
4 Linear Functions 67

4 Linear Functions

4.1 Essential questions

1. If a function f(x) has a constant rate of change, what does the graph of f(x) look
like?

2. What does the slope of a line describe?

3. What can be said about the intersection of two lines?

4.2 Interpolating a Discrete Set of Data

Zion Bank on the corner of 4th South and 7th East has a sign that reports the time and
temperature. The temperature is given in two ways, using both the Celsius and
Fahrenheit temperature scales. Here is a log of the temperature at different times of the
day for August 29, 2013:

Time Temp (C) Temp (F)
11:03 31 87
12:00 32 90
2:00 35 95
3:04 35 95
4:08 34 93
8:03 27 81

The weather report said that the low for the night had been 74◦ F at 4 : 30 am and the
high for the day was 97◦ F at 3 : 30pm. Using the information in the table, estimate what
you think the Celsius readings on the bank sign would have been at those two times.
Explain how you got your answers.

Question 4.1 Use the coordinate systems below to plot the data. There are few issues
that you should be paying attention to:

a. Choose an appropriate scale and plot the points that show how the Celsius
temperature changes with time. Your first point will be (11 : 03,31).

b. Plot the points that show how the Fahrenheit temperature changes with time. Your
first point will be (11 : 03,87).

c. Write a short description of what your graphs show. Compare the two graphs.
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Question 4.2 — So far we have observed how the temperature reported in different
scales depended on time. Now we will see how the Fahrenheit temperature changes with
respect to the Celsius temperature. As before, choose an appropriate scale and plot the
points from the table. Your first point will be (31,87).

a. The points of your graph should fall approximately in a straight line. Draw a
straight line that seems to go through most of the points.

b. What is the Fahrenheit temperature when the Celsius temperature is 25◦?

c. What is the Celsius temperature when the Fahrenheit temperature is 50◦?

d. Is there a temperature where a Fahrenheit and Celsius thermometer show the same
number? If so, what is it?
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Question 4.3 If you increase the Fahrenheit temperature by one degree, by how much
does the temperature increase on the Celsius scale?

a. Explain how you know whether your answer to the previous question is accurate.

b. How would your answer be different if you knew that 25◦C is 77◦F, and that 50◦C is
122◦F?

Question 4.4 We want to come up with a general rule such that if we know the
temperature in Fahrenheit we can calculate the temperature in Celsius.

a. From Question 4.3 we know the effect of increasing the Fahrenheit temperature by
one degree on the temperature in Celsius.

b. Write down a rule that converts the temperature in Fahrenheit to the temperature
in Celsius.
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Question 4.5 Use the function you just obtained to find the rule that converts the
temperature in Fahrenheit to the temperature in Celsius.

Question 4.6 There is another temperature scale called Kelvin. The scale is used
because 0◦ Kelvin is the minimum temperature a system can have. If the temperature
increases by one degree Kelvin, then the temperature also increases by one degree Celsius.
Use the fact that −273.15◦C = 0◦K.

a. Find a function g that represents the conversion between Celsius and Kelvin.

b. Find a function h that represents the conversion between Fahrenheit to Kelvin.

c. What is another way you can answer the previous question?
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4.3 Slope

Question 4.7 Kingda Ka is a steel accelerator roller coaster located at Six Flags Great
Adventure in Jackson, New Jersey, United States. It is the world’s tallest roller coaster,
the world’s second fastest roller coaster, and was the second strata coaster ever built. The
steepest portion of Kingda Ka is a 418 foot drop. During the 418 foot drop the train
moves 25 feet horizontally.

Your friends Nancy and John are debating if Kingda Ka is steeper than Wicked, a roller
coaster at Lagoon Amusement Park in Farmington, Utah. Lagoon does not advertise the
specs of Wicked as well as Six Flags does. However, Nancy and John have a photograph of
them on the ride. They measure the drop in the photograph 15 cm and after the drop the
train has only been displaced 1 cm.

a. Is there enough information to determine which roller coaster is steeper?

b. If so calculate which coaster is steeper.

c. Is steepness all you look for in a roller coaster?
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Question 4.8 Steep roads sometimes have a sign indicating how steep they are. For
example, the sign may say 5% Grade. This means that you gain 5 units of altitude (the
rise) for every 100 units you move in the horizontal direction (the run).

a. On a 5% grade, how many units of altitude do you gain for every 200 units you
move in the horizontal direction.

b. On a 5% grade, how many units in the horizontal direction would you have to move
to increase your altitude by 100 units?

c. How would a mathematician report a 5% grade? What is the corresponding slope?

d. If the road up Little Cotton Wood Canyon travels 8.26 miles horizontally and the
elevation change is about 4000 feet, what is the average grade of canyon road? What
is the average slope? (Use the fact that there are 5280 feet in a mile)

e. What is the grade when you are driving on the Salt Flats?
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Question 4.9 Consider the following :

A

BC

a. Find the slope of each hypotenuse in the above figure.

