
Calculus I
Practice Exam 3, Answers

1. Find theindefiniteintegral of thegivenfunction:

a) f
�
x ��� x2 � 3x � x � 2

Answer.
�

f
�
x � dx � x3

3
� 3

2
x2 � x � 1 � C

b) g
�
x ��� sinx � 1

cos2 x

Answer.
�

g
�
x � dx � � cosx � tanx � C since1	 cos2 x � sec2 x.

2. Find thefunction whosevalue at 0 is 0 andwhosederivative is given.

Answer. Let f
�
x � representtheanswer.

a)
x�

2x2 � 1� 2
Make thesubstitutionu � 2x2 � 1 
 du � 4xdx. Then

f
�
x ���

�
x�

2x2 � 1� 2 dx � 1
4

�
u � 2du � 1

4

� � 1
u
��� � 1

4
�
2x2 � 1� � C

for someconstantC. Since f
�
0��� 0, wehave0 � � � 1	 4��� C, soC � 1	 4 and

f
�
x ��� 1

4

�
1 � 1

2x2 � 1
��


b)
sinx

cos4 x

Let u � cosx 
 du � � sinxdx. Then

f
�
x ��� � � u � 4du � 1

3
u � 3 � C � 1

3cos3 x
� C 


Fromtheinitial conditionwefind C � � 1	 3. Thus f
�
x ��� �

1	 3� � cos3 x � 1� .

c)
sin2 x
cos4 x

Theintegrand is tan2 xsec2 x, sotheintegral is

f
�
x ���

�
tan2 xsec2 xdx � 1

3
tan3 x � C

andtheinitial conditiongivesC � 0.

3. Findy asa function of x, giventhaty � 4 whenx � 0 and

dy
dx

� x � sinx 




Answer. Take theindefiniteintegral:

y � x2

2
� cosx � C

Evaluate at (0,4) to find C � 5. Theansweris

y � x2

2
� cosx � 5

4. Find thesolutionto thedifferentialequation

dy
dx

� x
y2

suchthaty
�
1��� 2.

Answer. Write this asanequationof differentials:y2dy � xdx, andintegrate:

y3

3
� x2

2
� C 


Solve for C by putting in the valuesx � 2 
 y � 1, to obtainC � 13	 6. Thusthe solutionis given by the
relation

y3

3
� x2

2
� 13

6
which leadsto theanswer

y � � 3x2 � 13
2

� 1� 3 


5. Calculatethedefiniteintegrals:

a)
� 4

� 4

�
x3 � 3x � sin

�
2x ��� dx

Answer. Theansweris 0 sincethefunctionis anoddfunction, andthedomain of integration is symmetric
about 0.

b)
� π � 2

0

�
sinxcosx � dx

Answer. Let u � sinx 
 du � cosxdx. For x � 0 
 u � 0, andfor x � π 	 2
 u � 1. Theintegral thenbecomes� 1
0 udu which is 1/2.

6. Find thedefiniteintegrals:

a)
� 3

1
x
�
x � 1� 2dx �

Answer. �
� 3

1

�
x3 � 2x2 � x � dx � � x4

4
� 2

3
x3 � x2

2
����

3
1 � 41
 67 


b)
� π

0

�
sinx � cosx � dx �

Answer. � � � cosx � sinx � ��
π
0 � 2 




Be careful with all thenegativesigns!

7. Find theareaof theregionboundedby thecurvesy � x 3 � x2 � x andy � x3 � 2x2 � 10.

Answer. Thesearetwo cubiccurvesandwe have to find their points of intersectionto determine theregion
they enclose.Solve:

x3 � x2 � x � x3 � 2x2 � 10 
 or 3x2 � x � 10 � 0 

By thequadratic formula,wefind

x � 1 ��� 1 � 4
�
3� � � 10�

2
�
3� � 2 
 � 5	 3 


Now, evaluate thefunctionsat someintermediatepoint to determine which is theupper curve,Picking0, we
get0,-10astherespectivevalues(seethefigure).Thustheareais

� 2

� 5� 3
�
x3 � x2 � x � � x3 � 2x2 � 10��� dx � �

10x � x2

2
� x3 � ��

2

� 5� 3 � 1265
64



Thecalculation disguisedby thelastequalssignis a long tedious pieceof arithmetic (which I hadMapledo
for me).Rememberthatyoualsoneednotdothis arithmetic.
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8. Find theareaof theregionboundedby thecurvesy � x 3 andy � x2 � 2x.

Answer. As in problem7, we first find thepointsof intersectionof thetwo curves by solvingx 3 � x2 � 2x,
or x3 � x2 � 2x � 0. This factorsto x

�
x � 2� � x � 1��� 0, sothesolutions are-1, 0, 2. Now theregion comes

in two pieces;onein the third quadrant,andtheotherin thefirst. Since,for large x, thecubic is above the
quadratic, andthey changepositions at eachpoint of intersection,we conclude that the cubic is below the
quadratic in (0, 2), andabove it in (-1,0) (seethefigure). Thus theareais

� 0

� 1

�
x3 � � x2 � 2x � dx �

� 2

0

�
x2 � 2x � x3 � dx � 5

12
� 8

3
� 37

12
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9. A solid lies above theregion in thefirst quadrantboundedby thecurve y � secx from x � 0 to x � π 	 4,
sothatacross-sectionaboveeachline x � constantis asquare.Whatis thevolumeof theregion?

Answer. We calculatethe volume by sweepingout the solid in the x direction. For a fixed x, the volume
of a slabof thicknessdx is dV � A

�
x � dx, whereA

�
x � is the areaof the squareof side lengthsecx. Thus

dV � sec2 xdx, and

V �
� π � 4

0
sec2 xdx � tanx ��

π � 4
0 � 1 
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10. Theregion in thefirst quadrantboundedby thecurves y � x � 1 andy � 3 � x is rotatedaboutthex-axis.
Whatis thevolume of theresultingsolid?Whatis theanswerif theregion is rotatedaboutthey-axis?

Answer. Draw the picture: we get an isoscelestriange with baseon the x-axis, height 1 andverticesat
x � 1 
 x � 3. We canuseeitherthediscmethod(sweeping in thex-direction) or theshellmethod (sweeping
in they direction).
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First, thediscmethod:We havedV � πr2dx,wherer � x � 1 from 1 to 2 andr � 3 � x from 2 to 3. Thus

V �
� 2

1
π
�
x � 1� 2dx �

� 3

2
π
�
3 � x � 2dx 


Makingthesubstitutionu � x � 1 in thefirst integral, andv � 3 � x in thesecond,we obtain

V � π
� � 1

0
u2du �

� 0

1
v2dv ��� 2π

� 1

0
u2dx � 2π

3



Notethatwe couldhaveconcludedthis at thebeginning, by thesymmetry around theline x � 2.
Now, theshellmethod. Foray between0and1,dV � 2πyLdy, whereL is thelength of theline segment in the
triangleat heighty. This is thedifferencein thex valuesat theendopointswhich is 3 � y � � y � 1��� 2 � 2y.
Thus

V �
� 1

0
2πy

�
2 � 2y � dy � 2π

� 1

0

�
y � y2 � dy � 2π

3




