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§.1. Main Problem
Local and Global Topological Properties of
Diffeomorphism Groups of Non-Compact C* n-Manifolds

Typical Topologies :
(1) The Compact-Open C*> Topology
(2) The Whitney Topology
(Joint Works with T. Banakh, K. Mine and K. Sakai)

Compact-Open C'* Topology «— Tychonoff Products - Weak Products of /5
Whitney C*° Topology «— Box Products - Small Box Products of /5



Notations
M : Connected C'*° n-Manifold
D(M) = Group of Diffeomorphisms of M

When M has Volume form w,

D(M;w) = Subgroup of w-Preserving Diffeomorphisms of M

G(M) C D(M) : any subgroup
(1) G"(M) : Orientation - Preserving
G¢(M) : Compact Support
(2) when G(M) is endowed with a topology
G(M)y : Connected Component of idy; in G(M)
G(M); : Path Component of idy,
(3) G°(M)1 D G(M): = { h € G¢(M) J a path h @ idy; in GY(M)

with Common Compact Support



§.2. Properties of Compact-Open C* Topology

When M is Compact D(M) : Fréchet manifold  (Top ly-manifold)
DT (M) D D(M) Parametrized version of
SDR U SDR U <— Moser’s Thm

D(M;w) D D(M;w)

When M is Non-Compact G DM W) — S(M:w)
Theorem 2.1. End - Charge Homo.
Dr(M) > DM > D), D DIMY;
U SDR U U U

SDR
D(M;w) D D(M;w)y D kereg D D(M;w)y D D(M;w)]

Parametrized version of Moser’s Thm for Non-Compact Manifolds

Continuous Section of End - Charge Homo.

<= Moser’s Thm for Compact Manifolds
+ Realization of data of transfer of Volume toward Ends by Diffe’s



Remaining Problems

D(M)y D D(M);

DR
SDR U SDR U

D(M;w)y D kercg D DY(M,w)i
[1] Homotopy/Topological Type of D(M)y and D(M;w)g

(2] Relations between D(M)y D D(M);
kereg D DY(M;w);

In n =2 we can answer these questions.



2-dim case

M : Non-Compact Connected C'* 2-Manifold without Boundary
Exceptional Case — Plane, Open Mobius Band and Open Annulus

Generic Case — All Other cases
[1] Homotopy/Topological Type of D(M)y, and D(M;w)g

Theorem 2.2.
(1) D(M) : Topological £5-Manifold
(2) (i) Generic Case : D(M)y =~ * D(M)y =~ {5
(ii) Exceptional Case:  D(M)g =~ S! D(M)g ~ ly x S!
Theorem 2.3.
(1) D(M;w)y : Topological £5-Manifold
(2) (i) Generic Case : D(M;w)y =~ ¥y
(ii) Exceptional Case : D(M;w)y ~ ly x S



[2] Subgroups D¢(M); and D(M;w)j

Remark on DM );
(1) By Definition,
each h € D(M); is Isotopic to idy; with Compact Support.
(2) However,

a path in D(M )} need not have Common Compact Support.
o h; —idy in DY(M); if Supph; — oo.

Example 1. M = R?

(1) D(R?)y ~ S! This homotopy equivalence is induced from
Loop of 6 rotations  (6) (8 € [0, 27])

(2) D(R%)] = D(R?) C D(R?)

False: DY(R?) ~ * by Alexander Trick



3 Deformation ¢;(0) (t € [0,1]) of wo(0) = ¢(0)

wi(0) € DC(RQ) for 0 <t <1.

We can take ;(60) (0 € [0,2n]) as Loop of Truncated ¢ rotations

Level of Truncation r = r;(6)

r = r¢(0) need to satisfy

(i) m— o0 as 0 — 27
(for each t > 0)

(ii) 7 — oo uniformly as t — 0




Example 2. M = Open Annulus
h : Dehn Twist on M along Center circle of M
(1) h € D(M); \ De(M);
(2) Japath h Zt idy; in D(M)y st. hy € D (M) (0<t<1)

(Introduce Reverse Dehn Twist from co)
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Definition 2.1. A C X : Homotopy Dense (HD)
< d¢;: X — X : Homotopy s.t. ¢y =idx, @(X)CA0<t<1)

Theorem 2.4. D(M), D D(M);: Homotopy Dense
o D(M)y D DY(M)y = D(M); D D(M);: Homotopy Equi.

(Hw 62, Zw 62) : zw 62 = {(ZUZ)Z € Hw 62 | xTr;, = 0 GXCGpt for ﬁnitely many ’L}

Corollary 2.1. G = D(M), or D(M)* 6=t
(1) (D(M),G) : Topological ([T €2, >.* ¢5)-manifold
(2) (i) Generic Case : (D(M)o, G) ~ (T1 €2, D" t5)

(ii) Exceptional Case : (D(M)o, G) ~ (I1 02, > ts) x S

Theorem 2.5. kercy D DY(M;w)j : Homotopy Dense
o kereg D DY(M;w)y=D(M;w); DO D(M;w)j: Homo. Equi.



