UNIVERSITY OF UTAH DEPARTMENT OF MATHEMATICS
Ph.D. Preliminary Examination in Real Analysis
August 2024.

Instructions. Answer as many questions as you can. Each question is
worth 10 points. For a high pass you need to solve completely at least
three problems and score at least 30 points. For a pass you need to solve
completely at least two problems and score at least 25 points. Carefully state
any theorems you use.

1. Let

Oown
A:{Zgn\xn:0or1}c[0,1]

n=1

Show that A has Lebesgue measure 0 but
At Ai={o+y|zye A} =01

2. Suppose f; : R — R is measurable for ¢ = 1,2,---. Is the set
{z € R| 2 is a limit point of {fi(z)}i2;}

measurable? A number ¢ is a limit point of a sequence if some subsequence
converges to it.

3. Prove the following generalization of the Dominated Convergence Theo-
rem. Let (X, M, u) be a measure space. Suppose fn, gn, f,9 : X — [0, 00)
are measurable and have finite integrals, f,, — f, gn — g (pointwise con-

vergence), fn < gn, [ gn — [g < oo. Then [ f, — [ f.

4. Let p and v be two finite positive measures on a measurable space (X, M).
Suppose for every € > 0, there exists F € M such that u(F) < e and
v(X N\ F) <e. Show that p L v (¢ and v are mutually singular).

5. Let (X, M, 1) be a measure space with u(X) < co. Show that if 1 < ¢ <
p < oo then L9(X) O LP(X). Moreover, if X contains an infinite family
of pairwise disjoint subsets of positive measure, then L1(X) D LP(X).

6. Prove that the dual space of (cg, || - ||sup) is ¢*. Recall

co = {v e RY: lim v; = 0}
j—00

and /! = {w e RN : > lwj| < oo} with |lw|| =32, |wjl.



