthecoordinateaxes.

Figure5.19

PSfragreplacements

3

4

4x
�

3y � 12

To �nd Mom� x� 0 �

, we sweepout alongthex axis from x � 0 to x � 3. Theheightof thestrip at a
pointx is y � � 12 � 4x� � 3,andthedistancefrom theline x � 0 is x. ThusdMomx� 0 � � 1� 3� x � 12 � 4x� dx,
andthemomentis

(5.56) Mom� x� 0�

�
	

3

0

1
3

�

12x � 4x2 � dx �

1
3

�

6x �

4x3

3

�













3

0
� 6 �

To �nd the momentaboutthe x-axis, we sweepthe region out in the vertical directionfrom y � 0 to
y � 4. At a pointy, thewidth of thestrip is x � � 12 � 3y� � 4,sodMom� y� 0 �

� � y� 4� � 12 � 3y� dy, so

(5.57) Mom� y� 0 �

�
	

4

0

1
4

�

12y � 3y2 � dy � 8 �

Example 5.30 Find the momentaboutthe y-axis of the region boundedby the x axis and the curve
y � � 16 � 10x � x2 (see�gure 5.20).

Figure5.20

PSfragreplacements

x � 0

dx

x
y

y �

� 16
�

10x � x2

Theregion will besweptout alongthex-axis from thepointswherethecurve intersectsthex-axis.
We solve 0 � � 16 � 10x � x2

� � � 8 � x� � 2 � x� . The region thus lies betweenthe lines x � 2 and
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x � 8. At an intermediatepoint x, thedifferentialstrip is at distancex from they-axis,andthemassis
��� 16 � 10x � x2

� dx, so

(5.58) dMom� x� 0�

� x ��� 16 � 10x � x2
� dx

and

(5.59) Mom� x� 0�

� 	

8

2
x ��� 16 � 10x � x2

� dx � 	

8

2
��� 16x � 10x2

� x3
� dx

(5.60) �

�

� 8x2
�

10
3

x3
�

x4

4

�













8

2
� 180 �

Example5.31 Find themomentabouttheline x � 4 of thesameregion.
Herewehave thesameanalysis,but now thedistancefrom thestrip to thebalanceaxisis x � 4, so

(5.61) dMom� x� 4�

� � x � 4�

�

� 16 � 10x � x2� dx �

Notethat if x � 4 this will benegative,andif x � 4 it is positive - this is just whatwe wantbecausewe
want the contributionsof the pieceson eithersideof the axis to be opposite.To �nd the momentwe
integrate;

(5.62) Mom� x� 4�

�
	

8

2
� x � 4� ��� 16 � 10x � x2

� dx �
	

8

2
� 64 � 56x � 14x2

� x3
� dx � 36 �

Sincetheansweris positive, this region is overbalancedto theright. Notethat theregion is symmetric
abouttheline x � 5, sothatit is perfectlybalancedabouttheline x � 5. If wecalculateMom� x� 5 �

, we'll
get0.

Example 5.32 Find themomentof a rectangularstrip of width w andheighth aboutthe line through
oneend.

This is Mom� y� 0 �

of theregion sketchedin �gure 5.21.Sweepingout from y � 0 to y � h, we have

dMom
� y� 0�

� ywdy, soMom
� y� 0 �

��	

h

0
ywdy �

1
2

wh2
�

Figure5.21
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Writing themomentaswh� h� 2� , we seethatthis is themomentof a point objectof thesamemass(wh
situatedat themidpointof thestrip. This observationleadsto analternative methodfor calculatingthe
momentabouty � 0 withouthaving to changethevariableof integration.

Considertheregionboundedby thecurvesy � f � x� andy � g � x� andthelinesx � a andx � b, asin
�gure 5.18.We calculatethemomentaboutthex-axisby sweepingout in thex direction.At any pointx
thedifferentialpieceto beaddedis averticalrectangularstripof mass� f � x��� g � x� � dx. Themidpointof
this rectangleis � 1� 2� � f � x�

� g � x� � . Thus

(5.63) dMom� y� 0�

�

1
2

� f � x�

� g � x��� � f � x� � g � x� � dx �

Example5.33 Find themomentaboutthex-axisof theregionin the�rst quadrantboundedby thelines
y � 3x � y � 2x � x � 5 (�gure 5.22).

Figure5.22

PSfragreplacements
5
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x 5

y � 3x

y � 2x

Wesweepoutfrom x � 0 to x � 5. Thedifferentialstripatthepointx hasthemass� 3x � 2x� dx � xdx,
andits midpointis � 1� 2� � 3x � 2x� � � 5 � 2� x. Thus

(5.64) dMom� y� 0�

�

5
2

x2dx �

so

(5.65) Mom� y� 0 �

�
	

5

0

5
2

x2dx �

625
6

�

To �nd themomentaboutthey-axis,wehave

(5.66) dMom� x� 0 �

� x � 3x � 2x� dx � x2dx

soMom� x� 0�

� �

5
0 x2dx � 125� 3.

