i L& RY) = f(xy)

pa) 0

T

&

G Sy f(xp)
@—hm =

12y 1 xz x=2y
”mmj[Ty] &
00 0 x=0




Recall the Fundamental Theorem of Calculus.

b
[ fx)dx = f(b)- f(a)
We would like an analogous theorem for line integrals.

Fundamental Theorem of Line Integrals

Let C be the curve given by the parameterization (), t =/a,b],
such that 7(2) is differentiable. If f{7) is continuously differentiable
on an open set containing C,

then
[Vf ) -dr =f(F (b)) - f(f(aﬂ




EX 1 Find work done by v/ along a curve going from

(1,1,1) to (4,-1,2), given f(r) = H ” ”;"i .
L.’—Y\-/

C.r®)=" X=1+3¢

4= 142t ce[o 1]
t- 1+t
() = 43¢, -2t 4k

|U:) QEI—ZJ >

\ -
W= (vfap < (o e
C Q

= -c_g‘ <3, 24 k- 3,72,[2 4%
7 (3 (et )

S (34at-2 4L + (+%)
U3+ + s

e (U ye+2

° \\N{"-HH;-B

w= (Y42 +4Y4E+2 ({—\X

Au=(gt +Y ) A

1|
Ldue (g | =@ =)
‘l.—"'ol U= 2 ‘FC(\ r)




A set, D, is called a Path-Connected Set if any 2 points in D can be
joined by a piece-wise smooth curve lying entirely in D.

Example Non- example '

What does it mean to be independent of path?

SF( )d"’ 1S \n&mpcu\oLQA'(' of 4‘|’L\ R\ &

.“\,, any 2(—"\1) Aav\dg w P H/\Q /QN\/\‘RU«D

Vq(bu\ |
]>0§| M‘(\a Oty qé e t‘{\ioé D,

Independence of Path Theorem

Let I?(ﬁ be continuous on an open connected set D.

Then Jcﬁ(f) dris independent of any path, C, in D iff F(m ="/
for some f(7) (scalar function), &
i.e. if F(7) is a conservative vector field on D.

(£ is calladt ra pokeha £)



Equivalent Conditions for Line Integrals

Let F(r? be continuous on an open connected set D.
The following statements are equivalent.

& a) F=Vf for some [ (i.e. F is conservative on D).
& b)_‘-F(?)-a’z7 is independent of the path, C, in D.
C

= C)IF(?) -dF = ( for every closed path in D.
C

L) = () becanse fov any closed lQer'; w D
stard A =end pt R.



Theorem
Let }? = Mi + NjA+ Pk with M, N, P continuously differentiable on a ball, D.

Then F is conservative © VX F =0,

Note: R A
f  F=M+N (\\w’\"
1 gy S50
then om0 @ ol_g(ON_aM) 2-4
ox Oy ox Oy
M N 0

Q
>
o
<
X
YTy,
||
(e}
N
=
||
N
&5

ok B
—F? consenvahve => F=VE

& Meanpipt - Loef3ehi
’(N S o -? Cineg davvatyes ave <"3"\'\‘\'\"“’t""\S'

Q” MJ IP)"\""“‘\

M-8y M= fi

bt g™ L, Hran M7 s
Similar by, 9__ a? 9 g(a XE=T



EX 2 ISF=(12x+ 37+ 59) i+ (6xy - 3y° + 5% }
conservati —~

om B N
= b
3‘3 '3,+§'

’5& N
ON - ¢ ‘3 Ix
ax ta-\'g

D € is comanal

EX 3 Using F from Example 1, find f'such that F = V7.

oo E=VF & M-f, Nef,
£ - rz,?wxg\o% Sy.
£= S (X374 Sy) I
R Q—,;‘é-(-?\a?x-&ax—\-d‘a,\

Sw e

knew -C}: vaa_ _'Sal-\-Sx (fa = N)
y fd -(—’,J; byx+Sx+ Cly)
f%\mk'. (:X\a -3?)2-(-Sx= (ota % +8x d('a»

-3-3 C‘(@
Cly= Ry Ay = 4 *+

ﬁE 4y’ *3»(\6 +§x@




EX 4 Using F = (12x2 + 32 + 5)) 1 + (6xy - 39> + 5) ]
calculate jﬁ(ﬁ- di-where C is any path from (0,0) to (2,1).
binow '@,o—:,\ Evy 243 werk:
"(f S conservatve and
'?6‘,\3)': 4x‘+3~32x+§>«3 --33_* I
Wt oS knows Yron Yt CR@).4F s
ndependot of PQ(.L\C

and 'C"’V\ Rondiama sl Thm of i :Evdfg"‘af,
S V@) oF < £ (W) - {7 ().