§3. Properties of Whitney C*°-Topology
(Joint Work with T. Banakh, K. Mine and K. Sakai)

M : Connected C'*° n-manifold without Boundary
D(M)" =D(M) with Whitney C*-topology
o h € D(M)" has Basic Nbds of the following form :

(Meat(h, (Ux,22), (Va,4p), K, 7a, €2)
where {Ujy}xea : Locally Finite in M
When M is Compact Whitney C*°-Top = Compact-Open C*>-Top
When M is Non-Compact
Whitney C*°-Top : Too Strong (Compact-Open C*-Top : Too Weak)
(1) DIM )y =D(M); € D(M) (as Sets)

(2) Any compact subset in D(M)* has Common Compact Support.
(any path)



Local Top Type of D(M)" and D°(M)"

R* = lim R"
Theorem 3.1. —n

(1) DY(M)™ : Paracompact (¢5 x R>)-manifold
(2) (i) D(M)y € DY(M)™ : Open Normal Subgroup

(i) M(M) :=D(M)"/D(M)§ (Discrete Countable Group)

D(M)" =~ D(M)§ x M.(M) (as Top Spaces)
(3) (M;);en : Sequence of Compact C'™° n-Submanifolds of M
st. M, C Inty M.y, M= UM,
G(M;) :={h € D(M)" | supph C M;}
— D(M)" = glim G(M;) (Direct Limit in Category of Top Groups)

o DY(M) with Direct Limit Top: Not Top Group

Theorem 3.2. (D(M)", D¢(M)") =, (0¥ L)y at idy



Global Top Type of D (M)

Theorem 3.3.
1

n=1: (D[R)",D(R)") = (¥, )

(1)

(2)n: D(M)y =~ Iy x R®

(3) n M : Orientable, Irreducible = D(M)y ~ l; x R*
(4) X : Compact Connected C* n-manifold with Boundary

M=IntX = DM =~DX,0X)P xR

In n=2 M. (M)=D(M)"/D(M)§
S . Connected 2-manifold possibly with Boundary
(1) S': Exceptional <= S~ N — K, where

N = Annulus, Disk or Mobius band
K = Non-empty Compact Subset of One Boundary Circle of X



N : Compact connected 2-manifold

(2) S : Semi-Finite Type

det
<— S~N-—(FUK) st. F CN\ON : afinite subset

K C ON : a compact subset

equlyv. . equlv. '
<= m(S) : finitely presented <= Hy(S;Z) : finitely generated

Proposition 3.1. The Following Conditions are Equivalent:
(1) M.(S)={1} (2) M(S) : Torsion Group
(3) asdim M.(S) =0 (4) S : Exceptional
Proposition 3.2. The Following Conditions are Equivalent:
(1) M.(S) : finitely generated (or finitely presented)
(2) 12 M.(S) < 00 (3) asdim M.(S) < o0
(4) S : Semi-Finite Type
o S : Not Semi-Finite Type = Z> C M,(S)

(Free Abelian Group of Infinite Rank)



Idea of Proofs.

M : Non-compact C* n-manifold without boundary

Notations
(a) Gg(N)={g e DM)" | g=id on K and M \ N} (K,N C M)
(b) Space of Embeddings : (LC M)
EC(L,M)={h|; | h € DIM)*} (Compact - Open C> Top)
(¢z : L C M : the base point)
(M;);en = Sequence of Compact n-Submanifolds of M
st. M; C Intyy M, M=, M,
(1) p:L; G(M;) — D(M)" : the multiplication map
—> p has a local section. DY(M)" = g-lim G(M;)
L; = M; — Inty M, (My=0)
(2) (D(M)", D(M)*) ~ (O,00); €9 (Lyi, M) x (O, 8); G(Laii)
¢ (O, 1 at idyy

&

Q



3) Inn=2

Apply Theorem A to D(M)y and G; = G(M;) (i € N) :

L], G
§ = Dis/f &
(G /Giy) DM

Remark.
In (3) we can also apply

Topological Characterization of /5 x R*

by T.Banakh-D.Repovs (arXiv:0911.0609) (2009 - )



Appendix. Box products and Small box products

A-1. Definitions and Basic Properties

(Xn)n Box product :  00,X,, = Product [], X,
Box Top: [[,U. (U, C X, : Open subset)

(X #n)n Small box product : [, (X, *%,) C 0, X,
(QC(), L1y «vey Thy Fipal, *pa2, .. )

(O,[),X, = (0, X,,,X,) (O, X = (O,0) e X

(1) X,, : metrizable = [J,X,, : paracompact
(2) [1¥4y =~ £y x R Top. Classification of LF spaces by P. Mankiewicz

(3) O¥¢5 : not locally connected, not normal



A-2. Small box products of Top Groups

(1) (Gn)new : Top Groups (e, : the identity element of G,,)
[1,G,, - Top Group
[1.(Gp, en) C O,G,, : Top Subgroup

(2) G : Top group (e : the identity element of G)

(Gn)new : Increasing Sequence of Subgroups of G s.t. G =, G»
Multiplication maps
p: .G, — G: p(re, X1, ..., Tpy, €, €, ...) =Tgxy -+ T
q:,G,— G: qlxg, x1, ..., T, €€, ...) =T -+ T1Xg

(i) p, q: Continuous, Surjective

(i) p: Openat (¢), = G=glim G, (in Category of Top Groups)

0

q . Open at (e),



Theorem A. (BMSY, arXiv:0802.0337v1 (2007 - 2008))
G : Top group
(Gi) : Increasing Sequence of Closed Subgroups of G s.t. G =, G|
q: G, — G qlxy, ..., x;m,e,6, ) =Ty -+ T
(1) ¢q:[;G; — G : Open

(*2) TG ————— GZ‘/GZ'_1 m;s; = id
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End of Talk

Thank you very much !



