TAUTOLOGICAL EQUATIONS IN GENUS 2 VIA INVARIANCE THEOREM

D. ARCARA AND Y.-P. LEE

ABSTRACT. We verify the Invariance Conjectures of tautological equations [7] in genus two.
In particular, a uniform derivation of all known genus two equations is given.

0. INTRODUCTION

The purpose of this paper is to verify the genus two case of Invariance Conjectures of tauto-
logical equations proposed in [7]. In particular, applying Theorem 5 in [8] (i.e. Conjecture 1 in
[7]) and E. Getzler’s Hodge numbers calculations [4], we are able to give a uniform derivation of
all known genus two tautological equations: Mumford—Getzler’s equation, Getzler’s equation [4]
and Belorousski-Pandharipande’s equation [2]. This, combined with [5] in genus one and [1] in
genus three, shows that this method generates and proves all known tautological equations.

0.1. Tautological rings. One reference for tautological rings, which is close to the spirit of the
present paper, is R. Vakil’s survey article [10].

Let M, ., be the moduli stacks of n-pointed smooth genus g curves. They have modular com-
pactifications M, ,,, the moduli stacks of stable curves, introduced by P. Deligne, D. Mumford
and F. Knudsen. ﬂgm are proper, irreducible, smooth Deligne—-Mumford stacks. The Chow
rings A*(M,,,) over Q are isomorphic to the Chow rings of their coarse moduli spaces. The
tautological rings R*(M, ) are subrings of A*(M,.,), or subrings of H**(M,.,,) via cycle maps,
generated by some “geometric classes” which will be described below.

The first type of geometric classes are the boundary strata. ﬂg,n have natural stratification
by topological types. The second type of geometric classes are the Chern classes of tautological
vector bundles. These includes cotangent classes v;, Hodge classes A\ and k-classes x;.

To give a precise definition of the tautological rings, some natural morphisms between moduli
stacks of curves will be used. The forgetful morphisms

(1) fti : Mgns1 — Mgon
forget one of the n 4+ 1 marked points. The gluing morphisms
(2) ﬂgl)”l"l‘l x ﬂgzmz-ﬁ-l - mﬁh-‘r!]z;nﬁ-nzv ﬂg—l,n-ﬁ-? - ﬂg,m

glue two marked points to form a curve with a new node. Note that the boundary strata are
the images (of the repeated applications) of the gluing morphisms, up to factors in Q due to
automorphisms.

Definition 1. The system of tautological rings { R* (Mg, ,,) } ¢.» is the smallest system of Q-unital
subalgebra (containing classes of type one and two, and is) closed under push-forwards via the
forgetful and gluing morphisms.

The study of the tautological rings is one of the central problems in moduli of curves. The
readers are referred to [10] and references therein for many examples and motivation. Note that
the tautological rings are defined by generators and relations. Since the generators are explicitly
given, the study of tautological rings is the study of relations of tautological classes.

The second author is partially supported by NSF and AMS Centennial Fellowship.
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0.2. Invariance Conjectures. Here some ingredients in [7] and [8] will be briefly reviewed.

The strata can be conveniently presented by their (dual) graphs, which can be described as
follows. To each stable curve C' with marked points, one can associate a dual graph I'. Vertices
of I correspond to irreducible components. They are labeled by their geometric genus. Assign
an edge joining two vertices each time the two components intersect. To each marked point, one
draws an half-edge incident to the vertex, with the same label as the point. Now, the stratum
corresponding to T' is the closure of the subset of all stable curves in M, ,, which have the
same topological type as C. For each dual graph I', one can decorate the graph by assigning a
monomial, or more generally a polynomial, of ¥ to each half-edge and k classes to each vertex.
The tautological classes in R* (ﬂgm) can be represented by Q-linear combinations of decorated
graphs. Since there is no k, A-classes involved in this paper, they will be left out of discussions
below.

For typesetting reasons, it is more convenient to denote a decorated graph by another notation,
inspired by Gromov—Witten theory, called gwi. Given a decorated graph T'.

e For the vertices of I" of genus g1, g2, . . ., assign a product of “brackets” ()4, ()g, -... To
simplify the notations, () := ()o.

e Assign each half-edge a symbol 0*. The external half-edges use super-indices 0%, 9Y, .. .,
corresponding to their labeling. For each pair of half-edges coming from one and the same
edge, the same super-index will by used, denoted by Greek letters (u, v, . ...) Otherwise,
all half-edges should use different super-indices.

e For each decoration to a half-edge a by t-classes ¥, assign a subindex to the corre-
sponding half-edge 0j.

e For each a given vertex (), with m half-edges, n external half-edges, an insertion is
placed in the vertex (9F 9y, ... 908 .. .)y-

Example. Let T' be the following graph.

The corresponding gwi is:

(970YM) (97O 8 )9 (0" 1.

The key tool employed in this paper is the existence of linear operators
(3) v RF(Mg,) — RPN (MG 0), 1=1,2,..,

where the symbol e denotes the moduli of possibly disconnected curves. The existence is proved
in [8] Theorem 5, originally Invariance Conjecture 1 in [7]. t; is defined as an operation on the
decorated graphs. The output graphs have two more markings, which are denoted by i, 5. In
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terms of gwis,

(O g oo (B Y gr)

Y
1 j j i
=5 (@hs g o O g + O g Dl D)
1 - j i i j
+§(—1)l 1 (<6i/+l .. .>g/ R <8k,, .. .>g// + <6k’ .. .>g/ <6i//+l .. .>g//) + ...
=
+5 S D)0 g1 (O g
m=0
(4) 1 - m~+1/a4 i J Al
+§ (—1) <6k’ .. .>g/ - <6l_1_m6m8k,, .. .>g//_1
m=0

’”“Zaﬁ/.. (O 1-m)gOh)g'—g) | (Ofr -~ Yo + .-

_|_

N | =
—
MI

-1

1
+§<a£}t/ .. .>g/ Z m+1 Za Y72 al 1— m> 1 <6‘7 >(] _q) 5

m=0

where the notation 8% ... ((9}_,_ m)g1 (94,)4,) means that the half-edge insertions 9y ... acts on
the product of vertices (9; _,_, )4, (9,)4, by Leibniz rule. Note that (...)_1 := 0.

