NOTES FOR MATH 5520, SPRING 2011

DOMINGO TOLEDO

1. OUTLINE

This will be a course on the topology and geometry of surfaces. This is
a continuation of Math 4510, and we will often refer to the notes for that
course [12]. We first recall the definition of a surface. The first two parts
are in Definition 6.1 of [12].

Definition 1.1. A topological space S is called:

(1)

()

A topological surface if it is a Hausdorff space with a countable basis
and it has the property that every = € S has a neighborhood U
which is homeomorphic to an open set in R?, in other words, there
exists a covering {Uy }aca for some index set A, and for each o € A
there exists a homeomorphism ¢, : Uy, — V,, where V,, C R? is
open. These homeomorphisms are called coordinate charts.

A differentiable surface or a smooth surface if it is a topological
surface and the above homeomorphisms (or coordinate charts) can
be chosen to have the following property: whenever U, NUg # 0, the
homeomorphism ¢, o qb[;l : 03(Ua NUB) = ¢a(Ua NUp) is smooth.
The maps ¢, o gbgl are called the transition maps between charts.
A topological surface with boundary is a Hausdorff space S with a
countable basis with the property that every z € S has a neighbor-
hood U and a homeomorphism ¢ : U — V where V is an open set
in R? = {(z,y) € R* : y > 0}.

If S is a topological surface with boundary and x and ¢ are as in the
definition, the point x is called an interior point if ¢(z) € {(x,y) :
y > 0} and X is called a boundary point if ¢(z) € {(z,y) : y = 0}.
A differentiable surface with boundary or smooth surface with bound-
ary is a topological surface with boundary in which all the transition
maps ¢ © ¢§1 are smooth.

Remark 1.1. (1) The corresponding definitions in any dimension n, with

R? replaced by R" and R replaced by R = {(z1,...,z,) : , > 0}
are called topological or differentiable n manifolds, or topological or
differentiable n-manifolds with boundary.
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(2) It is true, but not trivial to prove, that the dimension n is a topo-
logical invariant. It is also true but not trivial to prove that home-
omorphisms take boundary points to boundary points and interior
points to interior points. This last fact we will be able to prove for
surfaces (n = 2) once we have the fundamental group.

(3) The conditions of Hausdorff and countable basis are needed for cor-
rectness of the definition, but it is not clear why they are required.
One equivalent formulation of these conditions is to require that S
be a metrizable space locally homeomorphic to the plane. I chose
the formulation above because may be easier to check. We will not
prove the equivalence of these two formulations, and for the most
part we will forget these conditions since they will be automatic in
the examples we consider.

Ezxample 1.1. Here are some examples of smooth surfaces. A good reference
is the first chapter of [9]. In all these examples it will be clear that they
have a countable basis because R™ does, and all the examples are subspaces
or quotient spaces of subspaces of some R", so they still have a countable
basis. The Hausdorff property would be easy to check in each case.

(1) The sphere S?> C R? defined by S? = {(z,y,2) : 22 + y> + 2% = 1}.
It is checked in Example 6.3 of [12] that S? is a smooth surface.

(2) The torus T2, that can be defined (up to homeomorphism, or up
to diffeomorphism) in one of three equivalent ways: as S' x S', as
the identification space R?/Z?2, or as the identification space [0, 1] x
[0,1]/((x,0) ~ (z,1),(0,y) ~ (1,y)). See Example 4.4 of [12] for
more details. In particular, the neighborhoods pictured in Figures
4.2 and 4.3 of [12] are homeomorphic to disks in R?, showing that
T? is a topological surface, and a bit more care shows that it is a
smooth surface.

(3) The Klein Bottle K of Definition 4.5 of [12], see Figure 4.4. It is
the identification space [0,1] x [0,1]/ ~, where the identification is
(,0) ~ (z,1) and (0,y) ~ (1,1 — y). Again it is a smooth surface.

(4) The Mobius band M of Definition 4.6 of [12]: M = [0, 1]x[—1,1]/((0,y) ~
(1,—y)). This is an example of a surface with boundary.

(5) The disk D = {(z,y) € R? : 22 + y? < 1} and the cylinder C =
[0,1] x [-1,1]/((0,y) ~ (1,y)) are other examples of surfaces with
boundary.

(6) The projective plane P? is defined to be the quotient of S? by the
identification & ~ —z. In other words, antipodal points on S? are
identified. Points in P? are in one to one correspondence with lines
through the origin in R®, just as points in S? are in one to one
correspondence with rays through the origin in R3. To check that
P? is a smooth manifold, let p : S — P2 be the projection map, that
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to x € S? assigns the antipodal pair {z, —x} € P?. The six sets UF,
in, U, where the corresponding coordinate has the corresponding
sign, used in Example 6.3 of [12] to cover S? project to 3 sets that
cover P?2. Namely since every antipodal pair has a representative
(x,y,z) with one of z,y,z > 0, the ones with superscript + suffice.
Call their images under p U, Uy, U, and use the same formulas for
the transition maps to check that they are smooth.

Another way to describe the projective plane P? is as follows: Let
52 ={(z,y,2) € 5% : 2> 0 and 952 denote its boundary {z = 0}.
Consider the map f : S_% — P? obtained as the composition:
ST c 8* — P2

Then f is surjective, it is injective on the interior of Si and 2 to one
on its boundary. It induces a continuous bijection g : (5% / ~) — P?
where ~ is the equivalence relation  ~ —x for all x € 853. It is easy
to see that g is a homeomorphism (see Example 2.2 below), so we
get that P? is homeomorphic to a hemisphere with antipodal points
on its boundary identified. Since a hemisphere is homeomorphic to

a disk, we get the final description: P? is homeomorphic to a disk
with antipodal points on its boundary identified.

The surface of genus 2 is defined at the end of §4 of [12] as an
identification space of an octagon, see Figure 4.6 and the pictures on
pp. 300-301 of [6], to justify that the following identifications give
the picture of a surface “of genus two” or “with two holes”.

FIGURE 1.1. Surface of Genus Two

Presenting a surface as a quotient of a polygon: Before we define the
surface of genus g, we explain a convenient notation for describing
the quotient space of a polygon by identifying the of edges of its
boundary in pairs, using Figure 1.1 as an example. We choose a
direction around the perimeter of the polygon, say clockwise, label



TOLEDO

the edges to be identified with the same letter, draw similar arrows
on each of the two edges that are identified indicating how they are
identified: a monotone map identifying tail with tail. Move around
the perimeter and write down the symbols for the edges, either a
letter, if you travel in the same direction as the arrow, or its inverse,
if you travel in the opposite direction. Thus the identification in
Figure 1.1 could be written as

alblaflbflazbgagl% ,
while the identifications in the boundaries of the following four squares,
running counterclockwise from the bottom, can be written as

aba~1b~! gives T = torus T2
aba~1b gives K = Klein bottle
abb~ta~! gives S = sphere S?

abab gives P = projective plane P?

2 2
b T , b K V .
a a
—" <
& S b t’v P b
)

FiGURE 1.2. Four Surfaces as quotients of the square

(10) Checking that the quotient space is a surface requires finding for each
point in the identification space a neighborhood homeomorphic to
an open set in R?, say, a disk. Disk neighborhoods are immediate
for any point in the interior of the polygon. For boundary points
that are in the interior of an edge a set that projects to a disk in the
quotient space is illustrated in the first picture of Figure 1.3. For the
vertices we have to check how many distinct ones there are in the
quotient space. In the case of the octagon for the genus two surface
all the vertices go to a single point in the quotient space, and set
that projects to a disk neighborhood in the quotient space is as in
the second picture of Figure 1.3

Observe that the parts of the neighborhood of an interior point
of an edge fit not only topologically, but also geometrically, into a
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FiGUrE 1.3. Identification Space is Locally Homeomorphic
to the Plane

disk in the plane, while the parts of the neighborhood of the vertex
only fit topologically to a disk. Observe also that figures 4.2 and 4.3
of [12] show that boundary points in the square project to points in
the identification space with a disk neighborhood. In that case, even
the parts of the neighborhood of the vertex fit geometrically into
a disk. The significance of this topological versus geometric fitting
will become clear later, in Section 9.3. A good exercise would be to
find the corresponding neighborhoods for the remaining pictures in
Figure 1.2 (those labeled K, S, P).

(11) Finally we define, for any g > 1, the surface of genus g, denoted by
Y4, to be the quotient space of a regular 4g-gon by the identification
labeled

(1.1) alblaflbflangaglbgl i agbgaglbg_l,

generalizing the identification of Figure 1.1 in the obvious way. We
will write ¥¢ for the sphere S? and note that ¥, is the same as the
torus T2. Thus Y, is defined for ¢ = 0,1,2,3,....

Our task is to understand surfaces both topologically and geometrically.
We will restrict ourselves mostly to compact, connected surfaces (without
boundary). We will review compactness in the next section, and connect-
edness was discussed in Section 5 of [12]. We will also need the concept of
orientability, which is difficult to define precisely. This will be our temporary
definition:

Definition 1.2. A surface S is non-orientable if it contains a Mobius band
M, meaning that there is a continuous map ¢ : M — S which is a homeo-
morphism onto its image. Otherwise, S is called orientable.

Example 1.2. (1) The Klein bottle K is not orientable. In its description
in (3) of Example 1.1, the projection to K of the the set [0, 1] x [1, 2]
is homeomorphic to M.

(2) The projective plane P? is not orientable. If we describe P? as in (7)
of Example 1.1, as the disk D = {22 4+ y? < 1} with identification
(z,y) ~ (—z, —y) for 224y? = 1, then the projection to the quotient
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space of the set % < g2 +y2 < 1is a Mobius band (see the homework
problems).

(3) The sphere S? is orientable. This is a reasonable statement, but it
is not clear how to prove it rigorously.

(4) More generally, the surfaces ¥4, g = 0,1,2,... of (11) of Example 1.1
are orientable. We will be able to prove this later once we have the
concept of fundamental group and can reduce the problem to a more
tractable one.

We will (partially) prove the following theorem:

Theorem 1.1. Every compact, connected, orientable surface is homeomor-

phic to X4 for some g =0,1,2,.... Moreover, if ¥4 is homeomorphic to Xj,
then g = h.
Z %) Zl Z
5, fF Z( z, # I #

(=) @“O

FIGURE 1.4. The Surfaces 3,

There is a more comprehensive theorem which includes the non-orientable
surfaces. This is best stated in terms of connected sum of surfaces. See p. 8
of [9] for a definition of the connected sum operation S; # S of surfaces.

Whenever we use this operation we have to keep in mind that it depends
on choices: choose a disk in each surface, and a homeomorphism between
their boundaries. It turns out the any choices of these three ingredients
gives a homeomorphic result. Thus connected sum is an operation on home-
omorphism classes of surfaces. In fact, in our discussion of classification of
surfaces we will always identify homeomorphic surfaces. Connected sum is
a commutative, associative operation with unit S%, but no inverses.

We have that ¥, # X) = X414, in particular, ¥, = T2 ... #T? (g

summands). Thus every ¥4, g > 1, is homeomorphic to a connected sum of
tori, see Figure 1.4.

Theorem 1.2. Every compact, connected surface is homeomorphic to S% or
to a connected sum of tori or to a connected sum of projective planes.
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1.1. Summary of Geometric and Topological Classification. This
topological classification is only part of the story. We also want a geo-
metric classification and how it interacts with the topological one. We will
state the classifications that we have in mind in the following table. For
simplicity only orientable surfaces are considered. Observe that the surfaces
are divided into three classes, one contains only the sphere S?, one only the
torus 72, and the third class contains all the others. (For non-orientable
surfaces, add P? to the first class, K to the second, and all others to the
third class).

Surface Yo P 9,23, ...

genus g 0 1 2,3,...

FEuler characteristic x 2 —2,—4,...
Fundamental Group m {e} VA non-abelian group
Natural Geometry Spherical | Euclidean | Hyperbolic

Its Gaussian Curvature 1 0 -1

Universal Cover S? R? Hyperbolic Plane H?
Isometries of Univ. Cover | O(3) E(2) PGL(2,R)

The purpose of the course is to explain all undefined terms in this table
and to explain how they are related. A major goal will be to understand
the Gauss-Bonnet Theorem that unifies geometry and topology. It says that
for any geometry on the surface (to be defined more precisely), its Gaussian
curvature function K and the topology of the surface are related by the
formula

(1.2) /SK dA = 2mx(S),

where x(S) is the Euler characteristic that appears in the above table.

2. COMPACT SPACES

This section is a quick look at material that should have been in Math
4510 but was not covered there by lack of time.

Definition 2.1. Let X be a topological space.

(1) An open cover of X is a collection {U, }nea of open sets, indexed by
some set A, so that X = U,ecaU,.

(2) The space X is called compact if every open cover of X has a finite
sub-cover, in other words, there exists a finite subset {a1,...,an} C
Asothat X =U,, U---UU,,,.

Remark 2.1. Often the definition is applied to a subspace X of a topological
space Y, in the subspace topology. Using the definition of subspace topology,
it is easy to see that the definition of compactness of X is equivalent to the
following:
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(1) An open cover of X is a collection {Uy, } e 4 of open sets in Y, indexed
by some set A, so that X C UpeaU,.

(2) The space X is called compact if every open cover of X has a finite
sub-cover, in other words, there exists a finite subset {a1,...,a,} C
A so that X C Uy, U---UU,,

Example 2.1. It is not easy to give non-trivial examples of compact spaces,
but it is easy to find non-compact ones.

