Calculusl
Practice Final Exam, Answers
1. Findthe derivativesof thefollowing functiors:
a) f(x) = (¢ —1) (% +1)?
Answer. f'(x) = (3 = 1)2(x% + 1)2x+ 3x2(x% + 1)?

=+ 1[4 —1) + 3P+ 1)] = (C+ [7x* + 3x* — 4]

sinx
b)g(x) = cosx+ 1

o (CosX+1)cosx—sinx(—sinx) 1
Answer.g(x) = (cosx+1)? - cox+1

2. Findthederiativesof thefollowing functiors:

a) f(x) = sin®(4x+ 1)

Answer. f'(x) = 3sir?(4x+ 1) cog4x+ 1) - 4 = 12sin?(4x + 1) cog4x + 1)
b) g(x) = /1 "1+ )tdt

Answer. By thefundamentaltheoremof thecalculus g’(x) = (1+ x?)x.

3. Integrate:
a) / (X + 1)%xdx
Answer. Letu=x?+ 1, du = 2xdx:

1 11 1
/(x2+1)2xdx: E/uZduz 5308+ 1% +C=2(2+1)3+C

b) / tanxsed xdx

Answer. Letu = tanx, du= seéxdx:

/tanxse@deZ/udu: %tanzx-r-c

4. Integrate:

[

a N

/1 I +D2Y

Answer. Lettingu=yY2+1, du=(1/2)y-#2dy, we get:

_1/3du_ Loys_ 4L 11
2w T2 2772372 12



/2
b) / co< xsinxdx
0
Answer. Letu = cosx, du= —sinxdx. Whenx =0, u= 1 andwhenx = 11/2, u= 0. We get

0 ud 1
= — 2 :——0:—
= /1udu 3|1 3

5. Find the slopeof thetangentine to thecurve cosx+ siny = 3/2 atthepoint (11/3, 11/ 2).

Answer. Differentiateimplicitly:

. dy
—sinx+ cosyd—x =0.
Now evaluateat (71/3, 17/2) andsolve for dy/dx:
V3 dy dy 3
_7+d_x_0’ sothat -2

6. A conicalwatertankof height8 ft, baseradius5 ft, standonits vertex. Wateris flowing in atthetop at
arateof 2.5ft3/min. At whatrateis the waterlevel rising whenthatlevel is at 3 ft? Thevolume of a coneof
baseradiusr andheight his (1/3) i ?h.

Answer. Let x be heigh of thewater andr the radiusof the surfaceof waterat time t. Then,by similar
triangles,

X_L 50 r= §x
8 5’ -8
Thusthevolumeandthewaterheightarerelatedby
1, 251
v 3 - 3-64"
Differertiateandsetx = 3, dv/dt = 2.5:
dv. = 25m_ ,dx 251 > 0x
N 25— -
& 3e @ P P 3e® g

from which we conclua
dx 25-3-64 196

dt — 25m(27)  270m’

7. A farmerwishesto enclosearectanglar field of 1,000squae yards sothatonesideis brick andthe other
threesidesarechainlink fence A Brick wall costs$18alinearyardandchainlink, $ 6 alinearyard Find
thedimensios of thefield which minimizesthe cost.

Answer. Let x bethelengthof the sideof brick, andy thelengthof the otherside. Then
A=1000=xy, so y=100x!,
C = 18X+ 6x+ 6-2y = 24x+ 12000x L,
C' =24—12M0x2,
24 =120, x>=500, x=10v/5 and y=20V5.




8. Find the solutionto thedifferentialequaion

dy _ 5-

ax Y +y?
suchthaty(1) = 2.

Thevariablesseparate;
y~2dy = (x*+ 1)dx,

sowe canintegrate bothdifferertials, obtainirg

1%
-y = C.
y 3 TX+
Now, evaluateatx =1, y = 2:
1
——=-+1+C
> 3+ +
soC=-11/6and
1
Y=
11/6—% —x

9. Graph

Y=%¢—1
shawing clearlyall asymptotesndlocal maxima andminima.