Example 5.34 Find themomentaboutthex-axisof the region of example30, boundedby thex axis
andthecurvey � � 16 � 10x � x2.
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At a point x between2 and8, thedifferentialmassis ydx, andthemidpointof thatstrip is y� 2, so
dMom� y� 0�

� � y2
� 2� dx. Thus

(5.67) Mom� y� 0 �

�

1
2

	

8

2
��� 16 � 10x � x2

�

2dx �

648
5

�

�

5.4.2 Centroids

Let R bea region in theplaneandL a line in theplane.If R lies to theright of theline, thenthemoment
of RaboutL, MomLR, is positive,andif Ris to theleft of L, thenMomLRis negative.So,if welook atall
lineswith agivenslope,aswemovefrom onesideof Rto theother, themomentaboutthatline changes
sign. Thus,thereis a particularline with a givenslopefor which themomentof R is zero. Theregion
R is balancedaboutthis line: if R wereto walk a tightropein this direction,it would have thetightrope
directly below this line. If we changethe slope,we get anotherline of balancein the new direction.
Thesetwo lines intersectin a point. It turnsout that the line of balanceof any slopegoesthroughthis
point,calledthecentroid, or centerof massof theregionR

De�nition 5.2 Thecentroid of a region R in theplaneis that point in theplanesuch that for anyline L
throughthatpoint,MomLR � 0.

To calculatethecentroid,it is enoughto look at linesof two differentslope,in particular, horizontal
andvertical lines. Suppose� Åx � Åy� is thecentroidof R, so that themomentaboutthe line x � Åx is zero.
Thedistancefrom any point � x � y� to this line is x � Åx, sowe have

(5.68) Mom
� x� x̄�

� R� ��	 � x � Åx� dA � 0

or � xdA � Åx� dA, whichsaysthatMom� x� 0 �

� R��� ÅxMass� R� . SimilarlywegetMom� y� 0�

� R��� ÅyMass� R� .
Thusthecoordinatesfor thecentroidare

(5.69) Åx �

Mom� x� 0 �

� R�

Mass� R�

� Åy �

Mom� y� 0�

� R�

Mass� R�

�

Example5.35 Find thecentroidof thetrianglein example29.
Thisis aright trianglewith sidesof length4,3,sothemassis � 1� 2 � 3� � 4��� 6. WefoundMom� x� 0�

�

6 � Mom� y � 0 � � 8, sothecentroidis at � Åx � Åy� � � 6 � 6 � 8� 6� � � 1 � 1 � 33� (see�gure 5.23).

Figure5.23
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Example 5.36 Find the centroidof the region in the �rst quadrantboundedby the lines y � 3x � y �

2x � x � 5 (�gure 5.22).
In example5.33,we foundMom� x� 0 �

� 125� 3 � Mom� y� 0�

� 625� 6. Themassis

(5.70) Mass� 	

5

0
� 3x � 2x� dx �

x2

2 











5

0
�

25
2

�

Thus Åx � � 125� 3� ��� 25� 2� � 10� 3 and Åy � � 625� 6� � � 25� 2� � 25� 3.

Example 5.37 Find thecentroidof theregion boundedby they axisandthecurve y � � 16 � 10x � x2

(see�gure 5.20).
First of all, sincetheregion is symmetricaboutthe line x � 5, we have Åx � 5. In example5.34,we

foundMom� y� 0 �

� 648� 5. It remainsto calculatethemassof theregionwhich is

(5.71) 	

8

2

�

� 16 � 10x � x2� dx �

�

� 16x � 5x2
�

x3

3

�













8

2
� 36�

Thus Åy � � 648� 5� � 36 � 3 � 6. Thecentroidis at � 5 � 3 � 6� . As a �nal applicationof moments,wederive

Theorem 5.1 (Pappus' Theorem) Let R be a region in the right half plane, and considerthe solid
obtainedby rotatingR aboutthey-axis.Thevolumeof this solid is theproductof theareaof R andthe
distancetraveledby thecentroid of R.

This is easyto seeusingtheshellmethodfor �nding thevolume.By thatmethod,

(5.72) Volume� 2p 	 xdA

wherethe integrationis taken alongthex-axis betweentheboundinglines. But � xdA � Mom� x� 0 �

�

Åx � Area��� wherethecentroidhascoordinates� Åx � Åy� . So

(5.73) Volume� 2p Åx � Area���

whichis whatis assertedby by Pappus'theorem.AlthoughatPappus'timethecalculusdidn't evenexist
(in fact,neitherdid algebra),hedemonstratedthis resultin essentiallythesameway, usingArchimedes'
theoryof moments.

Example 5.38 Find thevolumeof thesolid ring obtainedby rotatingthedisc � x � 5�

2 � y2
� 16 about

they-axis.
Theregionbeingrotatedis thecirclecenteredat � 5 � 0� andof radius4. Clearlythecentroidof adisc

is its center, so Åx � 5. Thusthevolumeis 2p � 5� p � 4�

2
� 160p2

�


