Case Studies in Mathematical ModelingÐEcology, Physiology, and Cell Biology

H. G. Othmer F. R. Adler M. A. Lewis J. C. Dallon

November 26, 1996

Library of Congress Cataloging-in-Publication Data

viii + 411 p. 24 cm. Includes 179 illustrations.

Includes biographical references, author/editor index, and subject index. ISBN 0-13-??????-?

1. Mathematical modeling in ecology and evolution. 2. Mathematical modeling in physiology. 3. Mathematical modeling in cell biology. ?????.????? 1997 ???.?’????’????ś???? 97-????? CIP

Editorial/production supervision: ???? Manufacturing buyers: ???? and ????

© 1997 by H. G. Othmer, F. R. Adler, M. A. Lewis, and J. C. Dallon

Published by Prentice-Hall, Inc. A Simon & Shuster Company Englewood Cliffs, New Jersey 07632

All rights reserved. No part of this book may be reproduced, in any form or by any means, without permission in writing of the copyright holders.

Printed in the United States of America. 10 9 8 7 6 5 4 3 2 1

ISBN 0-13-??????-?

Prentice-Hall International (UK) Limited, London Prentice-Hall of Australia Pty. Limited, Sydney Prentice-Hall of Canada Inc., Toronto Prentice-Hall Hispanoamericana, S.A., Mexico Prentice-Hall of India Private Limited, New Delhi Prentice-Hall of Japan, Inc. Tokyo Simon & Schuster Asia Pte. Ltd., Singapore Editora Prentice-Hall do Brasil, Ltda., Rio de Janeiro

Contents

Preface. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v

Part I: Ecology and Evolution Frederick R. Adler . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1. You Bet Your Life: Life-History Strategies in Fluctuating Environments Stephen P. Ellner . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2. The Evolution of Species’ Niches: A Population Dynamic Perspective Robert D. Holt and Richard Gomulkiewicz . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

3. Reŕections on Models of Epidemics Triggered by the Case of Phocine Distemper Virus among Seals Odo Diekmann . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

4. Simple Representations of Biomass Dynamics in Structured Populations R. M. Nisbet, E. McCauley, W. S. C. Gurney, W. W. Murdoch, and A. M. de Roos . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

5. Ancestral Inference from DNA Sequence Data

Simon TavarÂe. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

Part II: Cell Biology Mark A. Lewis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

6. Signal Transduction and Second Messenger Systems

Hans G. Othmer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

7. The Eukaryotic Cell Cycle: Molecules, Mechanisms, and Mathematical Models John J. Tyson, Kathy Chen and Bela Novak . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

8. Mathematical Models of Hematopoietic Cell Replication and Control Michael C. Mackey . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149

9. Oscillations and Multistability in Delayed Feedback Control John Milton and Jennifer Foss . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179

10. Calcium and Membrane Potential Oscillations in Pancreatic β-Cells Arthur Sherman . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 199

Part III: Physiology Hans G. Othmer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 219

11. Mathematical Modeling of Muscle Crossbridge Mechanics Edward Pate. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 221 12. The Topology of Phase Resetting and the Entrainment of Limit Cycles Leon Glass . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 255 13. Modeling the Interaction of Cardiac Muscle with Strong Electric Fields Wanda Krassowska . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 277 14. Fluid Dynamics of the Heart and its Valves

Charles S. Peskin and David M. McQueen. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 309 15. Bioconvection

N. A. Hill. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 339 A. Age-structured Models

Frederick R. Adler . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 353 B. Qualitative Theory of Ordinary Differential Equations

Mark A. Lewis and Hans G. Othmer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 357 C. An Introduction to Partial Differential Equations

Hans G. Othmer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 381 Author/Editor Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 387 Subject Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 399 List of Contributors. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 407 Colophon . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 411

PREFACE

As its name indicates, the őeld of mathematical biology is inherently interdisciplinary. Students and researchers seeking to enter this őeld, or to broaden their knowledge, face special challenges. How does one strike an appropriate balance between learning the details of the underlying biology and the intricacies of the mathematics? Are explorers in this area beset, like Odysseus, by the twin dangers of Scylla and Charybdis? Or are they at risk of being seduced by the sirens of biological complexity and mathematical elegance?

Books that seek to introduce this őeld must guide readers along a safe path between the same dangers. This volume őnds the path not by following some pedagogical theory or by believing rumors about past shipwrecks, but by tracing the wake of successful researchers who have survived to tell the tale. Each scientist who has addressed biological questions with mathematical methods has found a different way, and this book presents this diversity. The case studies presented herein invite readers to join a researcher as he or she attacks a signiőcant biological problem from start to őnish. Each chapter combines the focus on cutting-edge research characteristic of the professional literature with the emphasis on teaching characteristic of a textbook. The authors provide a synthetic view of the biological problem, illustrating the multiple approaches attempted, and the strengths and weaknesses of each. The goal is to motivate and explain biological problems and their mathematical solution, while simultaneously exemplifying the process of developing a successful research program.

These case studies guide advanced undergraduates, beginning graduate students, and researchers along several such paths. Students who have worked to build mathematical skills will able to set sail in quest of important problems. The goal is to initiate them into both the diversity of approaches to mathematical biology and the breadth of the őeld. This book thus has two unique features, summarized as case studies in mathematical biology.

As a guide to both student and teacher, we suggest that the chapters can be read with the following general framework for modeling in mind.