Answer. Theverticd asymptotegreatx = £1, andthe horizortal asymptdee is (by long division). y = x.
Now, thenumeatoris negative for x negative andpositive for x positive, andthe denaninatoris negative for
|| < 1 andotherwisepositive. Calculatingthe derivative, we find

dy  (@—1)(3x%) —x3(2x) _ x*(x*—3)
dx (@—-1)2 T -2

We male thetableof valuesin therelevant intenals:

X <-1 (=/3,-1) (-1,00 (0,1) (L,vV3) >3
y neg negy pos neg pos pos
y pos neg ney ney ney  pos

Usingthisinformationwe getthegraph




10. Whatis theareaof theregion bourdedby thecurvesy = x3 — 3x andy = 3x.

Answer. Firstfind thepoints of intersection:
X—x=3x  X=4x

hasthesolutiors x = 0,2. Theline y = 3x lies above thecurvey = x3 — x. Thus,theareais:

/02[3x— (3 —x)]dx = /02(4x—x3)dx= 22— §|g =8-16/4=4.

11. Theregion in thefirst quadantunderthecurve y? = 2x — x? is rotatedabou thex-axis. Find the volume
of theresultingsolid.
Answer. We usethe discmethod heredV = rny?dx, so

2
V:/ 1(2x — x2)dx = arm
0 3

12. Theregion betweenthe cunesy = 8x andy = x* is rotatedabou the y-axis. Find the volume of the
resultingsolid.

Answer. Usingthemethasof shells,we have
dV = 2mx(8x— x*)dx

Thecunesintersectatthepoints(0,0 and(2,16. Thus

2 8, x® 2 261
= 2 — = — 3 _— = —
v _/0 271(8x2 — X°)dx 27T(3X 6)|O 3
This canalsobe doneby themethod of washersintegratirg in they-diredion fromy=0toy = 16.

13. Findthelengthof thecuney =t3 x=t2,0<t < 1.

Answer. The basicequatio for arc lengthis ds? = dx? 4+ dy?. Heredy = 3t2dt, dx = 2tdt, so ds® =
(4t? + 9t*)dt?, andthus
ds=ty/4+9t2

1 13
L:/ tv/4+9t2dt = %/ u'/2du
0 4

which comes outto (1/27)[13%2 —g].

14. Find thework donein pumpng all the oil (whosedensityis 50 Ibs. percubicfoot) over the edgeof a
cylindrical tankwhich standson end. Assumethatthe radiusof the baseis 4 feet, the heigtt is 10 feetand
thetankis full of oil.

Answer. The slab of oil of thicknessdh at a depthh hasto be lifted a height h. The work to do this is
dW = 50(r4%)dh-h. Thus

10 2
W= / 800rthdh = 80071% 10 _ 40 0007
0



foot-pourds.

15. Find the centerof massof the homogeneusregion in thefirst quadantbourdedby thecurve x4 +y = 1.

Answer. Theregionis givenby 0 <y< 1—x% 0< x< 1. Itsmassis

1 X5
/ (1—x)dx = (x— )[4 = 4/5.
0 5
Themoment abou they-axisis
1 2 6
/ x(1—xdx= (= - Xyi=1/3
0 2 6

To find the monment abou the x-axis we canchang@ coordnates,so that we sweepout the areain they
direction Then we write theregion as:0 < x < (1—y) /4, 0 <y < 1. Thusthemomentabou the x-axisis

1 1
/O y(1-y)4dy

which we integrateby the substitutionu = 1—y. Wheny =0, u= 1 andwheny =1, u= 0, sothemoment
is

0 1 0 1 5
=—/ (1—u)u71du=—/ (ua —u2)du=16/45
1 1

Thusthe centerof masshasthecoowdinates( /2, 22/2) = (&, 3)-



