Calculusl
Practice Exam 3, Answers
1. Find theindefiniteintegral of the givenfunction:
a) f(x) =x2 —3x+x2

X 3,

_X _ S92 1
Answer. /f(x)olx_3 X —X +C
b) (x)—sinx-i—i

9= COEX

Answer. /g(x)dx = —cosx+ tanx+C sincel/ cos’x = seéx.

2. Findthefunction whosevalue at 0 is 0 andwhosederivative is given.

Answer. Let f(X) representtheanswer

_x

(2x2+1)?

Make the substitutionu = 2x*> + 1, du = 4xdx. Then

a)

_ X gty
f(x)_/(2x2+1)2dx_4/“ du=23="1227
for somecorstantC. Sincef(0) = 0,wehave0= —(1/4) +C, soC =1/4and

1 1

00=20"%e57)-

sinx
co$x

b)

Letu = cosx, du= —sinxdx. Then

+C.

1 1
= — —4 = — —3 =
f(x)= /u du 34 +C 3c0@x

Fromtheinitial conditionwe find C = —1/3. Thusf(x) = (1/3)(cos®x— 1).

Siréx

——_ Theint is tar? theintegral i
C) codx eintegrard is tar? xse@x, sotheintegral is

f(x) = /tar?xsen?xdx: %tarf’x+c

andtheinitial conditiongivesC = 0.

3. Findy asafunction of x, giventhaty = 4 whenx = 0 and

d_y =X+ Sinx.
dx



Answer. Take theindefiniteintegral:
2

y= XE—COSX—}—C

Evaluae at (0,4 to find C = 5. Theanswelis

X2
y= E—COSX+5

4. Findthesolutionto thedifferential equaion
dy _ x
dx  y?
suchthaty(1) = 2.

Answer. Write this asanequatiorof differentials:y?dy = xdx, andintegrate:

s

§ == E +C .
Solve for C by puttingin the valuesx = 2, y = 1, to obtainC = 13/6. Thusthe solutionis given by the
relation

y_x 13

3 2 6
which leadsto theanswer )

_ (3X +13)1/3 '
2

5. Calculatethe definiteintegrals:

4
a) /_ (@4 3x+sin(2x))dx

Answer. Theansweris 0 sincethefunctionis an oddfunction, andthe domain of integratian is symmetric
abou 0.

/2
b) / (sinxcosx)dx
0

Answer. Letu = sinx, du= cosxdx. Forx= 0, u= 0, andfor x= 11/2, u= 1. Theintegral thenbecanes
J3uduwhichis 1/2.

6. Find thedefiniteintegrals:

3
a)/ X(x+ 1)%dx =
1
3 2
Answer. :/ (3G + 2 +x)dx = (g+2x3+x—)|3:41.67.
1 4 3 2711
s
b)/ (sinx+ cosx)dx =
0

Answer. = (—cosx+sinx)|; = 2.



Be carefu with all the negative signs!

7. Findtheareaof theregion boundedby the curvesy = x3 — X2 + x andy = x3 + 2x2 — 10.

Answer. Thesearetwo cubiccurvesandwe have to find their poirts of intersectiorto deternine theregion
they enclose Solve:
XC—xX4x=x+2¢-10, or 3x*—-x—10=0.

By the quadatic formula,we find

1+ /1-43)(-10 _, 53,

= 0

Now, evaluge thefunctionsat someintermediatepoirt to determire which is theupper curve, Picking 0, we
get0,-10astherespectie values(seethefigure). Thustheareais

1265

2 2
/_5/3(x3—x2+x—(x3+2x2—10))dx: a0 % @)y, = 2222

Thecalculation disguisedoy thelastequalssignis along tediots pieceof arithnmetic (which | hadMapledo
for me). Remembethatyou alsoneednot dothis arithmetic.

15+

8. Find the areaof theregion boundedby the curvesy = x 3 andy = x? 4 2x.

Answer. As in problem7, we first find the pointsof intersectiorof the two curves by solvingx 2 = x? 4 2x,
or x3 — x? — 2x = 0. This factorsto x(x — 2)(x+ 1) = 0, sothe solutiors are-1, 0, 2. Now theregion comes
in two pieces;onein thethird quadant,andthe otherin thefirst. Since,for large x, the culic is above the
guadatic, andthey changepositiors at eachpoint of intersectionwe condude thatthe cubicis below the
guadaticin (0, 2),andaboveit in (-1,0) (seethefigure) Thustheareais

0 2 5 8 37
(2 2 _ - = -_2
/_1(x3 (x +2x)dx+/0 (& +2x— @)= T+ 2= 15



9. A solid lies above theregionin thefirst quadantboundedby the curve y = secx from x = 0 to x = 11/4,
sothatacross-sectiombore eachline x = constants a square Whatis thevolumeof theregion?

Answer. We calculatethe volume by sweepingout the solid in the x direction For a fixed x, the volume
of a slabof thicknessdx is dV = A(x)dx, whereA(x) is the areaof the squareof sidelengthsecx. Thus
dVv = seéxdx, and

/4
V=/ se@xdx=tanx|g/4= 1.
0

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

10. Theregion in thefirst quadrantbourdedby thecurvesy = x— 1 andy = 3— x is rotatedaboutthe x-axis.
Whatis thevolume of theresultingsolid? Whatis the answeiif theregion is rotatedaboutthe y-axis?

Answer. Draw the picture: we get an isosceledriange with baseon the x-axis, height 1 and verticesat
x = 1,x = 3. We canuseeitherthe disc method(sweepimg in the x-diredion) or the shellmetha (sweepiry
in they direction.



First, thediscmethod:We have dV = rr 2dx,wherer = x— 1 from 1to 2 andr = 3—xfrom 2to 3. Thus
2 3
V= / (X — 1)2dx+/ (3 —x)2dx..
1 2
Making the substitutioru = x— 1 in thefirst integral, andv = 3 — x in the secondywe obtain

1 0 1 2T
V= n(/ uzdu—/ V2dv) :271/ wdx= = .
0 1 0 3
Notethatwe couldhave concludedthis atthe beginning, by thesymmety arounndtheline x = 2.
Now, theshellmethod For ay betweerD andl, dV = 2nyLdy, whereL is thelengh of theline sggmert in the
triangleat heighty. Thisis thedifferencein thex valuesat theendopintswhichis 3—y— (y—1) =2—2y.

Thus
_27T

v=/olzny(Z—Zy)dy:zn/ol(y—yz)dy— 3