1. The őrst step is to identify a biologically interesting problem which has a signiőcant aspect that requires mathematical modeling, to identify critical observations on which to base a model, and to distinguish between dependable and undependable experimental results.

2. The second step is to formulate the model conceptually, making reasoned judgments regarding which processes to include and which to exclude.

3. The next step is to convert the conceptual model into a mathematical model and estimate parameters in the model, keeping in mind differing levels of certainty regarding their values.

4. The őnal step is to analyze the model, both qualitatively and perhaps numerically, if analytical solution is impossible, and use the results to interpret the original critical observations, make new predictions and propose new experiments.

This complex process cannot be distilled into an algorithm, because it is as much art as science. As in the experimental sciences, the techniques of modeling are learned by example and by hands-on experience. This book aims to provide both.

Coverage

Powerful new techniques in molecular biology, physiology, genetics and ecology are making biology more quantitative and more uniőed. Mathematical methods are needed both to analyze increasing volumes of data, and to forge connections between data shedding light on common problems from different angles.

Due to the expanding role of mathematics as a unifying force in biology, broad coverage of the őeld of biology is essential. The topics chosen in this volume fall into three overlapping categories: ecology, cell biology, and physiology. Although the areas have their characteristic concerns, each area uses mathematics to link levels of biological organization, depends on related mathematical techniques from dynamical systems, and, more broadly, emphasizes that mechanisms which act at the cellular or molecular level manifest themselves in the functioning of the whole organism in its environment. Each of the three sections of the book begins with an introduction by the editors that elucidates speciőc themes and concerns characteristic of that section.

How to use this book

We envision three primary uses for this book: as a supplementary text to accompany a mathematical biology course, as a primary text for an intensive mathematical modeling course, and as a reference volume for researchers and students.

The mathematical level of the book is graded, becoming more advanced in the later chapters. Every chapter requires that students be familiar and comfortable with differential equations and linear algebra (short appendices outlines relevant aspects of these techniques). Partial differential equations and functional differential equations are used more and more in the later chapters, and previous background or concurrent study is necessary for full comprehension. Numerous other techniques, ranging from stochastic processes to statistics, are used by the authors as needed. Like researchers, students must realize that research is not an idealized romance, with pre-deőned problems and techniques that are łmade for each other.ž Rather, techniques must be developed and modiőed constantly, and we hope that students learn best when forced to learn the way researchers do.

These case studies are written with more concision and demands than an ordinary textbook. The chapters are thus ideally suited to serve as starting points for group or individual projects, providing sufőcient background and explanation to stand on their own, but constantly motivating students to read alternative literature and experiment with novel mathematical methods. In conjunction with an ordinary textbook, students will see how standard topics are the foundation for working mathematical biologists, but that building on that foundation requires constant imagination and ingenuity to choose and modify the appropriate method.

As a stand-alone text, the book will be most appropriate for a more advanced course, where students have a strong background in ordinary and partial differential equations that they are yearning to put to use. Such students should őnd the book to be an amiable but insistent companion, a source of new ideas, and, at times, a source of creative irritation.

Acknowledgments

During the academic year 1995ś96, the Department of Mathematics, in cooperation with the Departments of Biology, Bioengineering, Human Genetics and the Nora Eccles Harrison Cardiovascular Research and Training Institute at the University of Utah, ran a special educational program entitled łA Special Year in Mathematical Biologyž. This volume is the outcome of the lectures given during the special year. We are grateful to the lecturers, who contributed their time and energy to what proved to be a very worthwhile educational experiment, and then further agreed to record their lectures in the chapters herein.

We also gratefully acknowledge the őnancial assistance provided by the National Science Foundation, the Department of Mathematics, the College of Science, the Ofőce of the Vice President for Research, the Departments of Biology, Bioengineering, Human Genetics and the Nora Eccles Harrison Cardiovascular Research and Training Institute at the University of Utah for making the Special Year, and thus this book, possible.

A large measure of the success of the program is due to the participation of visiting graduate students and the local graduate students and postdoctoral fellows. In addition to attending the course and seminars, the local graduate students and post-doctoral fellows created a pleasant ambiance for the visiting students and faculty, and acted as informal reviewers of the chapters. We thank Pat Corneli, Barry Eagan, Daniel Grunbaum Andrew Kuharsky, łColonelž Tim Lewis, Eric Marland, Steve Parrish, Bradford Peercy, Steve Proulx, Pejman Rohani, Peter Spiro, Min Xie, Toshio Yoshikawa, and Haoyu Yu for their participation and work.

We thank Eleen Collins and Jill Heersink for their patience, skill and diligence in getting this manuscript into őnal form as promptly as they did. Without their persistent efforts throughout the numerous revisions and corrections the volume would have appeared much later. Nelson Beebe performed extraordinary service in dealing with all the technical aspects of L^ATEX, EMACS and POSTSCRIPT that arose throughout the course of preparing the book. Numerous new L^ATEX macros and awk scripts resulted from his work and will make the preparation of books via L^ATEX much easier in the future. Without their work, this book would still be a sheaf of loose paper and assorted computer őles. Thanks also to George Lobell and Rick DeLorenzo for nursing this book through at Prentice-Hall, and dealing with numerous and constant annoyances.

Finally, the editors would like to thank their wives and families for patience throughout the highs and lows of the Special Year and its editing aftermath. We dedicate this volume to them and our students.

H. G. Othmer F. R. Adler M. A. Lewis J. C. Dallon

Salt Lake City, Utah November, 1996