A :

B :

C :

b. Which triangle has the steepest hypotenuse?

c. Two of the triangles’ hypotenuse have the same slope. Why might someone make
the mistake and report all three of the triangles have the same slope?
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Question 4.10 Here is a geoboard:

a. Draw a triangle on the geoboard that would have a hypotenuse with the largest
possible slope. Calculate the slope of the figure you drew. Explain how you know it
is the requested triangle.

b. Draw a triangle on the geoboard that would have a hypotenuse with the smallest
possible slope. Calculate the slope of the figure you drew. Explain how you know it
is the requested triangle.

c. List all the possible slopes of the triangles you can draw on the geoboard. Report
them as fractions.
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Question 4.11 What can you say about the slope of a line if, when you follow the line
from left to right

a. It goes up?

b. It goes down?

c. It doesn’t go up or down?

Question 4.12 What can you say about the slope of a line that does not contain any
points in the

a. First quadrant.

b. Second quadrant.

c. Third quadrant.

d. Fourth quadrant.

Question 4.13 The slope between two points is the quotient of the difference between
their y-coordinates and the difference between their x-coordinates (∆y

∆x).

a. What does this mean for the slope of a vertical line?

b. What does this mean for the slope of a horizontal line?
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4.4 Lines

Question 4.14 For each equation below find two pairs of numbers, (x,y), that satisfy the
equation. Label the two points and calculate the slope of the line segment that connects
the two points.

a. y = 1.5x+ 3

b. y =−1.5x+ 3

c. y = 2x+ 3

d. y =−3x+ 3

e. How did your answer compare to people who chose different points?
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Question 4.15 Find two (x,y) pairs that satisfy the equation y =mx+ b (your pairs
should be in terms of m and b). Use the pair of points to calculate the slope of the line
segment connecting the two points.

Question 4.16 Given an equation for a line y = .5x+ 3, how do you calculate the
y-intercept? Explore both a geometric technique and an algebraic technique.

Question 4.17 Given an equation for a liney =mx+ b, calculate the y-intercept. Did you
use an algebraic or geometric approach?
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Question 4.18 For each of the following linear equations, fill out the following tables.

a. y = x+ 2

x y

0
1
2
3

x y

0
2
4
6

x y

1
3
6
8

b. y =−4−3x

x y

0
1
2
3

x y

0
2
4
6

x y

1
3
6
8

c. y = 9

x y

0
1
2
3

x y

0
2
4
6

x y

1
3
6
8

When x= 0, what is y? When x increases by 1, how much does y increase? (If y
decreases, think of it as a negative increase.)

a .

b .

c .

Where do you find that number in each of the tables for each equation?
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Question 4.19 In the 2013-2014 academic year the tuition to attend the University of
Utah is $6400 a year (for 12 credits a semester). In the 2012-2013 academic year the cost
of tuition was $6000 a year (for 12 credits a semester).

a. Suppose that a linear function can model the tuition at the U. What will the tuition
cost for the academic year 2014−2015 (for 12 credits a semester)?

b. Write down a function f such that f(t) represents the tuition in the academic year t
(for 12 credits a semester). Discuss what a reasonable domain might be for your
function by thinking about what f(0) what f(10000000) would represent.

c. For what values of t will f(t) be most accurate?

d. In what year will tuition cost $10000 per semester? (according to our model)
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4.5 Homework

4.5.1 Interpolating a Discrete Set of Data

Exercise 1 You recently put $1000 in a bank account and earn 5% interest per year. Let
g be a function such that your balance after t years be given by g(t).

a. Fill in the following table:

t g(t)
0
1
2
3

b. Is your balance g represented by a linear function?

c. Let f : [0,∞)→ R be a linear function given by f(t) = 1000 + 50t. Fill in the
following table:

t f(t)
0
1
2
3

d. For some amount of time g(t)−f(t) is small. For how many years would you be
willing to use f to estimate g?