(1) A finite space is compact.

(2) Any indiscrete space is compact: there are only two open sets.

(3) An infinite discrete space is not compact. For example, Z is not
compact; the collection {n : n € Z} if singleton subsets is an open
cover with no finite sub-cover.

(4) R is not compact: the collection {(—n,n) : n € N} of open sets
covers R but has no finite sub-cover.

A non-trivial example of a compact space is:

Theorem 2.1. The inverval [0,1] is compact.

Proof. We give a quick sketch of the proof, which has to depend on the com-
pleteness of R. Assume, to get a contradiction, that U = {U, }ae4 is a cover
of [0,1] with no finite subcover. Divide [0, 1] into two equal subintervals:
[0,1] = [0, 4] U[3,1]. Then at least one of these two subintervals cannot be
covered by any finite subcollection of U, choose this interval and call it I;.
Repeat the process: divide I; into two equal subintervals, choose one, called
15, that is not covered by any finite subcollection of U/, and so on. In this
way we get a sequence I1 D Iy D I3 O ... where the length of I; = 27 — 0.

Writng I; = [a;, b;] we have
a; <az <ag <o < by < be < by

Let a = sup{ay,as,...}. Since every b; is an upper bound for {a;,as, ...},
we have a < b; for all 4, in other words, a € N;I;. In fact, since the length
of I; converges to 0, {a} = N;I;. Pick « so that z € U,. Since a; — a and
b; — a, there exists an iy so that I; C U, for all i« > ig. But this contradicts
the fact that no finite subcollection of U can cover I;. O

2.1. Formal Properties of Compactness. We list some easy but very
useful properties of compactness:

(1) Compactness is a topological property: if X and Y are homeomor-
phic, then X is compact if and only if Y is compact.

(2) The continuous image of a compact space is compact: If f: X — Y
is continuous and surjective, and X is compact, then Y is compact.
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Proof: If {Uy}aea is an open cover of Y, then {f~1(U,)} is an open
cover of X, take a finite subcover indexed by {aq,...,a,} C A, then
Uayy--.U,y, covers Y.

(3) If X is a metric space and K C X is compact, then K is closed and
bounded.

Proof: To show bounded, take any x € X and use the open cover
{B(z,n)}nen. For closed, prove X'\ K is open by choosing any = ¢ K
and using the cover of X \ {2} by the open sets {y : d(z,y) > 1},
n € N.

(4) If X is compact and f : X — R is continuous, then f has a maximum
and a minimum: there exist z1,x2 € X so that f(z1) < f(x) < f(x2)
for all z € X.
Proof: By (2) f(X) C R is compact, and by (3) it is bounded, so
sup f(X) and inf f(X) exist, and f(X) is closed, sosup f(X) € f(X)
and inf f(X) € f(X).

2.2. Other useful properties of compactness.

Theorem 2.2. (1) If X is compact and F C X 1is closed, then F is
compact.
(2) If X is Hausdorff and K C X is compact, then K is closed.

Proof. For the first part, if Y = {U,} is an cover of F' by open sets in X,
then {X \ F))} UU is an open cover of X, so it has a finite sub-cover, and
the sets in it other than X \ F' cover F.

For the second part, to prove that X \ K is open, choose = ¢ K. Since
X is Hausdorff, for each y € K there exists a neighborhood U, of x and a
neighborhood Vj, of y so that U, NV, = 0. Then {V,},ck is an open cover

of K. Since K is compact, there is a finite sub-cover Vy,,...V,, . Then
Uy N---NU,y, is a finite intersection of open sets, hence open, contains x
and is disjoint from K (check this!), so X \ K is open. O

Remark 2.2. The assumption that X is Hausdorff is essential to the second
part of the Theorem. An example would be the space (R, Z) = R with the
Zariski topology of [12] Example 3.14. If A C R is any subset, then it is
compact (check this!), but an infinite subset other than R is not closed.

Here are some useful corollaries to the Theorem:

Corollary 2.1. Suppose f: X — Y is continuous, X is compact, and Y 1is
Hausdorff. Then

(1) f is a closed map.
(2) If f is also surjective, then f is an identification.
(3) If f is also bijective, then f is a homeomorphism.
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Proof. For the first part, if F' C X is closed, then F' is compact, so f(F) C Y
is compact. Since Y is Hausdortt, f(F) is closed, so f is a closed map. For
the third part, recall that a closed continuous bijection is a homeomorphism:
f~!exists and if F C X is closed, then (f~!)~Y(F) = f(F) is closed, so f~!
is continuous and f is a homeomorphism. For the second part, for f to be
an identification Y must have the quotient topology, which means (since f
is continuous) that for A C Y, if f71(A) is closed then A is closed. Since f
is surjective, f(f~!(A)) = A, and f is a closed map, A is closed whenever

fH(A) is. O

Example 2.2. Let us look in more detail at the presentation of the projective
plane in part (7) of Example 1.1. The map g : (5%/ ~) — P? defined there
is continuous and bijective. Since S_QF is compact, so is its continuous image
Si / ~, and P? is Hausdorff. So g is a homeomorphism as asserted.

Another useful fact:

Theorem 2.3. Suppose X and Y are compact topological spaces. Then
X XY is compact.

Proof. See pp. 168-170 of [10] for the proof. O

This, together with Theorem 2.1, gives us a large number of examples of
compact spaces:

Corollary 2.2. (The Heine-Borel Theorem) Let A C R"™ be closed and
bounded. Then A is compact.

Proof. By Theorem 2.1, [0,1] is compact, so is any interval [a,b] C R, so is
any product [a1,b1] X -+ X [an, by] C R™ (using Theorem 2.3 inductively). If
A is bounded, then it is a subset of some such product. If, in addition, A is
closed, being a closed subset of a compact space it is compact.

O

3. ToPOLOGICAL CLASSIFICATION OF SURFACES

We start on the proof of Theorems 1.1 and 1.2. We will need some tools
that are useful in many other contexts.

3.1. Triangulations. We give two definitions of triangulation of a surface.
For simplicity, we will consider only compact surfaces. The first definition
follows p.16 of [9]:

Definition 3.1. Let S be a compact surface (or a compact surface with
boundary). A triangulation of S is a decomposition S = T3 U --- U Ty,
satisfying the following conditions:
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(1) Each T; is a closed subspace of S and for each ¢ there is a homeomor-
phism ¢; : T/ — T; where T/ C R? is a triangle. The images under
¢; of the vertices, respectively edges, of T/ are called the vertices,
respectively edges, of T;.

(2) If i # j, T; N T is either empty, or is a common vertex of T; and 7},
or is a common edge of T; and Tj.

This definition says that S is decomposed into simple pieces, and puts a
strong restriction on how these pieces intersect. Certain types of intersection
are allowed, others are not, see Figure 3.1

A X

FI1GURE 3.1. Intersections of two Triangles

Ezample 3.1. (1) Take the boundary of a regular tetrahedron in R3. It
is homeomorphic to S?, and the images under this homeomorphism
of the four triangles give a triangulation of S2. Similarly, the octa-
hedron and the icosahedron give triangulations of S?, with 8 and 20
triangles respectively.

(2) Figure 3.2 gives two decompositions of the torus 72 into triangles,
the first is not a triangulation, the second one is. In the first picture
we have drawn in some detail how half of the identification space
goes onto the top half of the usual torus of revolution in R® and
what resulting decomposition into triangles. In the picture in R?
you can see, for example, how the vertices 3 and 4 are joined by
two edges, going around a circle in the torus. In fact, every pair of
vertices in this decomposition is joined by two edges.

The condition on intersections in Definition 3.1 says that the vertices
determine the triangle (this fails in the first decomposition of Figure 3.2).
What this means is that a triangulation is partly a purely combinatorial
object. This has been formalized into a very useful concept that we define
next. For simplicity we only consider the finite situation.

Definition 3.2. (1) A (finite) simplicial complez is a finite set K, whose
elements are called vertices, and a collection of non-empty subsets
of K called simplices, satisfying the following conditions:

(a) Every vertex v € K, the set {v} C K is a simplex.
(b) If o C K is a simplex and 7 C o, 7 # (), then 7 is a simplex.
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FIGURE 3.2. Decompositions of the Torus into Triangles

Terminology: If o = {vg,...vx} C K is a simplex, then vy, ... vy are
called the wvertices of o and k is called the dimension of 0. The
dimension of K is the maximum dimension of its simplices. We
usually use the bracket notation < vy, ...,v;r > to indicate that a
subset is a simplex.

(2) If K is a simplicial complex, its geometric realization |K| is the
following space. First, let Rg denote a real vector space with one
basis element for each v € K. If K has m elements, this space
is isomorphic to R™, and in it we can take linear combinations of
vertices with real coefficients.

(a) If 0 =< wg,...,v; > is a simplex, let |o| = {tovo + ..., txvg :
to,...,tp > 0,tg+ ...t = 1} C Rg.
(b) Let |K| = U{|o| : 0 a simplex in K} C Rg.

This definition is hard to visualize because we have used a vector space
Ry of dimension the cardinality of K, so we would not be able to easily
visualize the definition except when K has only three elements (as we will
do next). But this is just a device of going from combinatorics to topological
spaces in a well-defined way. Notice that the first part of the definition is
purely combinatorial, talking about finite sets and some of their subsets,
and that the second part produces a topological space from the data of the
first part.

Ezample 3.2. Suppose K = {1,2,3} is a set with three elements and we
make it into a simplicial complex by requiring that the simplices are

<1,2>,<1,3>,<2,3>,<1>,<2><3>.

It is easy to check that this collection satisfies the definition of a simplcial
complex. To form its geometric realization, form a vector space with basis
e1, €2, e3. This is the standard R?, and the three one-dimensional simplices
have geometric realization the segments e1ez, ejes and ezez. Thus |K| is
the boundary of a triangle, homeomorphic to a circle. See Figure 3.3
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FIGURE 3.3. Geometric Realizations

Ezample 3.3. Note that in the preceding example the simplices are precisely
the proper subsets of K. If we change the definition of the complex to include
also the whole set < 1,2,3 > as a simplex, then its geometric realization is
a triangle | <1,2,3 > | = {t1€1 +toeg +t3ez : t1,ta,t3 > 0,11 + 1o +t3 = 1},
or, in more usual terms, {(z,y,2) : x,y,2z > 0,x+y+ 2z = 1}, see Figure 3.3.

Ezxample 3.4. Extending the last two examples, let’s define forn = 0,1,2, ...
the simplicial complex

o" ={0,1,...,n}, all subsets are simplices,
called the n-dimensional simplex, and, for n = 1,2,3,..., the simplicial
complex
oo™ ={0,1,...,n}, simplices are the proper subsets,

called the boundary of the n-simplez. Then |c™| is the geometric n-dimensional
simplex {(to, t1,...,tn) : t; > 0,t9+---+t, = 1}, while |0o"| is its boundary,
an (n — 1)-dimensional space homeomorphic to the unit sphere S*~! in R™.
For n = 0,1,2,3, we have that |0"| is a point, interval, triangle (as in Ex-
ample 3.3), solid tetrahedron, ... , while for n = 1,2, 3, |0c™| is two points,
three segments forming the boundary of a triangle as in Example 3.2, the
boundary of a tetrahedron. We see in all these examples that applying Def-
inition 3.2 gives |0"| and |9c"| as subspaces of R**1. Looking more closely,
we see that they actually lie in the affine-linear subspace (hyperplane) where
the sum of the coordinates is 1, which is isomorphic to R", so we actually
get subspaces of R™ as they should be. But the realization in R**! is more
symmetric, therefore, in some sense, more natural.

Remark 3.1. There is an alternative way of defining the geometric realization
| K| of a simplicial complex K without using the vector space Rx. We could,
for each simplex 0 =< vy, ....v; > define its geometric realization |o| as in
(2a) of Definition 3.2. This only requires a vector space of dimension k + 1,
which can be visualized for k£ small, say for surfaces. Think of all these
geometric realizations o, for all simplices 0 C K as disjoint, and form the
following space
(Usck o)/ ~

where ~ is the following equivalence relation: if 7 C o, identify = € |7| with
f(z) € |o| where f : |7| — |o| is the linear map that sends each vertex in
|7| to the vertex with the same name in |o|. There is a map from this space
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to |K| C Rk by sending each vertex of each |o| to the basis element with
the same name in Rg and extending by linearity. This gives a continuous
bijection
(Usck |o])/ ~— K]

hence a homeomorphism. This can be visualized, for the simplicial complex
with 4 vertices 0,1,2,3 and two simplices < 0,1,2 >, < 0,2,3 > as in
Figure 3.4, where the arrows represent the identification maps f defined
above.

FIGURE 3.4. Assembling the Geometric Realization

Another reason for using the high-dimensional vector space Rg in the
definition of the geometric realization of K (or the alternative definition in
the remark above), is to make the following Lemma clear. This Lemma says
that the combinatorics completely determines the geometry, in the sense
that the intersections of the geometric simplices in Ry correspond to the
intersections of the sets of vertices.

Lemma 3.1. Let K be a simplicial complex and let o, T be simplices in K.
Then |o|N|T| is empty if and only if cNT = 0. Otherwise o NT is a simplex,
and in this case |o| N |T| =|oNT|.

