
Calculus I
Practice Final Exam, Answers

1. Find thederivativesof thefollowing functions:

a) f
�
x ��� � x3 � 1� � x2 � 1� 2

Answer. f � � x ��� � x3 � 1� 2 � x2 � 1� 2x � 3x2 � x2 � 1� 2
� � x2 � 1��� 4x

�
x3 � 1� � 3x2 � x2 � 1�
	�� � x2 � 1��� 7x4 � 3x2 � 4x 	

b) g
�
x �
� sinx

cosx � 1

Answer. g � � x ��� � cosx � 1� cosx � sinx
� � sinx ��

cosx � 1� 2 � 1
cosx � 1

2. Find thederivativesof thefollowing functions:

a) f
�
x ��� sin3 � 4x � 1�

Answer. f � � x ��� 3sin2 � 4x � 1� cos
�
4x � 1��� 4 � 12sin2 � 4x � 1� cos

�
4x � 1�

b) g
�
x �
��� x

1

�
1 � t2 � tdt

Answer. By thefundamentaltheoremof thecalculus,g � � x ��� � 1 � x2 � x.

3. Integrate:

a) � � x2 � 1� 2xdx

Answer. Let u � x2 � 1 � du � 2xdx:

� � x2 � 1� 2xdx � 1
2
� u2du � 1

2
1
3

�
x2 � 1� 3 � C � 1

6

�
x2 � 1� 3 � C

b) � tanxsec2 xdx

Answer. Let u � tanx � du � sec2 xdx:

� tanxsec2 xdx ��� udu � 1
2

tan2 x � C

4. Integrate:

a) � 4

1

1�
y
� �

y � 1� 2 dy

Answer. Lettingu � y1� 2 � 1� du � � 1� 2� y ��� 1� 2� dy � we get:

� 1
2
� 3

2

du
u2 � � 1

2
u � 1 �� 32 � � 1

2
� 1
3
� 1

2
	�� 1

12



b) � π � 2
0

cos2 xsinxdx

Answer. Let u � cosx � du � � sinxdx. Whenx � 0 � u � 1 andwhenx � π � 2 � u � 0. We get

� � � 0

1
u2du � � u3

3
�� 01 � 1

3

5. Find theslopeof thetangentline to thecurvecosx � siny � 3� 2 at thepoint
�
π � 3 � π � 2� .

Answer. Differentiateimplicitly: � sinx � cosy
dy
dx
� 0 �

Now evaluateat
�
π � 3 � π � 2� andsolve for dy � dx:

� � 3
2
� dy

dx
� 0 � sothat

dy
dx
� � 3

2
�

6. A conicalwatertankof height8 ft, baseradius5 ft, standson its vertex. Wateris flowing in at thetop at
a rateof 2.5ft3/min. At whatrateis thewaterlevel rising whenthatlevel is at 3 ft? Thevolume of a coneof
baseradiusr andheight h is

�
1� 3� πr2h.

Answer. Let x be height of the water, andr the radiusof the surfaceof waterat time t. Then,by similar
triangles,

x
8
� r

5
� so r � 5

8
x �

Thusthevolumeandthewaterheightarerelatedby

V � 1
3

πr2x � 25π
3 � 64

x3 �
Differentiateandsetx � 3, dv � dt � 2 � 5:

dV
dt
� 25π

3 � 64
3x2 dx

dt
� so 2 � 5 � 25π

3 � 64
3
�
3� 2 dx

dt
�

from whichweconclude
dx
dt
� 2 � 5 � 3 � 64

25π
�
27� � 196

270π
�

7. A farmerwishesto enclosearectangular field of 1,000square yards sothatonesideis brick andtheother
threesidesarechainlink fence. A Brick wall costs$18a linearyardandchainlink, $ 6 a linearyard. Find
thedimensions of thefield whichminimizesthecost.

Answer. Let x bethelengthof thesideof brick, andy thelengthof theotherside.Then

A � 1000 � xy � so y � 1000x � 1 �
C � 18x � 6x � 6 � 2y � 24x � 12000x � 1 �

C ��� 24 � 12000x � 2 �
24x2 � 12000 � x2 � 500� x � 10

�
5 and y � 20

�
5 �



8. Find thesolutionto thedifferentialequation

dy
dx
� y2x2 � y2

suchthaty
�
1�
� 2.

Thevariablesseparate;
y � 2dy � � x2 � 1� dx �

sowecanintegrate bothdifferentials,obtaining

� y � 1 � x3

3
� x � C �

Now, evaluateatx � 1 � y � 2: � 1
2
� 1

3
� 1 � C

soC � � 11� 6 and

y � 1

11� 6 � x3

3
� x

9. Graph

y � x3

x2 � 1
showing clearlyall asymptotesandlocal maxima andminima.