Exercise 2 Rocky Mountain Power provides electricity to Salt Lake City. If you are a
residential costumer of Rocky Mountain Power you pay $5.00 Basic Charge every month
as well as $1.75 City Franchise Tax and a $1.28 Utah State Tax and then you are charged
per $0.0888540 per kwh used.

a. Let f(x) be the amount you pay using x - kwh. Notice that f is a linear function.
What is the slope? What is the y-intercept?

b. If in September your electric bill is $32.39 how many kwh did you use?

c. If in September your electric bill is $32.39 what is your average cost per day?

d. If in your monthly budget you have allotted $40.00 for the electric bill, how many
kwh can you use?

e. You recently purchased a new TV (see written homework) you upgraded from a 32
inch TV to a 60 inch TV. Assuming average viewing, a 32 inch TV uses 60 kwh per
year and 60 inch TV uses 165 kwh per year. How much would you expect your
monthly bill to go up?

f. When you enroll in Blue Sky, Rocky Mountain Power purchases certified renewable
energy certificates from regional renewable energy facilities on your behalf. This
guarantees that electricity from wind facilities is delivered to the regional power
system. Electricity from renewable energy facilities replaces and reduces the need for
electricity generated from non-renewable sources like fossil fuels, creating measurable
environmental benefits. If you buy one block of renewable energy , it costs $1.95.
Would buying a block of renewable energy effect the slope of the cost function or the
y-intercept? (write m or b)
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Exercise 3 Computer Time Problem If a computer program has a loop in it, the length
of time it takes the computer to run the program varies linearly with the number of times
it must go through the loop. Suppose a computer takes 8 seconds to run a given program
when it goes through the loop 100 times, and 62 seconds when it loops 1000 times.

a. Write the particular equation expressing seconds in terms of loops.

b. Predict the length of time needed to loop 30 times; 10,000 times.

c. Suppose the computer takes 23 seconds to run the program. How many times does
it go through the loop?

d. How long does it take the computer to run the rest of the program, excluding the
loop? What part of the mathematical model tells you this?

e. How long does it take the computer to go through the loop once? What part of the
mathematical model tells you this?

f. Plot the graph of this function.
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4.5.2 Slope

Exercise 4 Below is a table for a function f : R→ R. Could f be a linear function? Why
or why not?

x f(x)
3 14
4 17
5 21

Exercise 5 Find the slope between the following pairs of points:

a. (−1,3) and (2,7)

b. (2,6) and (5,10)

c. (2,−4) and (5,0)

Once finished, graph all the pairs and the line segments between them. What do you
notice?

Exercise 6 Draw the line segments between the following pairs of points:

a. (0,0) and (2,7)

b. (0,0) and (−7,2)

What is the slope of each of the line segments?

Exercise 7 Draw the line segments between the following pairs of points:

a. (−1,3) and (2,7)

b. (1,−3) and (−3,0)

What is the slope of each of the line segments?

Exercise 8 Below is a table for an arithmetic sequence:

x f(x)
1 -5
2 -2
3 1

Can this table represent a linear function as well?
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4.5.3 Lines

Exercise 9 Let f : R→ R be a function given by the algebraic rule f(x) = 4x+ 5.

a. What is the x−intercept?

b. What is the y−intercept?

c. What is the slope?

d. For what value of x does f(x) = 17?

Exercise 10 Let g : R→ R be a function given by the algebraic rule g(x) =−2x+ 4.

a. What is the x-intercept?

b. What is the y-intercept?

c. For what value of x does g(x) = 12?

Exercise 11 What is the equation of the line graphed below:

Exercise 12 What is the equation for the line that goes through the points (3,4) and
(2,5)? Report the slope and the y−intercept.

Exercise 13 Is the point (2,1) on the line given by 3y+ 2x= 7? How do you know?

Exercise 14 Let f : R→ R be a function given by f(x) = 4x+ 3.

a. Is the graph of f is a line? How do you know?

b. What is the x-intercept?

c. What is the y-intercept?

d. What is the slope?

e. Sketch the graph for f . Which quadrant does the graph not pass through?



4 Linear Functions 84

Exercise 15 Which of the following functions from R to R are linear?

f(x) = x
√

2− 1
2 Yes No

2x+ y
4 = 2 Yes No

y = 2
x + 2 Yes No

y−x+ 1 = 0 Yes No

Exercise 16 Does the point (8,1) lie on the line y =−1
2x+ 3? Show how you arrived at

the answer.

Exercise 17 Find a pair (x,y) that satisfies the equation y =−1
2x+ 3.

Exercise 18 Does the pair you found in the previous question lie on the line
y =−1

2x+ 3? Explain.

