Calculus|
Exam 2, Summer 2002, Answers

1. A cune C in the planeis the graphof therelationx® — xy? +y + x? = 2 . Find the equati of the tangent
line to thecurwe atthe poirt (-1,2).
Answer. Take thedifferential of the definirg equation:
3x%dx — y?dx — 2xydy + dy+ 2dx=0.
Substitutex=—1, y = 2:
3dx —4dx+4dy+dy+2dx=0 whichsimplifiesto dx+5dy=0.

Sincedx anddy represenincrenmentson the tangent line, replacethemby x — (—1) andy — 2 to obtainthe
equatiom of thetangemline:

(x+1)+5(y—2) =0 whichsimplifiesto x+5y=9o0ry=(—x+9)/5.

2. A lampis beinglowereddown averticd poleatarateof 3 ft/sec. A 6 foot manstand<20 feetaway from
thepole. At whatrateis theshadaev of themanlengtheing whenthelampis 56 feetoff thegrourd?

Answer. Draw thediaglam (seebelaw); letting x bethe lengthof the shadav, andy thedistanceof thelamp
from thegrourd. We first find therelationof x andy atary time. By similartriangles,

6 X

y 204X
Now, asthe lamp falls, x andy are functionsof time t. Sincewe want to relatethe ratesof chang, we
differentiatethis expressionwith respecto t:

which simplifiesto 120+ 6x = xy .

dx dy dx

Now, whenthelampis 56 feetoff theground,thelengthof the shadav is found by solving
120+ 6x=x(56) giving x=12/5.
Substitutinghesevalues(anddy/dt = —3) into (1):
dx 12 dx
6& = g(—B) SGE ,
which gives dx/dt = 36/250= .144ft/sec.

i 3ft/sec




3. Lety = (x? — 1)(x? — 5). For whatvalueof x in theintenval [-2,2] is y amaximun® aminimunf Find the
pointsof inflectionof thegraph

Answer. Let f(x) representthefunction definirg y. Differentiating:
f/(x) = 2x(x? = 5) + (x* — 1) (2x) = 2x(2x2 — 6) = 4x° — 12X,
f7(x) = 126 —12.

The critical points are0, =+ +/3. We mustnow evaluatethe function at the endmints andcritical poirts to
find the maximum andminimum Sincethefunction is even,we needonly checkpositive valuesof x. Since
f/(xX) < 0in (0,4/3) and f’(x) > 0in (v/3,2], theminimum hasto beatx = /3 (andthusalsoatx = —+/3).
To find the maximum, we comparevaluesat the endgointsandat 0. Sincey = —3 at the endmints, and
y=5atx =0, themaximumis atx = 0. The pointsof inflectionareat the solutiors of f ”(x) = 0, soareat
x = £1. Seethefigurefor agraphof thefunction
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4.1 haveto make a closedcylindrical canto hold 12 cu. ft. Thematerialto make thetop andbottomcosts$6
asg.ft., andthematerialto make the sidecosts$10persq. ft. Whatarethedimensios which minimize the
cost?(It wil sufficeto give eithertheradiusof thebaseor the height)

Answer. Letr betheradiws of thebase andh theheigh of atypicalcylinder. We know thatthevolumemust
beV = mr?h = 12. Now the costis $10for the top andbottom that contibutes$10(2)r 2, and$6 for the
sides cortributing $6(2rrh). Thus,thetotal costis

C = 20mr? + 6(2mrh) = 202+ 144r 1 |
usingthe equatim 7 °h = 12 to epressh in termsof r. Differentiating,
C =407 — 1442
Sincewe arelooking for a minimum, we setthis equalto 0. This gives

5 144
r°=_—
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sor = 1.046andh = 3.488.

5. Graph
_X(x—2)  x2—2x
Cox2—-1 x2-1
You mustshav enowgh work to explain how you found the variows featuresof thegraph

Answer. Sincethenumeatoranddenoninatorhave the samedegree,the horizantal asympoteisy = 1. The
verticalasymptotesreatx = +1. Now, differentiating:

(X2 —1)(2x—2) — (x> — 2X)(2X) _ 2

& 17 -1

2
5(X*=x+1).

This is alwayspositive, sothe graph is alwaysincreasing This information sufficesto give thegraph See
thefigure.
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