Proof. Let 0 =< vg,...,vp > and 7 =< wy, ..., w; > where vg,...,vp € K
are distinct vertices, wy,...,w; € K are distinct vertices, but of course the
two sets may intersect. Recall that for a point x € Rx we have that

x € |o| if and only if z = Zf:o t;v; where t; > 0 and Xt; = 1,
and similarly
x € |7] if and only if x = %!_ s;w; where s; > 0 and s; = 1.
Suppose first that cN7 = (. Then the set v, ..., vg, wo, - . ., w; is linearly

independent (being part of a basis), so if z € Rk is in |o| N |7|, since it
is of both the above forms, linear independence would imply that all the
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coefficients t;, s; are 0, but this is impossible since they each sum to 1. So
lo| N |7 = 0.

Suppose o N7 # (). Order the vertices of o and of 7 so that vy =
Wy v vy Uy = Wy, and o N T =< Vg, ..., 0, >=< Wy,..., Wy >. If z €
|o|N|7|, then z is a linear combination of both of the displayed forms. By the
linear independence of the set vg, ..., Uy, Umt1y .-y Uky Wint1, - - -, wy (listing
all vertices without repetitions), all coefficients of vy 41, ..., Vg, W41, - - -, Wy
must vanish, so z must be a linear combination (and with non-negative
coefficients adding to one) of the common basis vectors vy, ... vy, in other
words, |o| N |7| = |o N 7| as desired. O

We are know in a position to define “triangulation” of any topological
space, not just a surface.

Definition 3.3. Let X be a topological space. A triangulation of X means
a homeomorphism ¢ : |K| — X for some simplicial complex K.

If S is a compact surface, this definition says that a triangulation of
S is a homeomorphism ¢ : |K| — S for some two-dimensional simplicial
complex K. This looks like a more precise version of Definition 3.1. It
will be instructive to show that both definitions of triangulation of S are
equivalent.

3.1.1. Equivalence of the two definitions. To see the equivalence, assume
that we have a homeomorphism as in Definition 3.3. Then |K| = |0?|U---U
|o2|, where 0%, ... 0% are the two-dimensional simplices of K. Each |o?| is
homeomorphic to a triangle in R?, and if i # j, then 02-2 N 032- is either empty,
or a one element set < v >, where v is a common vertex, or a two element
subset < vg,v; > where vg,v] are common vertices, hence < vg,v; > is a
common edge. Then Lemma 3.1 tells us that |o2| N |a]2~| is either empty, or
| <v >, or | <w,vr > | If we write S = ¢(|o?|) U--- U d(|o?]), then the
sets T; = ¢(|o?|) give a triangulation in the sense of Definition 3.1.

Conversely, suppose that we have a triangulation S = T7,U--- U T} and
¢ : T/ — T; as in Definition 3.1. Then there is a well-defined collection of
vertices in S. Call a point v € S a vertex if it is the image of a vertex of
some 77 under the corresponding ¢;. The second condition of Definition 3.1
implies that if v is a vertex of T; and is a point of T}, then it is also a vertex
of T}, so the meaning of vertex is well-defined, independent of the triangle
T; used to define it. The same is true of edges: a pair of vertices determines
an edge if they are the vertices of an edge of some Tj;, and if they are also
vertices of another T}, they determine the same edge in 7). Said in another
way, the triangles and edges in S are uniquely determined by their vertices,
and the inclusions are correct.

Another way of saying this is that, first, if we let K be the collection of
vertices in S and call a subset of K a simplex if and only if its elements are
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either a single vertex, the vertices of an edge, or the vertices of a triangle,
then K is a simplicial complex. To see that there is a homeomorphism from
|K| to S, let us consider first the identification space used by Massey on
p.19 of [9]. Let us use the symbol U (instead of U) to denote disjoint union,
meaning that we are taking a union of disjoint sets. Let

T =TjuTiu---UTj

and define a map ® : 77 — S by letting ®(z) = ¢;(x) if € T/. This is a
continuous map since the spaces 1] are, by assumption, disjoint, and ¢; is
continuous in 77, It is surjective, but of course not a homeomorphism since
T’ has many connected components. In fact, it is not injective, since each
point on an edge in S has two pre-images, and every vertex in S has several
pre-images. Next, we define an equivalence relation ~ on T” by declaring
z ~yifand only if z € T/, y € Tj’ and ¢;(x) = ¢;(y). Then we get a
commutative diagram

P
T'=T/U---UTy S

(3.1) D 9

T=T/]~
The map ¢ defined by this diagram is, by construction, bijective, and, by
definition of quotient topology, continuous (see Theorem 4.6 of [12]). Since
it is a continuous bijection of a compact space to Hausdorff space, by Corol-
lary 2.1 it is a homeomorphism.

The informal way of stating what we have just proved is that .S is obtained
from the disjoint union of the triangles 7] by gluing them along edges.

Finally we bring in the simplicial complex K. Suppose < vg,v1,vs >
is a simplex in K. then vy, v1,vs are the vertices of a unique triangle T;
is S, which is the image of a triangle T/ C R2. Let v),v},vj > be the
corresponding vertices of TZ-’ . Define a map ¢; : | < vo,v1,v2 > | = T;
by sending each vertex to the corresponding one and then extending by
linearity, namely:

Vi(tovo + t1v1 + tava) = tovy, + t1v] + tavh,

where, of course, tg,t1,t2 > 0 and tg+1t1 +1t2 = 1. Observe that vg, v1, v are
basis elements in the space Rx where | K| lies, and the linear combinations
in the left hand side are in the vector space Ri. The linear combination in
the right hand side is in a Euclidean plane R? where T/ lies. Since we are
regarding the 7] as disjoint, we could think of a different Euclidean plane
for each .

We can define a map F : |[K| — S by F(x) = ¢; o;(z) if z € |0?|, where

0? is the simplex of K formed by the vertices of T; C S. It is now easy to

)
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check that this map is well-defined, is bijective, and is continuous on each
|ai2|, hence it is continuous. Again, since it is a continuous bijection from a
compact space to a Hausdorff space, it is a homeomorphism. Hence the two
definitions of triangulation agree.

We could summarize the construction of the map F' by the following
diagram:

U = Lhy; d
o3| U--- U o 2 T=T/U---UTj] S
Q
(3-2) PK pr
K| v -7 <

The map F we have just defined is the composition ¢ o 1, where 1 is
defined by this diagram: the upper right hand map ¥ = Li); is the map
whose restriction to each |0?| is ¢; : |o7] — T/. The vertical maps pg,
pr are identification maps, and the map W preserves identifications and
descends to a map as shown.

Remark 3.2. Tt is worth looking in more detail at the meaning of triangula-
tion. Looking first one dimension lower, if we consider the example of the
circle S' divided into two arcs by two vertices vy, v9, then the abstract sim-
plicial complex defined by the vertices is o!, thus its geometric realization
is an interval. We can defined maps |o!| — S! by mapping the interval to
either arc, but neither of these maps is surjective. To triangulate S' we need
at least three vertices, and the complex do? gives of course a triangulation
with three vertices.

In checking if a decomposition of a surface is a triangulation, it helps to
keep in mind that a circle requires at least three vertices. If we look at the
decomposition of T2 in Figure 3.2 we immediately see several topological
circles with only two vertices, so this tells us immediately that this is not a
triangulation.

Another remark: if we examine the abstract simplicial complex formed
by the vertices of the decomposition of the torus in Figure 3.2, we see that
it is actually 9o, namely all proper subsets of a 4-element set (except that
each subset of cardinality 1 or 2 appears twice). The geometric realization
of 03 is topologically S? which is topologically quite different from 772,

3.2. Triangulability of Surfaces. Not every topological space can be tri-
angulated. For example, since we have assumed that our simplicial com-
plexes K are finite, their geometric realizations |K| are compact (being a
finite union of the compact subspaces |o|). There are more restrictions, for



18 TOLEDO

example any geometric realization |K| is locally connected. But the fol-
lowing theorem is true, although tedious to prove, and we will not prove it
here:

Theorem 3.1. Let S be a compact surface. Then S can be triangulated.

We will assume this theorem in deriving the topological classification of
surfaces. Since we are not going to prove it, we should, strictly speaking,
add the hypothesis “triangulable” to any theorem that we prove assuming
this one.

Example 3.5. In addition to the triangulations we have already shown for
S? and T2, there is a well-known triangulation of P?, with six vertices,
illustrated in Figure 3.5. Note that there are many topological circles in
this triangulation, each divided into 3 segments.

Question: If p : S? — P? is the quotient map, what is the triangulation
—1 2
p~(K) of S*7

FIGURE 3.5. A Triangulation of P?

3.3. The Euler Characteristic. If K is a simplicial complex, let f; be
the number of simplices of dimension i. The FEuler characteristic of K is
defined to be the number x(K) = fo— fi+ fo—- -+ (=1)%fy, where d is the
dimension of K. Thus x(K) is the alternating sum of the number of “faces”
of K of each dimension.

If K is two-dimensional, the numbers f; are usually denoted V = fy, E =
f1 and F' = f,, for the number of vertices, edges and faces respectively. This
number turns out to have enormous geometric and topological significance.
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It turns out to be a topological invariant of |K|. In particular, if S is a
surface and K is a triangulation of S, then x(K) turns out to depend only
on S. We will give an indirect proof of this fact later on. Even though we
cannot totally justify that the following definition is correct, we record the
terminology in the following definition. We will not used the unproved fact,
but in computations we will often say x(S) rather than y(K).

Definition 3.4. If S is a compact surface, and K is a two dimensional sim-
plicial complex that triangulates S, the Euler characteristic of K, denoted
X(K), is the number x(K) = V—E+F. (Fact: all triangulations K of S give
the same value for x(K), and x(.5) is defined to be x(K) for a triangulation
K of S).

Example 3.6. (1) If S = S? triangulated as 9o, the boundary of a tetra-
hedron, then V =4, E =6 and F = 2, so x(003) = 2 = x(5?). Ac-
tually, Euler proved that for any triangulation of S? as the boundary
of a convex polyhedron, x = 2, hence the name Euler Characteristic.
Check that for the octahedral and icosahedral triangulations of S2
we also get x = 2.

(2) Using the triangulation of Figure 3.2, we see that x(7?) = 2.

(3) Using the triangulation of Figure 3.5 we see that x(P?) = 1. Is
there another way of seeing this by using the identification map
p:S? — P??

For a triangulation K of a surface the numbers V, E and F' are not
independent. We have the following fact:

Lemma 3.2. If K is a triangulation of a surface, every edge of K is con-
tained in exactly two triangles

Proof. Let e = |o| be an edge of K for some one-simplex o of K, and
let € e be an interior point. We would like to prove that the only way
that x can have a neighborhood in |K| homeomorphic to a disk is that
e be contained in exactly two triangles. First, we know that an interval
cannot be homeomorphic to a disk, so e must be contained in at least one
triangle. Then looking at Figure 3.6, it’s reasonable that if e is contained
in any number of triangles other than two, it cannot have a neighborhood
homeomorphic to a disk. We will be able to give a rigorous proof later. [

FicUre 3.6. Each Edge Contained in Two Triangles
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Corollary 3.1. If K is a triangulation of a surface, then 2E = 3F. Thus
x=V—-3iF=V-1iE.

Proof. Since every triangle has 3 edges and each edge is contained in 2
triangles, 3F' counts the edges exactly twice, so 3F = 2F. O

3.4. Proof of Classification. The first step in the proof of classification
relies on the existence of triangulations. We state the theorem using the
model of a disk with its boundary divided into arcs. We could equally well
use a the model of a regular polygon and its boundary naturally divided
into edges. We will move freely from one model to the other.

Theorem 3.2. Let S be a compact connected surface. Then S is homeo-
morphic to the identification space of a disk D whose boundary D is divided
into an even number n = 2m of arcs, and these arcs are identified in pairs.

Proof. We follow Section 7 of the first chapter of [9]. Let K be a triangu-
lation of S, thus there is a homeomorphism ¢ : [K| — S. Write T7,...,T}
for the geometric realization of the two-dimensional simplices of K and
T; = ¢(T]) € S. Choose the ordering of the triangles and an ordered
collection {ey,...ep_1} of edges so that T; has the edge e; in common with
one of T1,...T;—1. This can be done as follows. Choose any triangle, call
it 77, choose a second triangle, call it 75 that has an edge, call it e, in
common with 7. Then choose a triangle, call it T3, that has an edge, call
it e, in common with T7 U T5, continue in this way.

Since S is connected, we must get all triangles this way. (Proof: Otherwise
we would stop at some [ < k. Then A=T1U---UTjand B=T;1U---UT}
would be disjoint closed sets with S = AU B, contradicting connectedness. )

Define a triangulated space D by
(3.3) D= (T{U---UT])/ ~

where x ~ y if, for one of the edges e; just chosen, ®(x), ®(y) € e; and
®(x) = ®(y), where @ is as in Diagram 3.1. Referring back to Diagram 3.1,
we see that the only difference is that here we have not made all the iden-
tifications that the map p makes, but only the ones over the chosen edges
{e1,...,ex_1}. So ® descends to a map, let’s call it ¢ : D — S which is one
to one over all of D except on 0D which is the pre-image of the edges in S
other than the chosen {ej,...,ex_1}, on which it is two-to-one (because is
edge is contained in two triangles). This means that 0D is divided into pairs
of edges and the interior of each edge in each pair maps homeomorphically
to the corresponding edge in D. Thus S is homeomorphic to D/ ~ where
x ~y if ¢1(x) = ¢1(y). Finally, we need the following Lemma:

Lemma 3.3. Let Dy, Dy be disks, let Iy C 0Dy and Is C 9Dy be arcs
in the boundary (meaning subspaces of the boundary homeomorphic to the
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unit interval 1), let h : Iy — Iy be a homeomorphism. Then the space
(D1 U Dy)/(x ~ h(x)) is homeomorphic to a disk.

