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§ Motivato

htgy dog then ? wnerdothg pig arde ?

① Resolutissima : The Blowp Algebras are the algebra associated to

the blowup of a variety dong a subranetg

② Macellaie : ( a mld Version of resolution of singolarità when one das not

tequire the new schema to be Smooth or regular but any CM
,
sdued by Kawasaki

③ MUltipllcttytheoty-itfahngisgrade.cl one has the definition of HE as the vectorspace dimension of can Component

One can mi mic this Using the Bbwup algebra in
'

a locd ring

④ Generalissimo : which take are of ideas and modus that are not necessaireY of finite

cdength in a free Module

⑤ studyofasymptotcpropertiesofideab-thesedgebr.se low one to study di

Powers of 2h Ideal at once or di the members of a filtratori at once
.

For in stance we can investigate the number of generators

and the regular if of all large powers

⑥ Integrale : the bbwup algebra are the environment in which integra dependance of Ideas and

Modules take place .
For in stance a question like : How Mary powers of an Ideal head to be tested in arder to

guarente that
all powers ne integra closed is a problem about Rees dgebros .



⑦ Branson - Skoda Thins
, Greg and multiple ideato

⑧ Equismgulantytheory-o.me goal is to dense criterio far analyticsets that occorri

a flat family to be "
anke " Mostofthese criteri à ore molteplicità

based which are expressed and work ed out non Rees algebras of Ideas and Module s
.

⑨ Symbolic powers and set the retici complete intersecarono
-

the

Netherlands of the symbolic Rees dgebros impkiès that a ridimensiona

prima idea is a stai

④ imgur.ofrotiondmaps.be#eenprgetve da guru

algebrico by special fber rings and Rees rings .

④ Computing clefining eqoations or syzygies of Segre products ,
Veronese embeddings, Gauss Images, tangentizi and secanti ranette

, prgeottons . . .

④ ftp.phcattonstoappliedmathematics-forinstance geometria modeling and phibgenehts

⑤
studyofsingubnhesofimagesofratondmap.si

@ ReeshKedgebrswereusedtdbprartheEsenbud-Gotcg

Mese are just sane of the motivato ns to Study Bburp Algebra



§ , Definition
R Noetherian somettmes 10cal ( Rm ) somehmesgraded

I Ideal ( if Risgrded Iis homogeneous)

00

symmetric Sym = ⑤ Symjttt
algebra Jo

-

µ
Libere t is a variabile

Reesri-ngRCI-RTIE-qotiticr.tt Prodotti ) - bbwup of
Spear) dong KI )

grae'
morphism ¥

assoaatedgrded-grt.IR/=QlIIGRI-ftfoI#,+
,

projlgr.IR/)--exceptondfber

ring e

speciale ICI ) = RING Rai Proj ( IIII ) - special Eber

¥ I is pro per

theyaredlcalled là .

-



§ zowestions

• relations between the bbwup algebra

• CM ness of blowup algebra s

a Goran Stein
, normali tg , moltiplicata

• canonica modula

• dlfmmg equatore

a bands on (bi) degree of defining equatioris

• Connection with singuianties of Images of rtionol Maps



d- din R

Forster #

thm • dimsym (E) = sup { µ Ctp) tdim Rep / pespeclr )
( Huneke - Rossi )

( Hw ) . htt > o ⇒ dim RII ) = citi

• (R ,
mi IFR ⇒ dimgr D= d

⇒ LLI ) : = dim ICI ) ed anayticsprer.ci



$3

Lineartypeche
Studies the Rees algebra via the epimorptnsm from the

symmetric algebra .
One reason to do this is that the defming

eqrtons of the symmetric algebra s are nell Known .

.

① If F is a free Module with basico ys , . . .

, yn then

( Hw) Sym (F) E R [ys . . . , yn ) is a poynom.at ring in the
variabile yi , - In

② If E is a finite D- Module we look d- a presenterà

( Hui) o → Z → F- Ry , ① . . . ④ Ryn → E → o

cydes
r

syzygy module

⇒ o → Z . Sgmlf ) → synch - RG . . . . .