Remark. In terms of graphical operations, the first two lines stand for “cutting edges”; the

middle two for “genus reduction”; the last two for “splitting vertices”. These are explained in
[7].

There are three Invariance Conjectures proposed in [7]. Invariance Conjecture 1 has been
stated above. The remaining two conjectures are

Invariance Conjecture 2. If v;(E) =0 for all I, then E = 0 is a tautological equation.

Invariance Conjecture 3. Invariance Conjecture 2 will produce all tautological equations in-
ductively.

0.3. The algorithm of finding tautological equations. A general algorithm of finding the
tautological equations, based on Conjectures 2 and 3, is explained in [7] Section 2. Since these
remain conjectural, one possible alternative to the general scheme is to

e Calculate the rank of tautological ring R*(M, ) to see if there is any new equation. If
so, write this new equation as

E:Zcmrmzo.

e Apply invariance equation (3)

to obtain the coefficients c,,.

Note that t;(T) lies in Rk(/\/l _1.n+1), Whose structure is known by induction. In the case of
g = 2, one has the comfort of knowmg genus one tautological rings are completely determined
by E. Getzler [3] and in preparation.

0.4. Main results.

Theorem 1. Invariance Conjectures hold for (g,n,k) = (2,1,2),(2,2,2),(2,3,2). In particu-
lar, a uniform derivation of all known genus two tautological equations is given by invariance
condition (3).
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Remark. As explained in [7] and [8], our calculation in terms of gwis can be translated verbatim
into one for any (axiomatic) Gromov-Witten theories. Therefore, it completes (the write-up of)
a proof of Virasoro conjecture in the semisimple case and of Witten’s conjecture (on spin curves
and Gelfand—Dickey hierarchies), both up to genus two.

Acknowledgement. We wish to thank A. Bertram, E. Getzler, A. Givental, R. Pandharipande,
and R. Vakil for many useful discussions. The final stage of this work was done during the
second author’s visit to NCTS, whose hospitality is greatly appreciated.

1. MUMFORD-GETZLER’S EQUATION IN My ;

In all calculations below, we will employ the “gwi” notations for decorated graphs. It is
explained in [7] that gwis are equivalent to the decorated graphs, or a tautological class. The
notations are obviously inspired by Gromov—Witten invariants.

1.1. Tautological classes of R*(Ma ). There are 8 boundary strata of codimension < 2 in
HZl? 1 stratum in codimension 0, 2 strata in codimension 1, and 5 strata in codimension 2.
If we insert ¢ classes, the 2 boundary strata in codimension 1 produce 5 different tautological
elements in codimension 2. Note that the k-classes can be expressed in terms of boundary and
1-classes in genus two. So the only decoration one would need is the i-classes.

Here is a list of all the 11 strata with 1 classes in codimension 2:

(03)2, (0701'0")1, (070" 0")1, (0701)1(0")1, (070")1(01 )1, (970")1(0")1,
(0")1(07 010" 0"), (979")1(9"0" "), (9"9")1(0"9"0"), (9M)1(9")1(0"0"D"),
(7O "9 D).

The 5 strata with i-classes can be written in terms of the 5 strata without -classes using
TRR’s, and therefore we only have 6 terms which could be independent. A general element can
be written as

E =c1(02)5 + c2(0)1(9%9HV ") + c5(D7 1)1 (915 ")
4 (0"87)1{079RO”) + ¢5(0M)1(8”)1(DTDHD”) + 6 (DO DHD* ).

1.2. Calculating t1(E). Throughout this paper, the labelings i, j are assumed to be symmetrized
for 1 odd, and anti-symmetrized for l even.

@5 = SNV V) — (0O )
—iwﬂca#auxaiaﬂ‘a#aw - 2—14<aﬂ‘>1<afa#a”><aia#a”>
(0P, (7D 2—Z<al‘a~au><awaﬂ‘a”m>+<aj>1<aiaua”><awauaV>
OB (70150 — (015700 ()
(070" (107 <a#>1<aiama#><aﬂ'a”a">+2—Z<aiaza#a#><aﬂ'ava'/>
—%@iaﬂ‘aza#xaﬂauaw ()1 (O (940 )
OGO e 2PN (D)D) + (900 (7 )
(OB GO — ()0 (70

(0)1(0")1(0%0"0")  — 0")1(0'0"0") (0707 9") — (9")1(0" 9" 9" )(9" 9" 0")

1
3¢
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(DO DY) > A(DIDOVN DTNV — 2(DI IO MY (970" )

1.3. Setting t;(F) = 0. Now we will pick a basis, and set its coordinates to zero.

o 1
(5) (0")1(0TO"O") (D' D OV - 50 +2¢4 —c5 = 0.
(6) (0M)1 (D50 00907 0”) ©  —cp + o3 + %% ~0.
(7) (7)1 (9907 (907 ") - —21—401 +es—cs—cs=0.
(8) OOV DY . eyt 5 — 2 = 0.
24 24
The remaining terms are related to each via WDVV as follows:
(0%9' DT 9M) (9" 0" ¥
=(0%0"9"0") (901" + 2(00" 9" ) (D' 91DV — 2(0 DO (DT 91DV DY),
(07901 ) (DT 91 DY)

=(0T" ") (D' DI D) + (9 OPO” Y (O MDY — (07D OM) (D 91 D¥ DY),

Therefore, among the 5 vectors, only 3 of them are linearly independent.