Proof. Clearly each there is a homeomorphism of each D; with a half-disk
D! = {z?+y* <1,y > 0 or y < 0} which takes I to I/ = [-1,1] x {0}, and
it is clear that gluing two half disks by a homeomorphism of this part of the
boundary produces a disk, see Figure 3.7 O

Ficure 3.7. Gluing Disks Along Arcs in Boundary

To finish the proof of the theorem it only remains to prove that D is
homeomorphic to a disk, but this follows by an easy induction from the
Lemma and the construction of D: T, Ty are disks with edges (= arcs) €], e/
in their boundaries identified by a homeomorphism to get (77 UT3)/ ~, so
this space is homeomorphic to a disk. Moreover it has an edge €, that is
identified with an edge €} of T4 to get the space (77 U T4 U T4) ~, which is
then homeomorphic to a disk, and so on until we get to D. ([

Remark 3.3. The phrase “arcs identified in pairs” is rather vague. What
this means is that the collection of arcs is divided into pairs, the two arcs
in each pair are identified by a homeomorphism which is monotone in the
sense of the arrows used in the diagrams explained in (9) of Example 1.1.
These homeomorphisms are usually not specified. It is a fact that different
choices lead to homeomorphic results, but we don’t go into any more detail.

Remark 3.4. The converse of this Theorem is also true. The space obtained
from a disk by dividing its boundary into an even number of arcs and iden-
tifying these arcs in pairs is a compact, connected surface. The verification
prodeeds by the same reasoning explained in (9) and (10) of Example 1.1
and illustrated in Figure 1.3. If x € 0D is interior to an arc, then a neigh-
borhood of x consists of two half-disks identified into a disk as in the first
part of Figure 1.3. If z is a vertex, then a neighborhood in the quotient
space is obtained by identifying several sectors of disks into a single disk.
The only difference with the second half of Figure 1.3 is that the quotient
space may have more than one vertex, as in the example below. A neighbor-
hood of a vertex in the quotient space will still be obtained by identifying
sectors along common boundary edges, each edge in two sectors, and the
edges being cyclically arranged (see the next example for an illustration of
what “cyclically” means), so this identification space will still be a disk.
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FIGURE 3.8. The Surface of Genus Two as aba b~ teded e 1e 1.

Example 3.7. To see how to find vertices and their neighborhoods, let’s look
at the example shown if Figure 3.8. If we use the notation explained in (9) of
Example 1.1, reading the left hand figure counterclockwise from the bottom,
this identification space is described by the symbol aba='b~'cdedte e 1.
To see how many vertices there are, start anywhere, say at 1, and see what’s
equivalent to it: being the tail of ¢, it is equivalent to 5, as the tail of b
it is equivalent to 2, as head of a it is equivalent to 3, as the head of b
it is equivalent to 4, as the tail of a it is equivalent to 1 and we are back
where we started: 1 ~ 5 ~ 2 ~ 3 ~ 4 ~ 1, thus we have come in a full
cycle and the set {1,5,2,3,4} forms one equivalence class. Similarly we see
6 ~10 ~ 7~ 8~ 9~ 10, again we complete a cycle and {6,10,7,8,9} is
an equivalence class. Thus there are two vertices in the identification space.
This is a surface of genus two, which can be pictured as in the right half
of Figure 3.8. It is a connected sum of two tori, the image of 0D has two
vertices, as pictured. It is a longer presentation of this surface than the
standard one (8) of Example 1.1

3.4.1. Inductive Part of the Proof. We now quickly sketch a nice inductive
argument for going from Theorem 3.2 to the Classification Theorem 1.2.
The proof is in the paper [2] by Burgess. We refer to this paper for details.

Following Burgess, let D be a disk and for each even n, divide 9D into n
arcs and let D(n) be the collection of all possible pairs of oriented arcs in
this division of dD. Let M(n) the class of surfaces obtained from D by so
identifying 0D according to the elements of D(n).

The argument will be by induction on n. To begin the induction:

Lemma 3.4. If S is a surface of type M(2), then S is homeomorphic to
either S% or P2.

Proof. The proof is clear: the only identifications of type D(2) are aa which
gives P? and aa~' that gives S2. O

Then, to be able to carry on the induction, let A = {% <22 4+9y? <1}
be an annulus, let C; = {22 + 32 = 1} be one of its boundary components,
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divided into n arcs, and let A(n) denote the set of all possible pairs of
oriented arcs in this division. Let B(n) be the class of surfaces with boundary
obtained from A by identifying the boundary component C according to
the elements of A(n). These surfaces have as boundary the other component

Cs of the boundary of A.

Lemma 3.5. Every surface of type B(n) is homeomorphic to M\ A°, where
M is a surface of type M(n) and A is a disk embedded in M.

Proof. The proof is clear, since we can fill in the boundary of Cy of A/ ~
with a disk, thus obtaining D/ ~. O

The proof then proceeds: Assume that every surface of type M(m) for
even m < n — 2 is as in Theorem 1.2, prove that this also holds for every
surface of type M (n). This is done by cases, which we now list and illustrate
with the example aba='b~tedd tefe ! fc=! of Figure 3.9.

g o4 | d L

FIGURE 3.9. aba"'bledd tefe ! fet

Pick a surface M of type M(n). There are 4 cases to be considered:

(1) Thereis a twisted pair. This means a pair of identifications ... a...a...
in the same direction, as the pair ... f... f... in Figure 3.9. Then
making just this identification gives a Mobius band (homeomor-
phic to P2\ A?) and a neighborhood of its boundary is an annulus
A(n — 2), hence performing the remaining identifications gives an
N\ AY for some N € M(n —2). From this we see that M = N# P>
for N € M(n — 2), so by induction M is as desired.

In Figure 3.9 we would get aba~'b~ledd lefe ' fc=! is a con-
nected sum P2#N where P2 = ff and N = aba~'b"tedd 'ee. Note
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here that the e~! changed to e because of the sense in which we travel
along the boundary of the Mobius band. So we get a twisted pair ee
where the edges are consecutive, seeing that such an identification
gives a Mobius band requires separate argument (see Figure 1.2 of
2)

(2) There are two separated non-twisted pairs. This means two pairs ,
each in opposite directions, each pair separating the elements of the
other, as aba~'b~! in Figure 3.9. Then if n = 4 we have a T2, if
n > 4 we have T?#N for some n € M(n — 4).

In Figure 3.9 we would get T?#N where N € M(n — 4) is given
by cdd~tefe~!fc™! (which is easily seen to be the same as efe~!f,
a Klein bottle).

(3) There is a non-twisted pair of adjacent edges, as dd—! in Figure 3.9.
Then it is easy to see that these edges “cancel” and M = N where
N € M(n —2). In Figure 3.9, we get aba='b"tcefe ! fe= L.

(4) There is a non-twisted, non-adjacent, non-separating pair, such as

..c...c”'... in Figure 3.9. Then performing just the identifica-
tion of ¢ with ¢! yields an annulus with each boundary compo-
nent divided into arcs, the identifications remain within each com-
ponent, so M = N;#Ny where N1, Ny are of type M(ny), M(ns)
for n1 + ng = n — 2. In Figure 3.9 we get M = T?#K where
T? = aba='b~! and K = efe ! f as before.

A good illustration of this case is Figure 3.8, where ...c...c
is such a pair, and the right hand half of the picture illustrates the
connected sum.

-1

Since this exhausts all possibilities for pairs of edges, the inductive step
is complete. This concludes the sketch of the proof. See [2] for more details.

We see that the example of Figure 3.9 can be reduced in several ways,
either as P2#P%#T? using ff, ee, aba~'b~! by following, say, the se-
quence of moves aba"'b~tedd tefe feml — ff#aba b ledd teec™! —
ff#ee#taba b ledd et — ff#ee#taba” b1, where the first two moved
are (1), and the third is two applications of (3). Or we could start with
(2) and follow aba='b~tedd tefe ' fc™! — aba='b~'4tcdd tefe tfel —
aba b '#efe ! f = T?#K, where the second move is two applications of
(3), remembering that we go cyclically around the circle to cancel c...c™ !,
Note that these two presentations of the surface are not contradictory since
K = P?4#P? (see HW 1).

3.5. Comments on Classification and Euler Characteristic. This will
be an informal discussion, since we will assume that the Euler characteristic
is independent of the triangulation used to define it. We will also assume that
it is a topological invariant. We will not use either of these facts in a serious
way, we include them to give a more complete view of the classification
theorem just proved.
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First we remark that the Euler characteristic of a surface can be com-
puted from any presentation as in Theorem 3.2. If we look at the proof
of that theorem, we see that to get the disk D from the triangulation K
by assembling the triangles 7; along some of their edges. In each process
of the construction we replace two triangles by a single one and erase their
common edge. Thus F — F is unchanged at each stage. The remaining
edges are on the boundary, and we may simplify the picture by joining two
successive edges along a vertex Each such move reduces both F and V by
one, so it leaves V' — E unchanged. Both of these operations leave V' — Ep
unchanged, where we of course have a new meaning of these names: a face
is no longer a triangle, and an edge is no longer determined by its endpoints.
But in any case x = V — E 4+ F. In the situation of Theorem 3.2, F' = 1,
E =m = § (note that the edges are counted in the identification space, thus
E is precisely half the number of arcs in dD) and V has to be determined
by the identifications as explained in Remark 3.4 and in Example 3.7. In
particular, we see that in Example 3.7 (see Figure 3.8), FF =1, E =5 and
V =2, s0 x = —2, which is the same answer that we would get from the
presentation in (8) of Example 1.1, see Figure 1.1, where FF = 1, E = 4
and V' = 1. More generally, from the presentation of ¥,, g > 1, given in
Equation 1.1, we see that

(3.4) xX(2g) =2 - 2g,

since FF =1, F =2gand V = 1.

If we look at the example of Figure 3.9 we see that FF = 1, ¥ = 6 and
we can check, as we did in Example 3.7 that V = 3. Thus y = —2 as in
Example 3.7. But the surfaces are not homeomorphic, they are T?#7? and
T?#K.

The difference between T?#7T? and T?#K is that the first is orientable
while the second one is not. Again, this is an informal discussion since
we do not have a good definition of orientability. Definition 1.2 allows us
to see that T?#K is not orientable since K contains Mdbius bands, but we
don’t have a good way of showing that T2#72 does not. The theorem is that
orientability and Fuler characteristic determine the topological classification
of surfaces. In fact it can be shown that the classification is:

(3.5)  Orientable: S? or B, = T?#...T? (g times) x =2 —2g
Non-Orientable: P?# ... #P? (n summands) y =2 —n.

There are other ways of stating the result for non-orientable surfaces, using
the fact that P2#P?#P? = K#P? = T?#P?, so there are several equiva-
lent ways of representing a non-orientable surface as a connected sum, see
[2] and sections 7 and 8 of the first chapter of [9] for more details. We will
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deal mostly with orientable surfaces, and use Theorem 1.1 as our list of ori-
entable surfaces. We have proved the first part of that theorem. After we
study the fundamental group we will be able to prove the second part.

4. THE FUNDAMENTAL GROUP

Let X be a connected and locally path connected space. We will assign to
X a group that is a topological invariant of X, and which, in fact, will give
a lot more topological information on possible continuous maps between
spaces. A good reference is Chapter 2 of [9], another good reference is
Chapter 1 of [5].

Convention: In this section we will assume that all topological spaces are
connected and locally path connected (thus, in particular, path connected).

The reason for this convention will be clear after reading this section. For
now, let’s say that we want path connected spaces because the construc-
tions will involve sending paths from one point to another (see, for example,
Theorem 4.3). On the other hand spaces that are path connected but not
locally path connected, such as in Figure 4.1 present difficulties: Looked at
from afar it looks like a circle, so its fundamental group should be Z (see
Theorem 4.5). On the other hand there are no loops starting at xy and
going all the way around, so all loops are contractible, so its fundamental
group should be trivial. To avoid deciding what is the proper interpretation
of this example, we assume local path connectedness.

)%‘:1

FIGURE 4.1. Closing the sin(1/z) Curve.

4.1. Homotopy. The unifying concept is called homotopy, which formalizes
the notion of deformation: If X,Y are topological spaces and f,g: X =Y
are continuous maps, the following definition makes precise what it means
to deform f to g. We will also need a more refined concept: If there happens
to be a subset A C X on which f = g, we may want to keep this equality
throughout the deformation.
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Definition 4.1. Let X and Y be topological spaces and f,g : X — Y be
continuous maps. We say that f and g are homotopic, and write f ~ g, if
there exists a continuous map F': X x I — Y such that

(4.1) F(z,0) = f(z) and F(x,1) = g(x) for all x € X.

The map F is called a homotopy between f and g. If, in addition, A C X
and f(z) = g(x) for all z € A, we say that f and g are homotopic relative
to A, and write f ~ g rel A, if there exists a homotopy F' : X x I = Y
between f and g that, in addition, satisfies

(4.2) F(z,s) = f(z)(= g(x)) for all z € X and for all s € I.

(in words, points in A do not move under the homotopy).

We will first apply this definition paths. Recall the following terminology:

Definition 4.2. Let X be a connected and path connected topological space,
and let zg,x1 € X. A path in X from xg to x1 means a continuous map
a: I — X such that «(0) = zp and (1) = z;.