= ( P o - (0 6)- o = £(21)-F(25)

=<L‘(2")+3( 1% 2) +S(21)- |‘>— O
“4(&8)YGtio-[=Y2



EX 5 Show that the line integral I((yz+1)dx+(xz+1)dy +(xy+1)dz)
c

-Jv
is independent of path and evaluate the integral, where C is
a curve from (0,1,0) to (1,1,1).

F g )= ()T Gady + ey
e | T 7k
2 9 2
dx 2y %
PRl 1y ¢
)+ F (g +R(z-2) < B
S F consewahig vockor Keld
= f exihs [ suda Mt B =9E.

0]
-ﬁ: yz4l = {- S(\%a-f ) =yax+xt yn)
also kners Q‘&: %2+
and Hom @ w-ca‘;( £ ==2y+ ¢y2)
) 4 ———%1—3

Cuate’ va gl ya+ 9<YR)
& = .a_q\éﬁ) 3’
34
Cly)=§1 dy =y + D)
=9 = Xy2 +x+ Y+ D)
we know Q_=X‘3_+\
and fom @, ¥z=\<\3_+b'(:z)
f%\w:k'- Y +\= Xy + b‘(-?)
> \= 0R) D(a)=g ld2=24K

®=-> ,gl(x,.a'a)= Xy x +X+4 +2+K

Now -evaduate the Ans 'uvx"&ﬂv‘-Qi
(BE)-« = £0,,0)-£(o,10)
C

= ( |+‘+H[>— (O+°+ +0)
=3



EX 6 Let F=(1+2xysin&’y)i +(1+xsinx’y);

I A
(© Is F conservative? ("N‘E“ UXF 4o ¢oc ' vh D)
@ Ifyes, then find f'such that F = Vf.

© yxg=|[ T a} P
2
X 2% D
WWaysaiy) | *xsm(dy) O \

= ( (o-0) _/A\ <o-0>
+ C ('z_x sd\(x’sa)*’z,\(sta (6<33 (X\‘a\

e (oxsu, (€'9) +2x33 (oS (ﬁﬂ}\
=0
=F \S consenate -

@ Sd § suchthat ETVE
we khow £ = }+2ya$\’»(><7'33
O
=\ _F-, SC\+2X8 SL%(’?Z\)M

O f= - cos(xy) +C(~3\
W2 also koo %= |+ %2 sx«(x’?)

and bon @ (7: W sin(y) + Cy)
= \+x7s\\r\(x‘cayzyzs\\«\(xz‘ﬁ*'c'('a‘)
& =y D g)siidy=yaic
) a[ £lgy)= %= cos(:y) +y + K)

10



(1,7/2)

EX 7 Evaluate I (e sin ydx + ¢” cos ydy).
©o) M N

l§ prove F= c’(ﬁv\‘a’u""e\'cos\ag‘ is consenwchre.
2) End f6y) such Haud T = 9.
3) Using £ ond Fund. Thm oF uumcav&,
{F.a7 = £(LTR) - £(5,9).
D am <cosy %&:C"wsgjvm%
(e [ cevisevatie.
2) firelsing 9 F=(leeiny) dy
0f = & s*t;\? +<(y)
we lenow (,} = ¥ cos
And fomn © %—‘- c"CUSB_-%C'(-a\
efuale. <X oSy = e,"cosg_ +cily)
O = (_‘(ta)
9 Cly)= So dy = K
= BIf= exm}ca_ + e \

) (a0, 109
" =(8|S‘°"('3T> +!<>~<e°sa\ D+(<>
Se(l)-0
=e

1"