o 1 1 1
9) (70" 0n ) (' DI0) : —er — Se2 — sea s = 0.
o 1 1
(10) <618“6”)<618J8“6”) : —ﬂcl - 564 —c3 + 4cg = 0.
) . 1
(11) (070009010 0") : 5+ s —des =0,

The system of equations (5), (6), (7), (8), (9), (10), and (11) has a unique solution (up to
scaling)

__13 - __r __T __ b

Co2 = 24001; C3 = 24001; Cq4 = 10017 C5 = 10615 Ce = 96061
We therefore obtain that, if we let ¢y = —1,
13 1

_ /AT “ T AU Y AU\ T LAY Qv

(0302 + 555(0%)1(0%0"0"0") — 575 (970%)1(0"0"0")

1 7 1

YI~Y% T Qv 1L v T A QU T U LY AV —

—|——1O<3 0")1(0%0"0 >+—10<3 Y1(0")1 (0% 0" >—|——960<8 oror9v oYy =0,

which is Mumford—Getzler’s equation.

1.4. Checking t2(E) = 0. Let us now calculate to(E).
1
576
(O*O*V) (0% D" )1 — ;—4<8j8“6“><8i60‘6”)<8180‘8”> - 2—14<8j618“)<6i8”6”)<60‘80‘8“)

(02)g — ——— (D' O"O") (9 0°07)(9° D ")

(OH0")1 (0" OHD") — —i<8j8”8“><8i80‘80‘)<818”8“)
(0TI OV v — (DT DM M) (D" ) (D" D) — (87 O*O) (D' 0*D")(9*0“D").
The other graphs all have v (") = 0.
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Therefore, t2(E) = 0 as
1 1 1 1

— ) — g —cg = 0.
5761 T T g T g%

2. GETZLER'S EQUATION IN Ma o

2.1. Tautological classes in ﬂgg of codimension 2. A general linear combination of codi-
mension 2 tautological classes in M3 5 is, after removing the linearly dependent classes from the
induced equations (TRR’s and Mumford-Getzler’s),

E =c1 (07075 + c3(0")3 (" YO") + 387V DH¥ 8" + c4 (9" 9MO" ) (9T OV DY)
+e5 DTV N(DY ), + c6(DTIIHIY YYD ) + 7 (VDM IHYY (DT,
+eg (DR DYWOTYOY )1 + co(BTOMDY )1 (DYOMDY) + c10(DY O DY), (DO D")
+e11{010”) 1 (BTYDYY + c12(D"0”)1(DTYDMY (DY) 1 + c13(DTDYD"Y ) (D)1 (DY )1
+e14 (070" VWY1 (0YD” )1 + €15(DYOPD” ) (01 (970 1.

2.2. Setting t;(E) = 0. The routine calculation of t;(F) is omitted. Again, a basis will be
chosen and the components set to zero.

(12) (070 (VDD Y O DO - 7 — s — co = 0.

(13) (Y07, (7YY (O PO« g — s — 10 = .

(14) (07O VDN D D) —cr+ s+ icm ~0.

(15) () (07N P D) - o+ o5+ ren =0,

(16) (0101 (070} (049°0") - —grer — s =0,

(17) (DO (PO (D) . —eq+ icu 0.

(18) (091(0")1(9"0YD) (VDI OM) :  —2¢1 — co 4+ 2¢13 — 14 — €15 = 0.

(19) (010”)1 (97 0V 1 (9 91 1—10@ b st ea—en = 0.

(20) (0" (D)D" OV D) —c1 — 2ers + 14 + x5 = 0.

(21) (09, (8")1 (7 0V 1) (99 9 1—70@ 1o — e15 = 0.

(22) (ORI (TN O)1 o+ a — 5 + 13 = 0.
240 24

(23) (00704 (0PN —grer — s+ oo+ 2—14015 0.

(24) (DOYO MY (D) (81 —%cl o5+ o + 2—14014 ~0.

(25) (DO OTD YY1 —cs+ s+ %Clg 0.

(26) (O VINDI OO D”) :  ——cy— 5+ g = 0.

960 24
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. . 1 1 1
T i QL Y Y Qv v\ . _ _ _ =
(27) (0°0'0" ) (Y90} s — =1 — 205 + 50+ rer = 0.
) . 1 1
T QY L QYU Y ] AV AV . _ - JR— =
(28) (07 010'0" ) (0707 9") : ~2e5 4 ges + s = 0.

The 7 vectors
(0% M) (OYOH* DY 0" ) (97 )1, (%DM D) (DY )(D7 )1, (9TBYO*) (D' O D" D) (D)1,
(0799 0"9")(0" 0"V V(D7) 1, (DTDYD'OM) (MDY OV ) (D91, (OFOMDV)(DYD' 0" D) (D),
(0T ) (DY D'V ) (D7),
are related by WDVV equations. There are 4 independent vectors.

(29) <8I616*‘><8y8“8”6”)<6])1 : —%Cl —c7+ 265 — C11 — Cg = 0.
(30) <61816*‘8”><8y6*‘8”><8]>1 : —11—201 —c9g+ 2¢c5 — c11 + c19 — 2¢6 = 0.
. . 1 1
(31) <8m8y6“>(816“8”8”><8j)1 : _ﬂCQ —Cc4 —C5+ ﬂclg +c11 —ci9+cg = 0.
(32) (O DV DY (DD WD)y : —cs — 1o+ c6 = 0.

All of the other remaining terms are related to each other via WDVV, TRR’s and Getzler’s
genus one equation. After applying the above equations, one can write them in terms of a basis.

(33)  (9%9'0M) (9D OVV(O1D")1 : c1 + co + 20cq — 24cs + 24cr + 29 + 26¢10 — 2¢11 = 0.

.y 1 1
(34) (89”87’8@(81838”)(8“8”}1 : c1 + 562 + 1204 - 1205 + 1267 + 12610 — 5612 =0.
(35) <6“816“>(838“6”)<618”>1 : —C1 — %CQ — 1004 + 1265 — 1207 + 269 — 12010 — 3615 =0.