Then « ~ o rel {0, 1} means: there exists a continuous map F : IxI — X
with
(4.3) F(t,0) = «a(t), F(t,1) =d/(t); F(0,s) =z, F(1,s) = for all s,t.

We often say a ~ [ relative to the endpoints or simply rel endpoints. We
can picture this situation as in Figure 4.2.

<

s
G
I
)
t 2, e

FIGURE 4.2. Homotopic Paths

4.2. Composition of Paths. Recall also that we had the concatenation
(or composition) of paths (see Definition 5.4 of [12]): If o, 5 : I — X and
a(l) = 5(0), then « - 3 is defined by

) a(2t) if 0
(4.4) a-B(t) = {5(215 S i %

t

<
<t

IA A

1
29
1.

If we have three paths a, 3, that can be concatenated, meaning that a(1) =
B(0) and B(1) = ~(0), then we have two paths (a-3)-~v and a- (5 -7), which
are different, even though they are reparametrizations of each other. In
other words, this operation is not associative. We have some candidates for
“units”: if x € X, let €, : I — X denote the constant path at a:

(4.5) €z(t) =z forall t € I.
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Then €,(0) - @ # «, even though they travel the same path, one of them
constant for half the time and then speeding up, following the other at
twice the speed. The same goes of - €,(1) # @, this time the first path stays
put for the second half of the interval. Finally we use the notation

(4.6) al(t)=a(l —t)fortel

We would like to think of this as an inverse, but a-a~! # €a(0) and ala#
604(1)'

Theorem 4.1. Let X be as above, let xg,x1,T9,x3 € X and let o, B,y :
I — X be paths from xzg to x1, x1 to xo and xo to x3 Tespectively, and let

ez and o~ ' be as above. Also, let o, 3 be paths from xg to x1 and 1 to xo
respectively, such that o ~ o and B ~ ' both relative to endpoints. Then:

(1) (a-B) vy ~a-(B-7) rel endpoints.

(2) €gp - a ~a and o - ) both rel endpoints.

(3) a-a " ~ey and ' - o ~ €, both rel endpoints.
(4) a- B~ - rel endpoints.

(5) a=t~ (/)71 rel endpoints.

Proof. For detailed proofs see §2 of Chapter 2 of [9]. We will quickly sketch
the proof. For the first 3 statements, we have to find a map F : [ x [ - X
so that F'(¢,0) and F'(¢,1) are the maps on each side of the ~ sign, and
F(0,s), F(1,s) are the appropriate constant maps. The maps on both sides
of the ~ sign have images that are either the same (in (1) and (2)) or one
contained in the other (as in (3)). In each figure we show a division of 1 x I
and for each s, we indicate the map on the interval I x {s} that interpolates
between the given maps at s = 0 and s = 1. Each division of the interval is
mapped to the unit interval by the unique linear map that maps endpoints
to endpoints.

FIGURE 4.3. Homotopy Associativity and Units

For example, in Figure 4.3 we use different parametrizations of the map
obtained from « on the first portion of the interval, then 3, then . Note that
in this homotopy it is only the relevant endpoints o = a(0) and x3 = (1)
that stay fixed, all others move. Figure 4.3 also shows the homotopy for
€0 - O ~ @, the one for o ~ v - €;, is symmetric to this one.
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=7

Extol

FIGURE 4.4. Homotopy Inverse

Particularly interesting is the homotopy for a - a~! ~ ¢, shown in Fig-

ure 4.4. Here s denotes the path ajg ;. This homotopy can be pictured as
traveling along « until reaching a(s), then statying at a(s) for the indicated
time, then traveling back to a/(0) by way of a~!. This interpolates between
being put at «(0) for s = 0 and the path o - a~! for s = 1. The homotopy
for - o~ is similar.

For (4) and (5), if F is a homotopy between a and o/ and G is a homotopy
between 8 and 3, (both relative endpoints) then

F(2t if 0<t<il
Hs) = 0E0 0SS
G2t —1,s) if 5<t<1
is a homotopy between «- 5 and o’ -§’; and F(1—t, s) is a homotopy between

a~! and (o/)~!, both also relative to the endpoints. O

The last two statements of this theorem justify the following Definition:

Definition 4.3. If o : I — X is a path, write [a] = {a/ : @ ~ &/ rel endpoints},
called the homotopy class of a. If a, 8 : I — X are paths with a(1) = £(0)
define two operations on homotopy classes:

(1) [«] - [A] is defined to be [« - 3],
(2) [a]~! is defined to be [a1].

Corollary 4.1. With the same notation and assumptions as in Theorem 4.1,
the operations of Definition 4.3 satisfy:

(1) Associativity: [a] - ([8] - [v]) = ([a] - [B]) - [7]-
(2) Emistence of units: [ez,] - [a] = [a] - [€2,] = [@].
(3) Emistence of inverses: [a] - [a] ™! = [ez,] and [a] 7! - [a] = [ez,].

4.2.1. Path Operations and Continuous Maps. Suppose that X, Y, Z are
topological spaces (let’s keep them always connected and locally path con-
nected), suppose f, f1,fo: X =Y and g : Y — Z are continuous maps. We
want to see how the path operations and homotopies behave with respect
to maps.

Theorem 4.2. (1) If a, & : T — X and a ~ o rel endpoints, then
foa~ fod rel endpoints.
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(2) If a,8: 1 — X and (1) = B(0), then fo(a-B)=(foa) - (fop).
(3) If f1(a(0)) = fa((0)), fi(e(1)) = fa(a(1))) and fi ~ fo relative to
{a(0),a(1)}, then fi oa ~ fyoa rel endpoints.

Proof. For (1), if F: I x I — X is a homotopy between a and o relative
endpoints, then fo F : I x I — Y is a homotopy between f o« and f oo’
relative endpoints. Part (2) is clear, and (3) is like (1): If FF: X x I = Y
is a homotopy between f; and fy relative to {(0), (1)}, in other words,

F(‘Tvo) = fl(x)7 F(wvl) - fg(l’), F(a(O),s) = fl(a(o)) = fQ(Q(O))) and
F(a(l),s) = fi(a(1))) = fa(a(1)) for all s € I, then G(t,s) = F(a(t),s) is
a homotopy between f1 o o and f5 o « relative to endpoints. ([

The first part of the theorem justifies the following definition:

Definition 4.4. Let f : X — Y be continuous. Define a map f, from
homotopy classes of paths in X to homotopy classes of paths in Y by f.[a] =
[f o a] for any path o : I — X.

Corollary 4.2. Suppose that o, 5 : I — X are paths from xg to x1 and 1
to xa, and suppose f: X —Y and g:Y — Z are continuous. Then

(1)
(2)
(3)
(4)

F([[8]) = fe([a]) - £+([8])-

fillez]) = [ef@@)] for allz € X.

fe(la] ™ = (fu([a]) 7"

If f1, fo : X = Y are continuous, fi(zo) = fi(wo), fi(z1) = fa(z1)
and f1 ~ fo relative to {xo,x1}, then (f1)«([a]) = (f2)«([c]).

(5) (go f:(la]) = g«(fe([]))-

Proof. Part (1) follows from (2) of Theorem 4.2, (2) is clear, (3) follows from
(1), (2) and the usual arguments of uniqueness of inverses, (4) follows from
(3) of Theorem 4.2, and (5) is clear. O

4.3. Definition of the Fundamental Group. The preceding discussion
says that the set of homotopy classes of paths is somewhat like a group
under composition (concatenation) of paths, and that a continuous map
f: X — Y induces an operation f, from classes in X to classes in Y that
looks like a homomorphism. These classes do not form a group because the
operation [«a] - [] is not always defined, it requires that (1) = 5(0), and
there are as many units [e;] as there are points € X. This structure is
called a groupoid.

It is easy to get a group out of this situation: Fix a point zg € X and
consider only paths a : I — X that start and end at zo: «(0) = a(1) = xo.
These are called loops based at xy and their homotopy classes form a group:

Definition 4.5. Let g € X. The fundamental group of X based at xg,
denoted 71 (X, z¢) is defined as

m1(X,zo) = {[a] : a is a loop based at z¢},
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-1

with multiplication [«] - [8], unit [e,] and inverse [o] ™" as above.

Observe that Corollary 4.1 implies that 71 (X, z¢) is indeed a group, with
unit and inverses as asserted.

Remark 4.1. The notation m; is used because there are also groups denoted
o, T3, ... which are defined by maps of higher dimensional objects into a

space. We will not be concerned with these other groups. The letter “w
refers to Poincaré, who first defined a version of this group.

Ezample 4.1. Let X = R? and 29 = 0. Then 71 (R?,0) = {[eo]}, the trivial
group. The reason is very simple: if a : I — R? is a loop at 0, then
F(t,s) = sa(t) is a homotopy of « to €y relative to 0. Thus there is only
one element in 71 (R2,0). The same argument shows that if C C R" is any
convex set and xg € C, then 71(C, xg) is the trivial group.

4.4. Properties of the Fundamental Group. We now study some of
the basic properties of the fundamental group. First, since its definition
involved choosing a point xg € X, usually called the basepoint of X. It is
natural to ask how the group depends on the choice of basepoint.

Theorem 4.3. Let xg,x1 € X and let o0 : [ — X be a path from xg to x.
Then the map ¢q : m1(X, x9) — m1 (X, 21) defined by d,([a]) = [07']-[a]-[o]
18 a group isomorphism.

Proof. Clearly ¢, is a homomorphism, and the map ¢,-1 is its inverse. [

Figure 4.5 illustrates the map ¢,. In the second half of the figure we have
deformed the path slightly (keeping, of course, z; fixed) to better illustrate

(05 (c)].

FIGURE 4.5. Changing the Basepoint

Thus different basepoints give isomorphic fundamental groups. This is
often stated as “the fundamental group is independent of the basepoint”,
and this is a good first statement. But, as you study the subject more deeply,
you realize that this is a somewhat inaccurate statement, because there can
be many isomorphisms, depending on the choice of [o], and sometimes this
choice can be important.

Next, if f : X — Y is a continuous map, and o € (X, xp), then we
have f.([a]) € m1(X, f(z0)) defined as in Definition 4.4. The map f, has the
following properties:
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Theorem 4.4. Let f : X — Y be continuous, and let fi : m (X, x0) —
m1(Y, f(x0)) be as in Definition 4.4. Then

(1) f« is a group homomorphim.
(2) If g: X = Y is continuous, g(xg) = f(xo) and f ~ g relative to xy,

then f. = g«.
(3) If g : Y — Z s continuous, then (go f)s = g« o fu : m(X,x0) —
m1(Z; 9(f(0)))-
Proof. Immediate from Corollary 4.2 O

Definition 4.6. If f : X — Y is continuous, the map fi : m(X,z9) —
m1(Y, f(z0)) is called the homomorphism induced by f or simply the induced
homomorphism.

Corollary 4.3. If f : X — Y is a homeomorphism, then the induced ho-
momorphism fi : w1 (X, zo) — m (Y, f(xz0)) is an isomorphism.

Proof. From (3) of Theorem 4.4, we see that f, o (f~1), is the identity on
(Y, f(z0)) and (f~1). o f. is the identity on mi(X,z0)), thus f, is an
isomorphism with inverse (f~1),. O

4.5. A Useful Lemma (Lebesgue Numbers). Before proceeding, we
prove a useful lemma that will be needed from time to time.

Lemma 4.1. Let (X,d) be a compact metric space and let U = {Uq}aca be
an open cover of X. Then there exists an € > 0 (called a Lebesgue number
for U) so that, whenever x,y € X and d(z,y) < €, there erists a« € A so
that z,y € U,.

Proof. Since U is an open cover of X, for each x € X there is an o € A and
an €(z) > 0 so that B(x,2¢(x)) C U,. The collection {B(z,€(x))}zex is an
open cover of X. Let {B(z1,€¢(1)),..., B(xyn,€e(n))} be a finite subcover, and
let € = min{e(1),...,e(n)}. Suppose z,y € X and d(z,y) < e. Then there
isan i, 1 < i <mn, so that x € B(z1,€(i)). Since d(z,y) < €, the triangle
inequality gives us that y € B(z;,€(i) +€) C B(x;,2¢€(i)) C Uy,. O

4.6. The Fundamental Group of the Circle. Corollary 4.3 finally gives
us a topological invariant of spaces. But in able to use it we need some ex-
amples where the group is non-trivial. So far we have only seen Example 4.1
which gives the trivial group.

Let S' C R? be the unit circle centered at the origin, take (1,0) € S! as
basepoint.

Theorem 4.5. The group 71(S', (1,0)) is isomorphic to Z.
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Proof. The isomorphism is given by the “winding number” of a path. The
proof begins by giving a rigorous construction of the winding number. It
relies on familiar properties of the map p : R — S' defined by p(t) =
(cos(2nt),sin(27t)). This map is periodic of period 1 and descends to an
isomorphism R/Z — S! (see Examples 4.1 and 4.3 of [12]). If J C R is any
interval of length less than one, then p|J : J — p(J) is a homeomorphism.

We choose the open cover U = {Uy,Us} of S where Uy = {(z,y) €
Sty > —%} and Uy = {(z,y) € St 1y < %} Let UY = (—%,3) and
U = (=2,%). Then p(UY) = Uy, p(UY) = Us, and, if for each i € Z we
define

Ul =Uy+i, Ui=Uy,+i (translates by i),
see Figure 4.6.