Exercise 19 Which of the following graphs could possibly be a graph of y =−πx+
√

73?
Explain.

A B

C

Exercise 20 Given the equation y = 3x−7:

a. Evaluate y if x=−1,x= 2, and x= 5.

b. Show by graphing that the points lie in a straight line.

Exercise 21 Plot quickly the graphs of the following: x= 3 and y =−4

Exercise 22 Plot the graph of y+ 3 =−2(x+ 1). Then transform the equation to
slope-intercept form. Transform the equation to Ax + By = C form, where A, B, and C
are integers.
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Exercise 23 Find the particular equation of the line described.

a. Contains (2,−7) and (5,3).

b. Contains (−4,1) and is parallel to the graph of 2x−9y = 47.

c. Contains (3,−8) and is perpendicular to the graph of y = 0.2.x+ 11

d. Has x-intercept of 5 and y-intercept of -6.

e. Is vertical, and contains (−13,8).

f. Is horizontal, and contains (22,π).

g. Has the x-axis as its graph.

h. Has a slope that is infinitely large, and contains (5,7).

Exercise 24 Let f : R→ R and g : R→ R be functions given by the following algebraic
rule f(x) = 4x+ 5 and g(x) =−2x+ 4.

a. Is there a value of x such that f(x) = g(x)?

b. How many values of x does f(x) = g(x)?

c. What does this value of x tell us about the graphs of f and g?

Exercise 25 The following table records the prices for Horizon Organic Fat-Free Milk at
Target (1110 S 300 W).

Gallons Price
.25 $2.49
.5 $3.99
1 $6.99

For the purposes of this problem, you may round the prices to the nearest tenth, or you
can use exact values.

a. Does (Gallons,Price) lay on a line? How do you know?

b. Write the equation of the line that passes through at least two of the points given.

c. Use the equation you developed to determine the price of 10 gallons of milk.

d. If you paid $14.50 for milk, according to your linear function how many gallons of
milk did you buy?
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4.6 Summary

One of the simplest, and very useful, functions are linear functions. You’re used to seeing
them as linear equations such as this one y = 2x+ 1, although those aren’t the only linear
equations. Other examples include 2x−3y = 4 or 2(y−3) = 3(x+ 1). Each of these
equations have one thing in common: if we choose any two pairs of solutions, and find the
slope between them:

change in y coordinates
change in x coordinates = ∆y

∆x
we will inevitably get the same number! Further, each of the equations can be placed into
the following format: y = ax+ b, for some real numbers a and b, which motivates us to
give the following definition:

Definition 1 A linear function f : R→R is a function given by an algebraic rule of
the form:

f(x) = ax+ b

Here the number a represents the slope, the rate of change, of the function f . It tells us
how much the output changes when the input changes by 1.
Line through two points We know that to completely determine a line, it is enough to
know two points that lie on it. Suppose then, that a line passes through two points:
(x1,y1) and (x2,y2). We know that the slope between those two points is:

a= y2−y1
x2−x1

.

Our function, f , then has the following rule:

f(x) = y2−y1
x2−x1

x+ b,

or, if you prefer, your equation of the line is:

y = y2−y1
x2−x1

x+ b.

We still need to know b. Since both points, (x1,y1) and (x2,y2), lie on this line and belong
to the function, we can use either of them to find b by substituting the values of its
coordinates for x and y in the equation. For example, let’s use the first point:

y1 = y2−y1
x2−x1

x1 + b.

Now we have an equation in which only b is an unknown and we know how to solve those.
Line with a given slope through a given point We can similarly find an equation of
a line if we know its slope and one point that lies on it. In essence, half of the work we did
above has already been done for us. Say we know that the slope is a and a point that
belongs to the line is (x1,y1). We have y = ax+ b, we know a, so we just need to find b.
Since we know our point satisfies the equation of the line we can easily find b from the
following equation: y1 = ax1 + b.
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4.7 Student learning outcomes.

1. Students will be able to use a discrete set of data and draw an interpolating graph of
a function.

2. Students will be able to recognize linear functions from graphs, equations, tables and
verbal descriptions.

3. Given two points in the plane a students will be able to write an equation for the
line that passes through the two points.

4. Given a linear function f(x), students will be able to draw the graph of f(x).

5. Given two linear functions f(x) and g(x), students will be able to determine if the
graphs of the functions intersect.

Have you accomplished these outcomes? Use the homework exercises to ensure that you
have. Are there any questions that remain? Make sure to clarify those in class or while
collaborating with your peers.