, yn] → sym LEI -70
lpplyngthesymmen.ci
algebra functor to the

test Map

4
concrete) : Rm → F → E → o

⇒ sym (E) = Rtys , . . . , yn)
the converse isaisotne ,

any quohent of a pdynornial
-

ring by an - idea generica( § , . . . yn ) . G ) by linear forms in the y's

/ ,
is the symmetric algebra

( f . 9) : = L ora modula



Sina we know the defihihg lgs of the symmetric algebra ,
we also know the defning eqs of the

Reese algebra if the tuo ore e and in this cosa ne sy that the Ideal is of linear type

Definition I is of hneartype if Sym È » @ CI )

this is the best case scenario
, whendoestthappen ?

Necessayconditiin-wmchsho.ws that the linear type propertg is rather

restrittive ( R
,
m

,
k ) Icm Assume first local ,

then linear type ⇒

f- CIT = QCII ④
*
la = sym # ⑦ rk

= sym ( IGN
Computer dimension we obtan = Sym , ( km

# )

dalle µ CI )

Nena in any Noethenan ring Apply
this body at prime in VCI ) and we abbini

µ ( Ip) E dim Rp tipe VCI ) : = Go

. ! I linear type ⇒ I Goo

⑦ w ) Assume ht Iso : I is Go ⇒

ht Fitto. (E) 7ft i KJ 7 '



Low about sufficienti condition s ? at Ieee if the grate Iso linear type is equivalere to the symmetric algebra being

torsioni free over R
.
To check this it would be useful to have a resolution of the symmetric algebra . Ingeneri svdn resolution

are hard to fihd ,
howeuer a substitute is the approximatton Complex introduce d by HSV

syzygiesoft Yi N fi

o → 2- I F- Ryo . . . ⑦ Ryn → I -70

5 = Sym (F) we had drag seen

~

o → 5. Z → s → sym E) → o ⇒ sozthhs-ssymes.ro

Consideri the Kasai Complex of GT : K
. (F)

KCGT :
. . .

→ 5% Àzfii → 5 ⑦ Àztiti →
. . .

→ s ① 2h → s

with the USUZI differenti als ( this is the def of Kasai complex at BH or Eisenbvd , if you are vsed to Motors
is the

genendrathontheresntsk.ca
.)

this is a homogeneous Complex

Rma Hack
. (f) ) = Symct)

a- smoowies

This Complex is to long to satisfytteagdiatg lemma we get
ridotto rson ( haha that to jzn.kz estorsori ) by Passing to the

double del then

Erich module in the Complex is the sane as s ⑧ (2) * *
into R

If grate Izz ⇒ (ÀZÌ e Zi
not

Z is the Module of t - Cycle of sink the Kasai Complex has when grde Izz .

2h algebra striature then . is by takinj doublethe Kasai Complex of fi , . . . , fn a natural map from ÀZ 5 del this be comes

the ith Cycle an e



ne consideri this complete aree il
For

any Ideal we abbini Z - Complex the grdet is not at kata .

Z
.
i 0 → sqzZ.nl - n ) -7

. . .
→ s ① Zi ti →

. .
→

s@2fD-rsRthehanologydoeiuotohengeRml.Ho
( Z

.
) = Sym ( I ) sine Klein and zar the sama in

degree i ruolo .

The graded pieces of Z ore

Zj . : 0 → soft ① Zj →
. . . → § ,

eh ① Zi →
. . .

→ sgff) ① Z , → sjlf ) → sj (E) → o

th symmetricwith No (Lj .) a Syrnj SJCI ) power at if it sera :

FAI One considero the double complex of gvaded S - rnodules

with rouos K
.
( ys , . . . yn :S ) and Cds K

. ( fa . . . fu) gas
takmg vertice oydes one get the Z - Complex } Hui
Tak
ing

vertical homdogy one get the M
. Complex

Rma Holm ! =symra.lt#a)thesecomplexesdepend
on the chan of the gens

µ µ :
but their homdogy des mot

Prof ① I long eract sequence of homdogy

→ Hilton . ) → Hi ( Zj . ) → hi (Mj .) → Hi . . IZ, " .) →
. . . for { %?

° "

② I fori =D g. lei È § ( Il → sj ( Ita ) → o far jt - i

where dj ( a . .
. . .

. aja )
= ai dj ( ai . . .

.

cyti) is the down grading homomorphism
÷ ne

sati Sj



thus M
.
is acydic È Z

. is acydic and t is iryective

I ttw

I is of linear Type

Q : unanime ?