(36) (079 0" (DT 0" )(0YD¥ )1 :  —c1 — %cz —10¢4 + 12¢5 — 12¢7 — 10¢19 — %014 =0.
(37) (9%9YO"Y(D'OF IV DI, :  —dey — 2¢0 — 20¢4 + 24¢s — 24¢y — 2¢9 — 26¢10 + 2¢11 = 0.

(38) <61816”><8y636“8”><8”>1 : —3c1—c2—8cq+12¢5 —12¢7 + 2¢9 — 10c19 — %Clg —c13 =0.

o 3 1 1
(39) <6y81638“>(8m6“8”><8”>1 : 501-1—562-}-1064—12C5+1207—209+12010+013— 5614 =0.

(40) (090100790 ) (81 - —gcl - %CQ 24 + 200 %cu - %cw ~0.

(41) <818y818”><838“8”><8”>1 . C1 + (6] + 864 — 1205 + 1267 + 12610 + 2611 + 5012 — C13 = 0.

o 1 5 5
TG N ORI Yy - — e — Ly =

(42) (0"0Y" M) (D' D’ D) 5762 T 5é — zu 0.
(43) (070"0" 0") (01 0YDI ") —lcl — iCQ + 4es — §C4 —c7 —c1o+ i011 =0.

8 24 6 12

o 1 1 5 1 1 1
(44) (079" 0" 9")(0"9Y0" ) T91 T 2 T g% +c5 — 56— 5T T R = 0.
) . 1 1

(45) (0%9°0") (0" 0YD7 0" 9") :  ——=a1 c2 — ic4 - EC10 =0.

16 © 48 12 12



8 D. ARCARA AND Y.-P. LEE

(46) <6y818“><8“8z(9]8”8”> : _45_861 - 1—1602 - 264 +c5 —c7 + %Cg — %CIO - 1—12011 =0.
(47) (896”8@(8“89061636”) : iCl + iCg + §C4 —c5+c7 — 1Cg + 1610 + i611 =0.
24 24 6 2 2 12
(48) <8i8”8“><6“8x898j8”) : iCl + i02 +4ec3 + §C4 —2c5+c7r+cio+ i011 =0.
12 12 3 12
(49) <6”8”8“)<6“8x6y81(9]> : —21—401 - 2—1402 - 264 +c5 — %07 — %Cg — %CIO - 1—12011 =0.
Solving equations (12)-(49), we can write all of the coefficients in terms of ¢;:
1 1 23 1 1
c2 = —3c1, 3= TETGCL €47 55C 65 = T5 50 G6 = T2, 7 = — gl
1 1 1 7 4
Cg = @017 Cg = —%Cl, C10 = —%Cl, C11 = —%Cl, C12 = 5017
13 4 4
C13 = —Ecl, C14 = —301, C15 = —561

and these are the coefficients of Getzler’s equation in Hgg.

2.3. Checking to(E) = 0. Again, one has to pick a basis and check all components vanish.

<6”)1(8@%%(6%"8@(8”8“8% : 21—062 +cq4—c5 —cg+ icm =0.
1
115202—034-%04—%08—0.

; ; 1 1
J 9T QY @ v LA Qo 9o\ e _ _ —
(0797 0) (90" 9") (040" 9°0%) = s — 25+ T3¢a = 0,
; i 1 1 1
<83>1<8””8y8“><818“8”><8”80‘80‘> : —Ecl - ﬂCQ —Cq4+C5 —Cg —C9g — Ci0+ ﬂclg =0.
; ; 1 1 1 1 1
(001(07070" (0" " )90 0%) : g1+ grea—ea—cs e+ grein + greu + gres =0.

()00 (0 0°) (070 0%) -~ — s + s + o+ 515 = 0,

<5“>1<3j3w8“><8i6”6a)<8y8”8a> : —%Cl —C5 +Cg + Co + 2—14014 =0.

, , 1 1 1 1
J 9T QL QI 7 QU Qo Y QU 9o\ . R — =
(079701 0)(90"0°) (010" 9%) : — =1 — 205 + 5rco + s+ 5rce = 0.

) ) 1 1 1 1
J AY AL A 7 QY Q& T QU .
(B QYOH OV (D' DY D) (DT DY DY) - ——57601 —2c3 + 21 C7+—24Cg+—24010 =

(797 0Y) (8" """ ) (90" D) -

The 7 vectors
(0"0MOMDV) (0T QYO ) (D7 9V0%Y, (9T OH DY OV YD OYOH) (07 O DY),
(0YOH D OV ) (D' O" M) (7 0™ 0™), (0% 0V MO ) (9 0" ¥ ) (97 0*D™),
(0'0" Y O™ (MDY OV (7 0™ 0™), (0"d" 9V (DY OH ¥ ) (D7 D*D™),
(0'0Y 9" 9" ) (97O (D7 9™ ™)
are related by WDVV equations. 4 of them are linear independent.
(P OH ") (0% DYO¥ ) (D7 9™ D*) - Lcl + LCQ —2c3 + ng + iq; + iclo =0.

288 ' " 576 1297247 g
_ . 1 1 1
T QU QY Qv T OY QL J QO QN . i _ _ —
(00"0" ") (9'0V0") (7 9°0%) = g — 5res — 5700 = 0.
_ . 1 1 1
(YO0 0" Y (D O MWD 90%) 1 —c7 — —cg — — 10 = 0.

24 24 24

. ) 1 1 1 1 1
T Oy G AV @ L QY J A YO\ . _ _ — — — =
(%YM )(0" OOV ) (DT 9% 0% : 535! 463+608+2409+24010+24011 0.
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All of the remaining strata are related by WDVV equations. Only 3 of them are linearly
independent.

(=0T ") (DY DOV Y (B D) :  —Acs — gc4 +es+ %CQ + %010 - %CH —0.