Answer. Thevertical asymptotesareat x � � 1, andthehorizontal asymptote is (by long division): y � x.
Now, thenumeratoris negative for x negativeandpositive for x positive,andthedenominatoris negative for!
x
!#"

1 andotherwisepositive. Calculatingthederivative,wefind

dy
dx
� � x2 � 1� � 3x2 � � x3 � 2x ��

x2 � 1� 2 � x2 � x2 � 3��
x2 � 1� 2 �

We make thetableof valuesin therelevant intervals:

x
" � 1

� � � 3 � � 1� � � 1 � 0� � 0 � 1� � 1 � � 3�%$ � 3
y neg neg pos neg pos pos
y � pos neg neg neg neg pos

Usingthis informationwegetthegraph
PSfragreplacements

� 3 � 2 � 1

0

1 2 3

� 15

� 10

� 5
0

0

5

10

15



10. Whatis theareaof theregion boundedby thecurvesy � x 3 � 3x andy � 3x.

Answer. First find thepoints of intersection:

x3 � x � 3x � x3 � 4x

hasthesolutions x � 0 � 2. Theline y � 3x lies abovethecurvey � x3 � x. Thus,theareais:

� 2

0
� 3x � � x3 � x �&	 dx � � 2

0

�
4x � x3 � dx � 2x2 � x4

4
�� 20 � 8 � 16� 4 � 4 �

11. Theregion in thefirst quadrantunderthecurvey 2 � 2x � x2 is rotatedabout thex-axis.Find thevolume
of theresultingsolid.

Answer. We usethediscmethod; heredV � πy2dx, so

V � � 2

0
π
�
2x � x2 � dx � 4π

3

12. The region betweenthe curvesy � 8x andy � x4 is rotatedabout the y-axis. Find the volumeof the
resultingsolid.

Answer. Usingthemethodsof shells,wehave

dV � 2πx
�
8x � x4 � dx

Thecurvesintersectat thepoints(0,0) and(2,16). Thus

V ��� 2

0
2π
�
8x2 � x5 � dx � 2π

� 8
3

x3 � x6

6
� �� 20 � 26π

3
�

Thiscanalsobedoneby themethods of washers,integrating in they-direction from y � 0 to y � 16.

13. Find thelengthof thecurvey � t 3, x � t2, 0 ' t ' 1.

Answer. The basicequation for arc length is ds2 � dx2 � dy2. Here dy � 3t2dt � dx � 2tdt, so ds2 ��
4t2 � 9t4 � dt2, andthus

ds � t ( 4 � 9t2

L ��� 1

0
t ( 4 � 9t2dt � 1

18
� 13

4
u1� 2du

whichcomes out to
�
1� 27��� 133� 2 � 8	)�

14. Find thework donein pumping all theoil (whosedensityis 50 lbs. percubic foot) over theedgeof a
cylindrical tankwhich standson end. Assumethat theradiusof thebaseis 4 feet, theheight is 10 feetand
thetankis full of oil.

Answer. The slabof oil of thicknessdh at a depthh hasto be lifted a height h. The work to do this is
dW � 50

�
π42 � dh � h. Thus

W �*� 10

0
800πhdh � 800π

h2

2

! 10
0 � 40� 000π



foot-pounds.

15. Find thecenterof massof thehomogeneousregion in thefirst quadrantboundedby thecurvex 4 � y � 1.

Answer. Theregion is givenby 0 ' y ' 1 � x4 � 0 ' x ' 1. Its massis

� 1

0

�
1 � x4 � dx � � x � x5

5
� ! 10 � 4� 5 �

Themoment about they-axisis

� 1

0
x
�
1 � x4 � dx � � x2

2
� x6

6
� ! 10 � 1� 3�

To find the moment about the x-axis we canchange coordinates,so that we sweepout the areain the y
direction. Then, wewrite theregion as:0 ' x ' � 1 � y � 1� 4 � 0 ' y ' 1. Thus themomentabout thex-axisis

� 1

0
y
�
1 � y � 1

4 dy

whichwe integrateby thesubstitutionu � 1 � y. Wheny � 0 � u � 1 andwheny � 1 � u � 0, sothemoment
is � � � 0

1

�
1 � u � u 1

4 du � � � 0

1

�
u

1
4 � u

5
4 � du � 16� 45

Thusthecenterof masshasthecoordinates
� 1

3 � 4
5 � 16

45 � 4
5 ��� � 5

12 � 49 � .