- ) s
1_];_)[ U’o ‘,,__I_J‘___4 (-L/—i
vy hoky B ¥ % 7
(—d ——— ————F [

'U," U.o -[]'/ ({Q

S
T

FIGURE 4.6. The Map p: R — S!

Lemma 4.2. The cover U = {Uy,Us} of S just defined has the property
that each component Ui, i € Z, of p~1(Uy) is mapped homeomorphically by
p to Uy, and the same for Us.

Proof. Clear, since every interval has length % <1. O

Let a : I — S! be a loop based at (1,0), so a(0) = a(1) = (1,0). The

first step is to construct a “lift” & : I — R of «, that is, a path & such that
poa =« and a(0) =0:

(4.7)

To construct &, let € be a Lebesgue number (Lemma 4.1) for the open
cover a1 (U) of I. Divide I into sub-intervals of length < e, say [0, 1], [t1, t2],
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o [tn—1,1], where 0 < t; < t3 < --- < 1 and t; — t;—1 < €. Then, by
definition of Lebesgue number, for each i, a([t;—1,%;]) is contained in one
of the sets Uy or Uy. Over each sub-interval [t;_1,t;] there is no problem
in constructing lifts. In other words, if in Diagram 4.7 we replace I by
[ti_1,ti], because on each component of p~!(U;) or p~!(Us) the map p is
invertible, we can define a lift & = p~! o a. The only problem is that there
are infinitely many components, therefore infinitely many possibilities for
p~1. The possibilities have to be chosen in such a way that the choices in
successive intervals match at their common endpoint to give a continuous
map & : I — R. These choices can be made as follows:

First, a([0,¢1]) is contained in one of the two sets Uj,Uz. Choose this
set and call it V. There is exactly one component of p~1(V7) that contains
0, choose this component and call it Wj. Define a(t) = (plw,) "' o a(t)
for 0 <t < t;. This defines & on the first interval [0,¢1]. Then define &
on the next interval [t1,ts]: «([t1,t2]) is contained in one of Uy, Ua, choose
this set and call it V5. There is exactly one component of p~!(V3) that
contains a(t;), choose it and call it Wy. Define &(t) = (p|lw,) ' o af(t) for
t7 <t < ty. This, combined with the previous definition, defines & on
[0,%2]. Continue this way: assume & has been defined on [0,%;_1] so that
po & = «, define it on [0,¢;] by choosing a set V; = U; or Uy so that
a([ti—1.t;]) C V; and the component W; of p~1(V;) that contains a(t;_1),
defining &(t) = (plw,) ' o a(t) for t;_1 <t < t;, and thereby defining & on
[0, ;] so that p o & = a. Continuing this way until we get to t, = 1, we get
the conclusion:

There exists a continuous lift & of a as in Diagram 4.7 satisfying &(0) = 0.

Next, we need to know that this lift is independent of our construction,
in fact, any two continuous lifts & and & of alpha as in Diagram 4.7 that
agree at one point are equal.

For future use, we record a more general fact:
Lemma 4.3. Suppose X is a connected space, f : X — S is continuous

and f1, fo : X — R are two continuous lifts of f:

R
v

Y g

x— I g
If there exists a point xo € X so that fi(xo) = fa(xo), then fi(z) = fa(x)
forallx € X.

Proof. Let A ={z € X : fi(z) = fa(x)}. Since fi, f2 are continuous and
St is Hausdorff, A is closed. (See Homework for Math 4510). We claim
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that A is also open: suppose = € A, that is, fi(x) = fo(z). Let V = U
or Uy be an open set in the above cover U of S' containing p(fi(z)) =
p(fa(x)) = f(x), and let W be the component of p~!(V) that contains
fi(x) = fa(z). By continuity of f; and fo there exists a neighborhood U of
x in X so that f1(U) C W and fo(U) C W (take such a neighborhood for
each, and intersect them). Then, for all y € U, fi1(y) = (plw) ™' o f(y) and
also fo(y) = (plw) "0 £(y), 50 f1(y) = foly) for all y € U, 50 U C A and
A is open. Since zg € A, A # (), so the connectedness of X implies that
A=X. O

Going back to our loop a : I — S* and its lift & : I — R with &(0) = 0, we
see that p(a(1)) = (1,0), thus &(1) € p~1(1,0) = Z. This is our definition
of winding number:

Definition 4.7. Let a : I — S! be a loop based at (1,0) and let & : I — R
be its unique continuous lift with «(0) = 0. The integer &(1) is called the
winding number of a and is denoted w(a).

Remark 4.2. We could equally well done the following: construct a lift @’ of
a with &(0) being any integer whatsoever (choose any k € Z and start the
above construction with &/(0) = k), get the unique lift &' with &/(0) = k.
If we shift our old construction by k, we get & + k which is a lift of « that
agrees with & at 0. By uniqueness, &’ = a@+k. In particular, &/(1)—&'(0) =
&(1)—a(0) = w(a). As a consequence we see that the winding number w(«)
can be defined by taking any lift & of « and setting w(a) = a(1) — a(0).

Next, we need to show that w(a) depends only on the homotopy class
[a] € m1(SY, (1,0)). To do this, suppose ag, a; are loops based at (1,0) and
suppose F : I x I — S' is a homotopy:

F(t,0) = ao(t), F(t,1) = au(t), F(0,5) = F(1,s) = (1,0)

for all s,t. Let &g : I — R be a lift of o, say with ap(0) = 0. The next step
is to lift F' to a homotopy F : I x I — R with F(t,0) = dg(t).

IxI St

We do this in the same way we constructed &, but this time using the
square I x I rather than the interval I. Given F : I x I — S' as above, let
€ > 0 be a Lebesgue number for the open cover F~1(Uf) of I x I. Divide each
factor I into intervals of length less than e/v/2, say 0 < t; < tg...tp_1 <1
and 0 < s1 < -+ < 8p—1 < 1 (no need to take the same number in each) so
that all ¢;—t;—1 and s; —s;_1 are less than e/\/§ Then, for all 7, j, the square
[ti—1,ti] X [sj—1,s;] has diameter < €, so any two points in the same square
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are in some element of the cover, in other words, F([t;—1,t;] x[s;j—1,s;]) C Ui
or Us.

We are in the same situation as before: if we replace I x I by [t;—1,t;] X
[sj—1, 8] in Diagram 4.8, since p is invertible on each component of p~*(U;)
or p~(Us), there is no problem in lifting F: take F = p~! o F. But there
are infinitely many possibilities for p~!, the problem again is to choose them
so that they match along their common intervals to give a continuous map
of the square I x I (and to satisfy F||i><0 = Qp).

Proceed much as before to make the consistent choices: F' ([0, 1] x [0, s1])
is contained in one of Uy, Us, choose it and call it V; ;. There is a unique com-
ponent of p~*(V11) that contains a([0,1]), call it Wi 1. Define F(t,s) =
(plw,,) "o F(t,s) for (t,s) € [0,11] x [0, 51].

Continue by increasing t: F([t1,t2] x [0, s1]) is contained in one of Uy, Us,
choose it, call it V5 1. There is a unique component of pil(VgJ) that con-
tains the previously defined F(t; x [0,s1]), call it Wa;. Define F(t,s) =
(plws,) "t o F(t,s) for (t,s) € [t1,t2] x [0,51]. by the definition of Wy,
this agrees on t; x [0,s1] with the previous definition of F, so we get
a well defined continuous lift £ : [0,t5] x [0,s1] — R. By construction
p(F(t,0)) = F(t,0) = a(t) for t € [0,t5] and F(t,0) = a(t) for t € [0,t1],
thus by the uniqueness lemma (Lemma 4.3), we have that F(t,0) = &(t) for
tc [0, tg].

Continue this way defining F : [0,%;] x [0, s1] — R until it is defined and
continuous on [0, 1] x [0, s1]. In particular, we get that F(t,0) = &(t) for all
tel.

Then increase s: F([0,t1] X [s1,s2]) C Uy or Uz , choose one, call it V] o,
there is a unique component of p~ (V1 2) that contains F([0,#1] x 1), call
it Wi and define F(t,s) = (plwyo) "t o F(t,s) for (t,s) € [0,t1] x [s1,s2],
combine it with the previous construction to get a continuous lift on ([0, 1] x
[0, 51]) @) ([O, tl] X [51, 82]).

Continue now by increasing ¢ as we did before: at each stage choose V; 2 so
that the definition F(t,s) = (plw,,) ' o F(t,s) for (t,s) € [tim1,ti] X [s1, s2]
agrees with the previously defined F' on the vertical segment t;_1 X [sg, sa].
Then on the horizontal segment [t;_1,t;] X s1 the new definition of F agrees

with the old one because they are both lifts of F(t,s1), t € [ti—1,t;] that
agree at (t;—1,t;) (another application of Lemma 4.3).

Continue in this fashion until F is defined and continuous on all of I x I
as in Diagram 4.8.

Observe that F(0,s) is a continuous function of s so that p o F(0,s) =
F(0,s) = (1,0), so it is a continuous map I — p~1(1,0) = Z, hence constant
= a9(0) = 0. Hence F(t,1) is a lift of oy starting at 0, so by uniqueness
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(Lemma 4.3), we have F(t,1) = a(t) for all t € I. Finally F(1,s) is a
continuous function of s with values in p~!(1,0) = Z, hence constant, hence
= @1(1) and also = ap(1), hence @;(1) = @p(1), in other words, the winding
numbers are equal: w(ag) = w(ay) as desired. Thus we can write define
the winding number of an element of m1(S*, (1,0)) as w([a]) = w(a) for any
representative a of [a].

Lemma 4.4. The map w : 71(S*,(1,0)) — Z is a group isomorphism.

Proof. We need to check:

(1) w is a homomorphism: w([a - 5]) = w([a]) + w([F]). This follows
from Remark 4.2: if to lift « - 8 starting at 0, we lift « starting at 0
and follow it by the lift of 5 starting at &(1). But this lift is exactly
a(l) + B, thus w(a - B) = a- (1) = a(1) + (1) = w(a) + w(B).

(2) w is surjective: let n € Z and let a,(t) = (cos(2mnt),sin(27nt)).
Then w(ay,) = n.

(3) wis injective: suppose w(a) = 0. Then &(0) = &(1) = 0,s0 F(t,s) =
sa(t) is a homotopy of & to 0 (see Example 4.1), then po F'is a ho-
motopy of a to the constant path (1,0), thus [a] = e € 71(S, (1,0)).

O
This completes the proof of Theorem 4.5. (]

4.7. Retractions and Deformation Retractions. Before giving appli-
cations of the computation 71(S!) & Z we introduce some terminology.

Definition 4.8. Let A C X be a subspace, and let i : A — X be the inclusion
map i(a) = a for all a € A.

(1) Ais called a retract of X if there exists a continuous map r: X — A
such that r o4 = id4. The map r is called a retraction of X to A.

(2) A is called a deformation retract of X if, in addition, i o r ~ idx
relative to A, in other words, there exists a continuous map F :
X x I — X such that F(z,0) =i(r(z)), F(z,1) =z and F(a,s) =a
for all a € A. The map 7 is called a deformation retraction of X to

A.

Ezample 4.2. (1) St is a deformation retract of R?\ {0}. Let i : ST —
R2\ {0} be the inclusion, and define r : R? \ {0} by

r(z) = W

Then r(i(z)) = 2/1 = x if z € S', so r is a retraction. In addition,

if we let .
F(x,t) =tz + (1 —1t)—-,
|||
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then ' : R?\ {0} x I — R?\ {0} is continuos (since the straight line
segment from x to z/||x|| does not go through the origin), F(z,0) =
i(r(s)), F(x,1) = x and F(z,t) = z for all z € S'.

(2) By the same reasoning, for any n, the unit sphere S™ is a deformation
retract of R"*1\ {0}.

(3) By the same reasoning, for any a,b,c so that 0 < a < b < ¢, the
sphere of radius b, S, = {||z|| = b} is a deformation retract of the
“annulus” a < ||z|| < c.

(4) Let X = R2\ {(0,1)}, let A be the x - axis and let 7 : X — A be
defined by r(z,y) = (x,0). Then r(x,0) = (z,0), so r is a retraction,
but r is not a deformation retraction: if it were, then, by Theorem 4.6
the fundamental groups m1(A4) and m1(X) would be isomorphic, but
we know that m(A) is the trivial group, and, by part (1), X has a
circle as deformation retract, so m(X) = Z.

o ®

FI1GURE 4.7. The Retractions of Example 4.2

Theorem 4.6. (1) Suppose that A C X is a retract, with retraction r,
and xg € A. Thenryoi, =id : m1(A,x0) — m1(A, xo). In particular,
ix 2 m1(A, x0) = m1(X, x0) is injective and s : (X, x0) = m1 (A, z0)
18 surjective.
(2) If A C X is a deformation retract, then iy : m1(A, o) — 71 (X, x0)
1s an isomorphism, with inverse r,.

Proof. For (1), since r o i = id4, we have that r, o, = id4. This formally
implies that ¢, is injective: if i, () = e, then, on the one hand, r,(i.(a)) = a,
and also 7, (i« () = r«(ix(€)) = e, thus @ = e, thus i, is injective. Similarly,
it formally follows that 7. is surjective: if 8 € 71 (A, zg), then 8 = r.(i(5)),
s0 B = r«(a) where a = i4(3).

Part (2) is immediate since, in addition, i, or, = id, so r, is a two - sided
inverse of .. O

4.8. Applications of Theorem 4.5. We can now one the example we
know of a non-trivial fundamental group to get some topological conse-
quences. Let, as usual, D denote the closed unit disk D = {22 + y? < 1}
with boundary S?.