(9701 9° ") (91D 0” ) (8¥ ¥ D°) : —%@ - %CQ — 0.

(Y1 9°0") (0" 00" (0" 9" ™) : —204 — %CIO =0.
Therefore, to(EF) = 0.

2.4. Calculating t3(E). Since [ = 3 case is new, the calculation is presented.

(070 )2 —

_i<ayayag><azaaau><80¢8U81><8#8[585> _ 21_4<ayaya#><amaaaj><8aavai><aﬂaﬁaﬁ>
g (070001 (001 (07000 (0001 — (@0 (0% 01 0700 ) (0040
OO OV 00 (%00 0) — {0 (90 0070 (00 )

+4ig<aaayaﬁ><66616H><a“3j(9u><3”8i80‘> + 4i8<ama“aa><3”ayaﬁ><363“8j><8”aiaa>

+4ig<awauaa><a~aﬂ’au><aaayaﬁ><aﬁa”ai> + 41—8<aaayaﬁ><aﬁaﬂ‘au><awauaa><aﬂauai>
L
48
1 : ; 1
_= AY HH H nHT Y v 9t 9o 7 9B 9B _—
575 (07010%)(91070") (9" 0" 0°) (" 970°) + —

+%<afa#a"><a#aia"><ayaaaﬁ><aaaﬂ'aﬁ>

+—— (7970 (0“0 DP) (0P I" ") (019" ') + j—8<ajavaa><awauaa><aiayaﬁ><aﬁauau>

(90 D%) (DY O*I™) (0*9¥ §') (87 9P 9P)

(07)2(070"0") —

— e (010701 (0°0°0°) (0101 0) 07010} + 5o (01010 (0°0° 0" (070" 0 (070 )

(IO (00910 (01 00 (97 0V0¥) — (010" 97 (07007 (09" ) (97 90
+%<8ﬂaﬁaa><8ﬁaﬂ‘a”><8"aiaa><8mayaﬂ> + %@j 0" 0%) (010 9°)(0° 0" ") (0" 0¥ ")

L (010" 0°) (0" 0%) (9 0°0°) (97 00

(07 0Y 01910 ) v

+4(0'0V 9P (9P 010V ) (01D DI) (0“0 DY) — 2(0'0*) (0P O*) (DP9 DY) (5 0¥ 9"
—4(0'9%0" ) (9*DP M) (9P DY) (87 9" ) — 4(9'VDV ) (9*DP M) (9P d" ") (87 DY D)
—4(0°9%0" (02 0P M) (8P DY) (97 0 ") — (D D*D¥)(D“DP " ) (9P ™) (DT 9 DY)
+4(D OHO*) (D™D (DT 9 DPY(DP 1D ) + 2(9'9" D) (9™ 9" O ) (51 0¥ DP) (9P 9 ")
+4(0'0V 0°) (0% 0") (D7 9" D) (9P 9V M)
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(91O1DV) 1 (D%DY D)
+%<aiavaﬁ><aﬁaﬂaﬂ‘><aﬂaaaa><awayau> + 2—14<aiaﬂaﬁ><aﬁauaﬂ><auaaaa><awayaﬂ’>
— (D00 ) (DDP M) (DP DI OM) (DT DY DY) + %<aiaﬁau><ajaaa"><aaaﬁa~><awayaV>
+%<aiaﬁau><aﬂ‘aaau><aaaﬁa~><awayaV> - 11—2<aiaaaﬂ><aaaﬁaﬁ><ajaua"><awaya">
—%wiaaaw<aaaﬁaﬁ><aﬂ‘a~au><awayau> + 2—14<aiaaaa><aﬂ‘aﬁa”><aﬁauau><awayaw
(91O ) (DT DYDY ),
+21—4<aﬂauaj><aiayaﬁ><aﬁavaw><a”aaaa> — (019"0") (090" (09" V) (9" 9 &)
+%<a~a~ay><aiaﬁay><aﬂ‘aaau><aaaﬁaw> + %<aﬂaﬂaV><aiaﬁaV><aﬂ‘aaay><aaaﬁaw>

ILOP VN D")(9*DP PV (DT 9V DY) — — (9*OD¥)(D'9*DY)(D*DPD°) (57 57D

1
21
BHO"D)(919° 9 )(9° 9P 9% (9T 7Y + i<a#a#au><3iaaaa><aﬂ‘aﬁau><aﬁ3ray>

1

_ﬂ<

1

_ﬂ<
<awaHaU>l<ayauau> s

45 (010707) {00107 (0% 0°) (V0 0") — (9°0°) (01 0°01) (000 o) (0¥

+%<aiaﬁaﬂ><ajaaa"><aaaﬁaf><aya#a'f>+ (910°8")(579°0M) (9° P57 (¥ 98" )

N =

—i<aiaaaz><aaaﬁaﬁ><aﬂ‘a#au><aya#au> - 1—12<aiaaaﬂ><aaaﬁaﬁ><ajaza'/><aya#a'f>

+i<aiaaaa><aﬂ‘avaﬁ><aﬁafa#><aya#a”>

(V010" (07 040"
+%<3i8'/85><‘9ﬁ DROYY (9RO 0% (DI O”) — (9100”) (97 0P D) (9751 9 (9 9 ")
+%<az‘aﬁau> (37 9° )90 V) (D" I") + %<3iaﬁau> (@90°9M) (9P Y) (9" 90"

D'0%9Y) (0P DPY (DT OH VYD OH DY) — — (D' D*") (0P HP) (D7 §Yd¥) (DT O D)

1 1
A iz
+21—4<aiaaaa><aﬂ‘a”aﬁ><aﬁayau><awauau>

The other graphs all have t3(T") = 0.

2.5. Checking t3(E) = 0. Now the v3(F) has only a few independent strata.

- 1 1 1 1 1
<313“8‘u> . @Cl + %02 — 2C3 + Ecg + ﬂcg + ﬂ610 = 0
; 1 1
AT QY\ . _ - o _
<66 0 > : 115202 C3+24C4 2408 0.
i )T v v j a a a3 a0 1 1 1 1
(0"0TO*Y(O* OV VY (DT OYON(OYO7OP) 1 ———c1 4+ 2¢3 — —c3 cg — —ci0 = 0.

576 12° 24 24
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The remaining strata, which are all equivalent as codimension 4 classes in M 4, have coefficient

1 Lo,
g T 2T

3. THE BELOROUSSKI-PANDHARIPANDE EQUATION IN Ms 3

3.1. Strata in ﬂg,;; of codimension 2. Throughout this section, we will always assume that
the three external labelings x,y, z are symmetrized.

Using Mumford—Getzler’s and Getzler’s equations for genus 2, all genus 2 terms with more
than one descendent can be rewritten in terms of the others. Also, using TRR’s, all genus 0 or
1 terms with a descendent can be rewritten in terms of the others. We are therefore left with 21
strata which could be independent. !

A general linear combination is

E= Z c1(OTOHDVY (O DYD*) (DY )2 + c2(0TOYO*OM) (0 )2 + c3(OT OH)2 (O DY)
S3(z,y,2)

+¢4(0%01)2(O* DY O%) + ¢5(00YD*OH DY) (0" )1 (0" 1
+c(0T0YO* V) (01)1(0" 0%)1 + c7(0TO" D) (0")1 (0¥ 0YO*)1
+cg(070*)1 (0 DYDY YD O%)1 + cg(0T YO OM) (0" D)1 (0" )1
+c10{0% )1 (01 0V)1 (0" 0YO®) + 11 (0" )1 (00" D)1 (0¥ OV O?)
+¢12(0%0YO*O* O 0" (0" )1 + c13(0TDYVO* O DY) (0" 0% )1
+¢14(07O* OV ) (0" DYV O*)1 + c15(0TOYI*OM )1 (0" DV DY)
+c16(0T0YOFOH OV V(O OV )1 + c17(OTOYOH ") (OH 0V 07 )1
+c18(0% 1Y) (OH OV OYD? )1 + c19(OTDVO*OH) (OH D" O )1
+c20(0%YOH) (OHOV OV D)1 + €21 (0¥ OV O*OHOHDV V) = 0,

3.2. Setting v1(E) = 0. Again a basis is chosen for the output graphs of t;(E), and the coeffi-

cients are set to zero.

(50) (D% 9" D7) (OFYD*)(Di)g 1+ ca = 0.

(51) (070Y D7) (070" DT)(0")g : =3y +3cs + ¢4 = 0.

(52) (070Y0")1(07070") (0"9"0") :  c14 — 3e1s — 13 = 0.

(53) (B%9YOM), (8700 (D197 9" ) : iw —c14 +c15 + 15 + 15 = 0.
. . 1 1

(54) (0%0°0")1 (010" 0" )(0Y0%0) - 309 T Za0% 3c15 = 0.

(55) (B8 0")1 (DY D20V (D1 8V D) : —ca0 + %cn =0.

(56) <818“8”>1<818“8l’><8y8283> : %Cg + 1—1004 — C17 + C20 + C20 = 0.

(57) (870191 (070" 9V 97 &) - %% — 15 = 0.

(58) (D7OFOM) (DY VOV 77 : cr9 — a9 = 0.

(59) (019" 0" )1 (%' MDY D) - —%Cg — 2¢19 — €19 + 20 = 0.

1We rewrote the strata here in the same order as in the Belorousski-Pandharipande equation, with the extra
strata (0*9Y9*OHOH " 9", which does not appear in the equation, at the end.
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(60) (07011 {(0")1 (Y D2D" ) (DY DI :  —cy + g — 2¢7 + c10 — 11 = O.
. } 4 7
(61) (070" (9)1(0'0" 0" )OO+ zest gea— o+ can+enn = 0,
(62) (070M)1 (9" DYO) (D)1 (8V 077) :  —2¢6 + v + 7 + 2es = 0.
(63) (87011 (0" )1 (8% "DV ) (0¥ D7 D7) - §03 — 7 =0.
(64) (816“>1<6“816U><8”)1<8”8Z63) : —c3+ g —C11 = 0.
(65) (D' "Y1 (0")1(070Y ") (9" 077+ cg — 11 = 0.
(66) (8“6”)1<6“>1<8m616”)<6”(9z63) : —203 — 269 —Cg +C11 = 0.
(67) <8“8">1(818“8”><8x8y<9z8]> Sy 1—1002 — C16 + C19 + C19 = 0.
(68) (D', (819" ") (0" 0V D7) - ,—ﬁcz —c15 = 0.
(69) <513">1<8i8”8”8”><8y826j> : i03 + £C4 + iClo —ci13+c20=0.
48 240 24
(70) (079, (8")1(01 040" ) (97 0Y 0707 %CQ "
; ; 13 1
(71) (01)1(0'0"0" 0" )"0V ) = Fiper + greo — cra + ag = 0.
(72) (B%9Y ') (07 9 09" 0¥ ) - Lo Lt L 430 =0,
576 960 24
(73) (81" (87 0" 9V 0¥ ) - icm + 2—14c15 + 2¢91 = 0.
(74) (07 0Y0*0') (DT 91" D" D) - 9—25002 + icm + o1 =0.
(75) (00" (D7 0¥ 9707 9" iclg + 2—14014 + 6cg1 = 0.

The coefficients of the Belorousski-Pandharipande equation are the only solution of the equa-
tions (50)-(75).

3.3. Checking to(F) = 0. Since the whole output graphs are far too numerous, we shall present
the the coefficients of the following four (disconnected) graphs are zero:

(0°0%)1 (97 0YOM) (0" 970" ) (9" 0*0%), (8'0M)1 (9" D" DY) (D’ O7 0¥ ) (DY O*D™)
(010")1(9'0M ") (87 0" 0*) (0¥ D7), (901 (0" DY) (D7 O7 0¥ ) (DY 0*D™)
In the following, the graphs I' appearing in BP equation such that vo(I") contain any of the
above four graphs will be listed.