Theorem 4.7. There is no retraction r: D — S*.
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Proof. Suppose there were a retraction r : D — S'. Then 7, 0 i, = id on
71 (S, z0) = Z. But, since 71 (D, x¢) is the trivial group {e}, we get that for
all a € m1(S1, 20), ix(a) = e, thus 7, o4, is both the zero homomorphism
and the identity homomorphism of Z, which is impossible. O

The interest of this Theorem is the following famous consequence:

Corollary 4.4. (The Brouwer Fized Point Theorem): Let f : D — D be
continuous. Then f has a fixed point. In other words, there exists an x € D
so that f(x) = x.

Proof. Suppose, on the contrary, that there were a continuous map f: D —
D so that f(z) # x for all x € D. Then we could construct a retraction
r: D — S! by letting r(x) be the point of intersection of the directed ray
from f(x) to z with the boundary circle S', see Figure 4.8 Note that if
x € St this ray intersects S' at x, so r is the identity on S' and we would
indeed get a retraction. We do not give a formal proof of the continuity of
r, but observe that, parametrizing this ray as (1 — t)x + tf(x), t > 0, the
value of ¢ for which the ray meets S is the root of a quadratic equation that
is at least 1, so we need to show the continuity of this root as a function of
the coefficients. To give a rigorous proof, we can use the quadratic formula,
which gives us the continuity provided that the discriminant of this equation
is never zero. Checking this is a computation using the Cauchy-Schwarz
inequality. O

V‘(}) ){:r(") ‘ﬂ‘ =r[lj
Yoie,

FIGURE 4.8. The Map p: R — S!

Remark 4.3. Both the no-retraction theorem (Theorem 4.7) and the Brouwer
fixed point theorem are true for the closed unit ball in R™ for any n. For
n = 1 this just requires connectedness of the unit interval, for n = 2 we used
the fundamental group, for n > 2 it requires higher dimensional topological
invariants.

Theorem 4.8. Let H = {(x,y) € R? : y > 0} be a closed half-plane in R,
and let OH = {(x,0)} (the x-axis). Let f : H — H be a homeomorphism.
Then f(OH) C OH. (Consequently, applying the same to f~1, f(0H) = OH,
and the restriction of f to OH is a homeomorphism.)
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Proof. Let p = (x9,0) € OH be arbitrary. We need to show that f(p) €
OH. We argue as we did in Math 4510 with intervals and their boundaries.
Suppose f(p) = (z1,y1) is not in OH, that is, y1 > 0. Then f|g\ () :
H\{p} — H\{f(p)} is a homeomorphism. Let’s prove that this is impossible
by computing their fundamental groups.

Take a basepoint in H \ {p}, say (zo,1), and let a(t) = (x(t),y(t)) be
a loop based at (zg,1). Then F(t,s) = (1 — s)(z(t),y(t)) + s(xo,1) is a
homotopy of a to the constant loop at (zg,1). We only need to check that
the paths always lie in H \ {p}, which means that its second coordinate is
always > 0 and > 0 if its fist coordinate = zg. But the second coordinate
of F(t,s) is (1 — s)y(t) + s, which is > 0 when s > 0 (since y(¢) > 0),
and = y(t) for s = 0, so it clearly satisfies the required condition for all
(t,s) € [0,1] x [0,1]. Therefore 7w (H \ {p}) is the trivial group for this
basepoint, hence for any basepoint.

Now take a basepoint in H \ {f(p)}, say (x1,% ). Let C be the circle
of radius 4 centered at (x1,%1), and note that C is a deformation retract
of H\ {f(p)}: each point (z,y) € H lies in a unique ray from (x1,y1), let
r(z,y) be the point of intersection of this ray with C, see Figure 4.9. In
formulas
Y1

2\/(z —21)? + (y —y)?
so r is continuous and r(z,y) = (z,y) for all (x,y) € C, and homotopy
(1—s)u
2/(x —21)2 + (y — 1)

from ior and id: F((x,y),0) =r(x,y), F((z,y),1) = (z,y) and F((z,y), s)
(z,y) for all (z,y) € C. Thus, with this basepoint, 7 (H\{f(p)}) = m(C) =

i

FI1GURE 4.9. Boundary of Half Plane is Topologically Invariant

T(x7y):(x17y1)+ (x_xlay_yl)a

F((z,y),s) = (z1,y1)+s(@—z1, y—31)+ (z—z1,y—y1)

—_———
4

Finally, if we had f(p) = (x1,y1) with y; > 0, we would get that f. (7w (H\
{p},p0))) — m1(H \ {f(p)}) would be an isomorphism from a trivial group
to a group isomorphic to Z, which is impossible. Therefore we must have
y1 = 0, in other words, f(p) € OH as desired. O

This theorem says that the boundary has topological significance, at least
in the case of a half-plane. Since any surface with boundary is locally homeo-
morphic to H, the same should be true of any surface with boundary. Recall
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Definition 1.1 for the meaning of surface with boundary S and let 9.5 denote
the set of its boundary points. We are thinking of topological surfaces with
boundary and homeomorphisms. Similar (but easier to prove) statements
hold for differentiable surfaces with boundary and diffeomorphisms.

Theorem 4.9. Let Sy and S be surfaces with boundary and let f : S — So
be a homeomorphism. Then f(9S1) C 0Sy (and, consequently, f(0S1) =
0Ss.)

Proof. To use the same reasoning as in Theorem 4.8 we need the following
lemma:

Lemma 4.5. Let S be a surface, with or withoug boundary, let q be an
interior point of S, let ¢ : U — D be a coordinate chart centered at q,
where D C R? is the open unit disk centered at the origin, and ¢(q) = 0.
If V is any connected neighborhood of q contained in U (q € V C U), then
T (V' \ {q}) is an infinite group.

Proof. By applying the homeomorphism ¢, we may assume that U = D and
g = 0. Given any neighborhood V of 0, V' C D, there exists a disk D, of
radius r centered at 0 so that D, C V. Leti: D, -V and j:V — D
be the inclusion maps. Then j o is the inclusion of D, in D and (j o i), :
m1(Dy \ {0}) — m1(D \ {0}) is an isomorphism, since both D, \ {0} and
D\ {0} contain the circle C of radius § as a deformation retract and j o
is the identity on C. Since (j 0 i), = ji 0 ix, and fixing a point in C' as the

basepoint in the fundamental groups, we have:
L Jx
m(Dr \ {0}) — m(V\ {0}) = m(D\ {0})

d
m(C) 27 ! - m(C) 22
therefore i, is injective (and j, is surjective), therefore m (V' \ {0}) contains

a subgroup isomorphic to Z (and surjects to a group isomorphic to Z), so it
is an infinite group, as asserted, see Figure 4.10. (|

We can now prove the theorem: Suppose f : S; — Sz is a homeomor-
phism, suppose that p € 951, and suppose that ¢ = f(p) is an interior point
of S5. Take a neighborhood U of ¢ as in the Lemma, then f~'(U) is a
neighborhood of p, and there is a neighbohood W of p, p € W C f~1(U)
that is the domain of a coordinate chart ¢ : W — H where H is a half-
disk {22 + y? < 1,y > 0} and ¥(p) = (0,0). Then, just as in the proof
of Theorem 4.8, w1 (H \ {(0,0)}) is the trivial group, thus = (W \ {p}) is
the trivial group. But f(W) = V satisfies the assumptions of the Lemma
and f takes W\ {p} homeomorphically to V'\ {¢}, which is impossible since
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F1GURE 4.10. Fundamental Groups of Deleted Neighborhoods

the fundamental group of the latter is infinite, so, in particular, non-trivial.
Therefore f(p) must be a boundary point of Ss. (See Figure 4.10.) O

4.9. Examples of Induced Homomorphisms. The applications of the
fundamental group to problems in topology, as the ones we have just seen
in section 4.8, require the computation of the induced homomorphisms on
the fundamental group (Definition 4.6). Facility in computing these homo-
morphisms is essential in this subject. Remember that the main idea is
that to continuous maps f : X — Y there is an induced homomorphism
fo rm(X,20) = m (Y, f(x0)), and compositions go to compositions: if g :
Y — Z, then (go f)s« = g« o fi. Thus the algebra mirrors the topology. It is
this property (called “functoriality”) that makes the subject work. This is
what is used in Theorems 4.6 and 4.7 to prove that certain maps do not exist.
It is also used in Lemma 4.5 to prove that certain spaces have non-trivial
fundamental group.

Example 4.3. For n € Z, let f, : S* — S' be the map defined (for com-
plex numbers) by f,(z) = 2", in other words, f,(cos(27t),sin(27t)) =
(cos(2mnt),sin(27wnt)). Since f,, wraps the circle around itself |n| times (in
the reverse direction if n < 0), it is reasonable to expect that, under the
winding number isomorphism of Lemma 4.4, f, corresponds to mutiplica-
tion by n, in other words, that we have the commutative diagram (4.9)

m(S*, (1,0)) Un)y m (S, (1,0))

(4.9) w w

n
Z -7

where w is the winding number isomorphism of Lemma 4.4 and the bottom
arrow is the map Z — Z that sends = to nz (multiplication by n).

To prove that this is indeed the case, we have to go back to the definitions.
First, we need a generator of 71(S?,(1,0)), and Lemma 4.4 gives us one,
namely the loop a1, where, for any n € Z, a,(t) = (cos(2mnt),sin(27nt)),
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0 <t <1lisaloopin S!based at (1,0). Then, by definition, (f,,)«[c1] = [frno
a1] = [ag] since fr(a1(t)) = fn(cos(2nt),sin(27t)) = (cos(2mnt), sin(27nt))
= ay(t). Since, again by Lemma 4.4, w(a,) = n, we get the assertion of
Diagram 4.9. Or, in multiplicative notation, (f,)«(a) = o™ for all a €

m1(SY, (1,0)).

Ezample 4.4. Let us look at maps of the torus T? = R?/Z2. Recall that
T? = S' x S'. From a homework problem (or p. 77 of [9]) we know that
(X xY) =2 m(X) x m(Y), where the isomorphism is given by o —
((px)«a, (py)«) for all o € (X x Y), where px, py are the projections of
X XY to X and Y respectively.

Putting these facts together with Lemma 4.4, we get the following de-
scription of 71 (T?). Let p1,p2 be the projections of S' x S* onto the first
and second factors respectively, and let a : I — S* x S! be a loop based
at ((1,0),(1,0)) To a we can assign two winding numbers: w(p; o ) and
w(pz o ). The map m (T?) — Z? given by a — (w(p1 o @), w(p2 0 a)) is a
group isomorphism.

To compute induced homomorphisms it will be easier to represent 72 as
R?/72 = (R/Z) x (R/Z), so we need to describe 1 (T?) also is this context.
Let p : R? — R2?/Z? be the projection to the quotient space. Every loop in
T? at the point p(0,0) is of the form po a, where o : I — R? is a path from
(0,0) to some pont (m,n) € Z2. The projections p; and ps of this loop are
the projections to R/Z of paths in R from 0 to m, n respectively. This shows
that (m,n) is the pari of winding numbers assigned to the loop p o v in the
above isomorphism. A path with giving pair of winding numbers (m,n) is
D O, Where oy, n(t) = (mit,nt), 0 <t <1, see Figure 4.11

o | =z =

FIGURE 4.11. The loop a32 in T2.

If we let 0 denote the point p(0, 0) € T2, we can summarize this discussion:

Lemma 4.6. The Map ¢ : Z? — m(T?,0) defined by ¢p(m,n) = [p o am.n)
s a group isomorphism.
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Proof. Clear from the discussion. ([

Now to maps of the torus. Let

A:<z Z), where a,b,c,d € Z

be an integral matrix. Define a map f4 : R> — R? by
(4.10) fa(z,y) = (axz + by, cx + dy).

(if we wrote (z,y) as a column vector, which we hesitate to do for typo-
graphical reasons, f4 would be left multiplication by A).

Then fa(Z?) C Z2, so there is a well defined map, still denoted fa,
on R?/72, defined by fa((z,y) + Z?) = fa(x,y) + Z>. Let’s compute the
induced homomorphism (fa)« : m1(7T?,0) — 71 (T?,0). Take a typical el-
ement [p o aympn] € m(T2,0). Then, by definition, (fa)«([p © amn]) =
[fao(poamn)] = [po(faoamn)], where the first equality is the defini-
tion of induced homomorphism, and the second equality is the definition
of maps on quotient spaces by taking representatives. Now, fa(amn(t)) =
(amt 4 bnt,emt + dnt) = Qgm-+bn,cm+dn(t). In other words, under the iso-
morphism ¢ of Lemma 4.6, (f4). is the same as the restriction of the linear
transformation fa to Z?, as in Diagram 4.11

(9)

Z? 71 (T2,0)
(4.11) falz2 (fa)«
72 71(T2,0)

If the matrix A has determinant +1: ad — bc = +1, then A~! is also an
integral matrix, so f4-1(Z?) C Z2. It is easy to check that (fa4)™' = f4-1.
therefore (f4)~! gives a well-defined map of 72 and f4 is a homeomorphism
of T2

4.10. Homotopy Equivalence. We know that the fundamental group is
invariant under homeomorphism, but it is also invariant under a weaker
equivalence relation between spaces, called homotopy equivalence:

Definition 4.9. Let X and Y be topological spaces (we do not need to assume
connected). We say that X and Y are homotopy equivalent or have the same
homotopy type if there exist continuous maps f: X - Y and g: Y — X so
that go f ~idx and fog ~ idy.