)
)

(900" ) (910 9*) (9" )3 — 1—10<a#a'/>1<aia#a"><ajafaa><aaayaZ> T
(B0 (918 D?) 2—14<aiaﬂ>1<auaway><aﬂ‘azau><auaaaa> T

(9705 (DY D7) 1 2—14<aiar>1<aﬂ'aya#><a#azau><auaaaa> T
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1 . _
(070)1(0079") (0¥ 0% )1 1= — 35 (0701 (99 0") (9 9°0¥) (890"} + ..

(00M)1 (98" )1 (0" DV D7)

—21—4<aiaf>1<ajaya#><a#aza'f><avaaaa> - %wia@l<a#azay><ajaza'f><avaaaa> +o

(%Y DY)V 07)1
—(0'0%)1 (D7 OY M) (9" 07V ) (0 D*D*) + 2(0% )1 (0" D DY) (D7 970 ) (DY D O™) + . ..
(O%DYD*OM)1 (01 DV 0")
—6(0%0")1 (01 D'9Y) (87 07 9¥) (0¥ DO + 3(0'0")1 (07 BV O") (9* D7DV ) (DY D*O) + . ..
(0T D7) (OF DV )1 = (OMDY)1(D'0" ") (DT O O*) (0“OYD?) + . ..
(0%OHF"Y(OHOYDYD?)1 —
2(0'0%)1 (07 9YOM) (0" D7 D”) (9" DD™) — 2(0" M), (0" D'DY) (D7 7 D¥ ) (0¥ D O™) + . ..
(OTYOH)(OHD" DY 07)1
—2(019")1 (D' OH OV (DT DT D)V (Y DYD?) 4 (D'0%)1 (8 Y O*) (997" ) (¥ D O™)
+(0°0")1 (01 0% DY) (7 970" ) (8" 0V O*) + ...
Checking the coefficients:

(0°0%)1 (07 0Y ) (0197 0¥ ) (9" 0*O™) ia; - 21—4010 — c13 + 3¢15 + 2¢18 + 20 = 0.
(001 (0197 (D7 070" ) (9" 0*O™) i@, - iCm +c20 = 0.
(0H9")1 (D" 0" ") (D7 0" 0*) (0 0Y D7) 1—10010 + ci6 — 2c90 = 0.
(070")1 (0" 0'0Y) (97 070" ) (9" 0*O™) —1—1208 + 2¢13 — 6¢15 — 2¢15 = 0.

3.4. Checking t3(EF) = 0. In the same spirit as the case [ = 2, only the following four discon-
nected output graphs will be presented here.

(9% 0Y97 D) (7 % O") (9" 99" ) (0" DPDP), (9%)1 (DTY M) (91 D7V ) (9" §'9“) (0~ DPDP),
(D10 OHOM) (Y DDV Y(D” DTN (0*0PDPY,  (9")1(9"D'D) (DY D" (D" & D) (0*DP ).

(DO (D" DY) (D ) — _i@m<awa~au><aﬂayaZ><6iaaau><aaaﬁaﬁ> + ...
(07007 O*) (91" )g v

—ﬁ<awayazaﬂ‘><aiaaaﬂ><aaaﬁaﬁ><aﬂauau> +

(00" ("0 D?) —

L

560 (9%0YO* D) (D 00" ) (DDP V) (9P OFOM) + . ..

—i(@jh<awa~aﬁ><aﬁaiay><avaaaa><aﬂayaZ> - §<aﬂ‘>1<aia"a~><aaawaﬁ><aﬁauaa><aﬂayaz’>

—i@ﬂﬂavaﬂ‘)(avh (@' 0")(0*0°9")(0" 040" — %<ara"a"aj><aiaaa#><aaaﬁaﬁ><a#ay32> +...
(070})2(0"0Y D7)

—i@m<a#azaﬁ><aﬁaia'/><avaaaa><a#ay32> - iwm<aia"af><aaa#aﬁ><aﬁauaa><a#ay32>

+i<a#>1<a#aiaz><avaﬁaa><aﬁaﬂ‘aa><avayaZ> + %<aia#a#az><avaﬁaa><aﬁaﬂ‘aa><avay32> T
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1 o
(90" ") (OM)1 (0" DY D?) 1 — ﬂ<a#>1<a#a”ﬂaﬂ><a%9zaa><aaauay><a"aﬁaﬁ> +...

(0")1(0" 070" )1 (0" 0407 —
21—4<aj>1 (0'0" 0" (0" 00" ) (0°0°0") (0" 9V O7) — 2—14<au>1<aﬂ‘awau><aiaaay><aaaﬁaﬁ><auayaZ> +..
(07 0Y 070" 010" ) (0" )1
(07)1(0"010") (070 0" )(0*0°9%) (9P 9" ) — 3(9")1 (07 9 0M) (9" 09” ) (9°°9)(0° 0¥ %) + ...
(90" "0V (D¥ Y D?), — i<ajafa#a#><aiaza'f><avaaay><aaaﬁaﬁ> +...

(070Y0%0")1 (010" 0") —
—i<awayazaﬂ‘><aiaaau><aaaﬁaﬁ><aﬂayay> —(97)1 (D' 0")(0*DP D7) (9P Y (91 d¥ §")
+3(0)1(00'0") (070 0*)(0° 0¥ 9% ) (00" 9"} + %<aiawaﬂau><aﬂ‘aﬁaa><aﬁay62><aaauau> +...

(07010} (0" D 9V O7)y
—(07)1(070" ") (9"0°07) (9% 07 9¥) (079 D") + 2(0")1 (0" 9¥) (9" 09" ) (&) 97 9%) (979 0"
+%<aiayauaﬂ><awaaaV><ajaﬁaZ><aﬁaaaV> +...
(070Y070M)(0"0" ")y i<afayazaﬂ'><aiava#><a#aaa”><aaaﬁaﬁ> +..
(070Y0") (0" 0" 0" 0%)y —
—i<afaya#><aiaaa#><aaaﬁaﬁ><aﬂ'avavaZ> — (07 0Y0")(7)1(0'00%) (09" 0") (0" 0" ")
+(0M)1(0"0'07) (7 9% 0" ) (070" ) (0" YD) + 2—14<aiaza#a#><aﬂ'aﬁa'/><aﬁavaa><azayaa> +..

Checking the coefficients:

o 1 1
T Y 9z 9 J aa gu oo Qv v aB 98\ . _ _ —
(07 0V 070N 500" 0°0")(9°9%0) : Tea — Szers + 5reio = 0.
. ) 1
(0)1(0%0vam) (9107 0")(9"0'0) (99" 0°) - — 5 T [T [T g e ez Cis—cis—ez0 = 0.
. . 1 1 1 1 1
i AT YL YL Yy 9z QU v 9j Ao aqB 98\ . o _— i _ — =
(070" 0") (07 9%0") (0" D 0°)(90%0) e+ z==ea + grenn + 15 + 1318 = 0.
<3M>1<auaiaz><ayazau><auajaa><aaaﬁaﬁ> . —i63—|—i64—|—i07—LC11—3012+3015—|—2618—|—620 =0.

24 24 24 24

3.5. Checking t4(F) = 0. Since [ = 4 case is new, the calculation is presented.

(070"} (0" VD7) (D)o —

—ﬁ<afa#aj><a#ay32><aiaﬁa'f><aﬁmm><a”aaaa>

+% <8m8“8j> (8*‘8@‘82> <aiaﬁaa> <aﬁa’yaa> <878V8v>
o (0700 (00 0°) (97070 (070 07 0% 0°)
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(D701, <a#ayaZ>

- 1920 (0'9"0°)(9°0°9")(9°07 97 (9" 0" ") (97 8" &%)

+%<awaﬂau><azavaa><aaaﬁaﬂ><aﬁavm><aﬂavaf~'>

+%<aZaVaa><aaaﬁaV><aﬁma~><awaﬂ><aﬂavaf~'>

57 - L aranany 000709y (99 9707) (&0 ¥ ¥ (0" 9V )

57 - L aiasom @ ama%)(00%07) (& ¥ ¥ (9" 8V )

+%<aiaﬁa#><aﬁavm><afaaa'/><aaaﬂ'a"><a#ay32>

(9701, <auayaZ>

- 5760 (@07 0°)(0°0° ) (0% 07 &) (90" 0" (6997

+%<alazaa><aaaﬁau><aﬁma'f><ma#a#><aﬂayaZ>

+%<aﬂaraa><aaazaﬁ><aﬁmm><aﬂauau><a#ay32>

57 - L oiasomy o7 onamy 00007y (@0 v ) (0" 9v )

+— L oiaomy a8 anamy onanovy (0% 0 (0mav o)
(9°0Y9* "), (91D ¥ —
+i4<aiaaaV><avaﬁaa><aﬁma’~'><maway><aﬂ‘aﬂaﬂ>
—Z(910v™)(9°8P 0% ) (9P 87 7 ) (87 92 9) (90" B

—Z(9'0"9*) (9% (DP 7 97) (DT 9V 7 (010" 8

ool»—loolr—loo — Do

+-(010P0%) (92077 ) (87 90 0%V 97 ) (9" " D"

(910 9M)(9°07 D7) (87 9“7 ) (98" V) (910" 8"

SENe

57007070707 (070" 0v) (97 00 (9" 0" ")

(O OPO" ) (910" YD), —

—i<aza#a'f><aia"aa><aaaﬁa#><aﬁmm><aﬂ'ay32>

_i<8zaua”><8iaraa><aaaﬁay><8"8”8”><8j 0%0")
+% (O7 01" <aiaﬁay> <3ﬁava’v> <3jaaaz> (0%0"9")

+i<azauaV><aiaﬁaZ><aﬁa”8y><6”6“8”><8j3“8“>
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(9= OVOMY (918" B O7)1
+i<awayaﬂ‘><aiaaau><auaﬁaa><aﬁavaZ><maﬂaﬂ>

‘i<6wayaﬂ><aiazaa><8“866”><853”5”><5j 6°0")
_i<8waya“><6iavaa><aaaﬁa”><85876”><5j 0"97)
g (0700010004 (000 07 (0 0°) (09" ")
+ g (0RO 010 0y 0 ) (@ o o)

+i<afaya#><aiaﬁaZ><aﬁava”><ava#a'f><aﬂ'aaaa>

The other graphs all have t4(I") = 0.
Now let’s check all the coefficients:

(B79"0¥ ) (0" DY 5*)(9'9P ") (9P 07977 9% 5—;601 + 2%8% + 2—;8@1 + %015 + iclg =0.
(9°0Y %) (0P ™) (9P D197 (9H "D ) (D7 Y ?) - 3—;ch + %wcal - é015 - %clg + %Qo =0.
(D%9" D7) (DY D7) (D' 9P 0¥ ) (DP9 V) (9" 9% 11152c1 + 2—14015 - %620 =0.
(DO (DFD” ") D' DY D) (92 DP D7) (DP9 D) 5—;6@, - 5—;6&1 - icw - %cls =0.

3.6. Conclusion. By Lemma 1 in [7], t;(E) = 0 for [ > 3 (respectively 4,5) for (g,n,k) =
(2,1,2), (respectively (2,2,2),(2,3,2)). Therefore, Invariance Conjectures 1 and 2 are proved.
By a Betti number calculation of E. Getzler [4], they are the only tautological equations for the
corresponding (g, n, k). Therefore, Invariance Conjecture 3 also holds.
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