Remark 4.4. (1) If instead of saying go f ~ idx and fog ~ idy we
had said go f = idx and f o g = idy we would have defined the
notion of homeomorphism. Thus homotopy equivalence is a natural
weakening of homeomorphism.
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(2) If f and g are as in the definition, it is natural to say that f and
g are homotopy inverses to each other and that they are homotopy
equivalences.

(3) Note that it is not assumed that g o f, f o g are homotopic to the
identity relative to any basepoint. So, to see what homotopy equiva-
lence says about the fundamental group, we need to study the effect
on the fundamental group of homotopies that do not preserve the
basepoint.

Theorem 4.10. Let X,Y be connected and locally path connected, let f, g :
X — Y be continuous, suppose that F' : X x I — Y 1is a homotopy from
f tog: F(x,0) = f(z), F(z,1) = g(x) (but not assumed to preserve any
basepoint), and suppose xo € X is a basepoint. Let v : I — Y be the
path v(s) = F(xo,s) traced by the basepoint under the homotopy, and let

¢y = m(Y, f(mo)) — m1(Y,g(x0)) be the isomorphism ¢o(B) = v~ 8-y
as in Theorem 4.3. Then the induced homomorphisms f, : m(X,x9) —
m (Y, f(z0)) and g, : m1 (X, z0) — w1 (Y, g(x0)) are related by g = ¢~ 0 fi:

m1(Y, g(o))

%’k
m1(X, 7o) b

el
*

T (Y, f(z0)),
or, more explicitly, g.(a) =y~ - fu(@) -~y for all a € 71 (X, 0).

Proof. Let o : I — X be a loop based at zg. Then the map G : [ x I — Y
defined by G(t,s) = F(a(t),s) is a homotopy of f o« to g o @ where the
basepoint moves tracing the path v. To construct a homotopy between go «
and y~! - f o a - v preserving the basepoint g(x¢) we need a suitable map
p:Ix I — IxIsothat Gop is such a homotopy. Figure 4.12 shows, on
the left, what the desired map does on the boundary of I x I, and, on the
right, how G and G o p are related. Its explicit construction is left as an
exercise. ([

Corollary 4.5. If f,g : X — Y are as in the theorem, and, in addition,
f(zo) = g(z0) = Yo, then the map ¢. in Diagram 4.10 is an inner automor-
phism of 1(Y,y0), in other words, v € m1(Y,y0) and ¢y(8) = 71 - B -7
conjugation by an element of this group.



46 TOLEDO

- & {d'o(
3= for 2

FIGURE 4.12. Effect of Homotopy Moving Basepoint

Proof. If f(z9) = g(zo) = yo, then v(s) = F(xg,s) is a loop based at o,
thus represents an element of 71 (Y, o). O

Example 4.5. Let A abd B be tow integral 2 by 2 matrices and let f4, fp :
T? — T? be the maps defined in Example 4.4. Since f4(0) = f(0) = 0,
if f4 were homotopic to fg, then, for some v € 71 (T2,0), we would have
that for all a € m(T2,0), (f5).(a) = 7~ - ((f4)e(a) -7 = (fa)e(a), the
last equality because 71(72,0) = Z? is abelian. Thus (fa)s = (fB)+, and by
Diagram 4.11 we see that A = B. Thus f4 is homotopic to fp if and only
if A = B. Observe that we are not assuming that the homotopy preserves
the basepoint.

Corollary 4.6. If X and Y are homotopy equivalent, then, for any base-
points in X and Y, m(X) =& m(Y). More precisely, g. o fi and fi o g«
are isomorphisms obtained as in Diagram 4.10. In particular, f. and g. are
isomorphisms.

Proof. Clear. (]

Ezxample 4.6. (1) Any deformation retraction is a homotopy equivalence.
This applies to the first three parts of Example 4.2. In particular,

S™ and R™"*1\ {0} are homotopy equivalent.
(2) A solid torus S!' x D is homotopy equivalent to S!, see Figure 4.13.
(3) The solid H, bounded by the standard picture of the surface 3, is
homotopy equivalent to a one-dimensional object, as in Figure 4.13
(4) All the previous examples are deformation retractions, and involve
spaces of different dimensions (here we are speaking intuitively about
dimension, its topological definition and its properties requires some
work). Here is an example of a homotopy equivalence, which is not
a homeomorphism, between two surfaces with boundary. Let Sy
be a torus 72 with an open disk removed, and let Sy be a closed
disk with two open disks removed, see Figure 4.14. Then both 5]
and Sy deformation retract to the “figure 8 (more formally, the one-
point union of two circles, see Definition 4.11 below). Then S; is
homotopy equivalent to S3, but they are not homeomorphic since
051 is connected while 055 has three connected components, and we
now know that homeomorphisms respect boundaries (Theorem 4.9)
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FI1GURE 4.13. Solids Bounded by Surfaces

Q:oo —— XD

FI1GURE 4.14. A Homotopy Equivalence of Surfaces with Boundary

(5) It is a fact that for compact surfaces with empty boundary, homotopy
equivalence implies homeomorphism. This follows from classification
of surfaces (which we know) and the homotopy invariance of Euler
characteristic and orientability (which we have not established).

Finally some terminology:

Definition 4.10. A connected, locally path connected space X is said to be
simply connected if m,(X) is the trivial group. The space X is said to be
contractible if it is homotopy equivalent to a point.

Remark 4.5. There are several equivalent characterizations of simply con-
nected spaces: X is simply connected if and only if:

or all z1,x9 in X and for any two paths «, 8 from z1 to x2, a ~
1) For all in X and f t th f t 1G]
relative to the endpoints.
ny continuous map f :S" — X is homotopic to a constant map.
2) Any conti p f:S!' — X is homotopic t tant map
ny continuous ma : — extends to a continuous ma
3) Any conti p St X extends t ti p
g: D — X of the closed unit disk.

See, for instance, [5, 9] for more details. Moreover, a contractible space is
simply connected, but not conversely. We sill see later that S™ is simply
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connected for n > 2, but it is not contractible (an intuitively clear fact that
we will not be able to prove here).

Finally, a construction mentioned above:

Definition 4.11. Let X, Y be (connected, locally path connected) spaces,
let xp € X and yg € Y. The one point union of X and Y, denoted X VY,
is defined to be X VY = X UY/z ~ yp.

Example 4.7. The space S'VvS! is the “figure 8” that we used in Example 4.6,
see Figure 4.14. Our next challenge is to compute 71 (S v S1).

5. SOME GROUP THEORY

We need to develop some group theory in order to describe fundamental
groups of spaces. Recall that we want to compute 71(S'), the fundamental
group of the figure eight. Let a and b denote loops going once around each of
the two circles, as in Figure 5.1. One plausible property of its fundamental
group is that all loops are obtained, up to homotopy, by composing these
any number of times, and that the only cancellations are the obvious ones.
Here is a precise algebraic structure that describes this idea:

a

FIGURE 5.1. Stv St

5.1. Free Groups. Given two symbols a, b, define a group as follows. Its
elements are certain “words” in the “alphabet ” a,b,a!,b~!. A word means
a string of these symbols. The empty word is included. A word is called
reduced if it does not contain any of these sub-strings:

(5.1) aa”t a7 ta, bbb b
For example, the following are words:

bbabb a1 b aabba !

baba'a™*baabbaabbb

a a1 taaabbababab

0

where the first is not reduced, while the other three are reduced. For each
of these words you can trace a loop in 71 (S v S1), see Figure 5.1.
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Any word can be reduced by erasing any occurence of a substring (5.1)
and, if necessary, iterating the process. For example, for the unreduced word
above, this process

bbabbta~ b0 aabbat — bbaa bt b taabba ™t — bbb b aabba !
produces a reduced word, called the reduction of the original word.

Define a group F,, called the free group on the two generators a,b as
follows:

(1) The elements of the group are all the reduced words in the alphabet
a,b,a”t, b7, including the empty word.

(2) If z,y € Fyy, their product xy is obtained by concatenating the two
words x and y and then reducing the concatenation.

(3) The unit e is the empty word.

(4) The inverse z~! is obtained by the usual rule: spell z backwards,
interchange the letters a,b with a1, b1,

Let’s look at some examples. il & = abaab 'abb and y = baabba™!,
then xy = abaab~tabbbaabba~' while yx = baabbabaab~tabb (reducing the
concatenation). In particular zy # yz, so F,p is not Abelian. (This
can be seen more easily form the fact that ab # ba since they are dif-
ferent reduced words.) Since the abaab~'abbb='b~'a"'ba"ta"1b"1a"! re-
duces to the empty word, we see that x~!, the inverse of abaab~labb, is
b=lvta"tba"ta"tb1a! (the usual formula for the inverse).

The group axioms are clear, except for associativity: we will later prove a
more general associativity result (Lemma 5.1 below). In the meantime, we
will accept that we have defined the free group.

The same reasoning applies to alphabets of any size (which we will keep
finite for simplicity):

Definition 5.1. Let S = {ai,...a,} be any finite set. The free group on S,
denoted Fg or Fy, . . 4., is the collection of all reduced words in the alphabet

ai ...an, al_l, ...a; ', including the empty word, and where reduced mean

.a,
no successive occurrences aa” ' of a~'a, where @ is one of ai,...a,. The
operations are defined as for Fy,;: the product zy is concatenation followed
by reduction, the unit e is the empty word, and the inverse ! is defined

by the usual rule.

5.1.1. The Universal Mapping Property. Here’s a structural characterization
of the free group, called a universal mapping property.

Theorem 5.1. Let S = {ay,...,a,}, and let i : S — Fg be the inclusion
map: i(aj) = a;. Suppose G is any group and suppose f : S — G is a map.
Then there is a unique homomorphism ¢ : Fs — G extending f, meaning

that poi= f:
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Fg

Proof. Given f: S — G, define ¢ first on the alphabet by

(5:3) ¢(a;) = f(a;) and ¢(aj") = f(a;) ™",

where aj_1 is a letter in the alphabet (and, in particular, an element in
Fs), and f(a;)~! is the inverse in the group G of the element f(a;j) € G.
Once ¢ is defined on the alphabet, then it can be easily defined on Flg: let
¢(0) = e € G and, if © = z129...71 is a word (so each z; is an a; or an
aj_l), then define

(5.4) P(z1...2) = P(x1) . .. Pzk).

This defines a homomorphism ¢ : Fg — G because, if ¢ = x1...2; and
Yy =1 ...y are reduced words, then xy is the reduction of 1 ... xpy1 - -y =
Z1...Tp—jYj+1..-y say (if exactly j cancellations occur in the reduction,
that is, xp = yl_l,...,a:k_j+1 = yj_l in Fg, but x;_; # yj+1. Possibly
j =k = [ in which case xy is the empty word. Or it may happen that j = 0,
that is, there are no cancellations). Then

(xy) = d(x1 - Tp—jyj41 - U) = d(x1) - - (Tp—)B(Yj1) - - - o (W)

= ¢(x1) - d(zK)P(y1) - .- d(y) = d()9(y),

where the second equality is the definition (5.4) of ¢ and the third equality
is because the same cancellations, if any, xzy; = e, etc, that occur in Fg
imply ¢(xr)o(y1) = e, etc, in G. This proves the existence of ¢.

To prove the uniqueness of ¢, observe first that any homomorphism ex-
tending ¢ must satisfy (5.3) and therefore must also satisfy (5.4). O

Ezample 5.1. (1) If S = {a} has cardinality one, then F, is the infinite
cyclic group generated by a, The universal mapping property says
that to define, for any group GG, a homomorphism F, — G, is equiv-
alent to stating where the generator a goes: choose any g € G, let
¢(a) = g, then ¢(a™) = g" € G for any n € Z.

(2) To see an example were the universal mapping property does not
hold, look at any finite cyclic group, say the group Zig of order 10
generated by 1, and let G = Z. If we look at the map f: {1} - Z
defined by f(1) = 1, then f does not extend to a homomorphism
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¢ : Z1o — Z, since we would have ¢(2) = 2,¢(3) = 3,...¢(10) = 10.
But 10 = 0 in Zp, yet 10 # 0 in Z, so we would get ¢(0) = 0 and
#(0) = 10, so ¢ is not defined. The problem is that the relation
10 = 0 holds in Z1y but does not hold in Z. The meaning of the
word free is that there are no relations other than the ones imposed
by the axioms of group theory. One way of making the meaning of
“no relations” precise is the universal mapping property (5.2).

(3) In (5.2), let’s take G = Z™ and f(a;) = (0,...,1,...0) (the 1 in the
j-th posiition). Then the resulting homomorphism ¢ : F,, . o, — Z"
is given by

L1yeees

(5.5) d(xy...xE) = (M1, ma,...,my)

where m; is the number of occurrences of a; among the letters
Z1,...,x, minus the number of occurrences of = among the same
letters. This can be seen easily from the fact that all the elements
¢(x;) commute, this formula holds for each letter and is additive.

(4) Another example of a group that is not free is the group Z2. Take
for G any non-abelian group, say the symmetric group group Ss
on three letters, and any two elements g,h € G so that gh # hg,
say the transpositions g = (12) and h = (23) in S3. Define a map
f:4(1,0),(0,1)} - G by f(1,0) = g and f(0,1) = h (the standard
generators for Z2?). Then f does not extend to a homomorphism
¢ : 72 — G because ¢(1,1) is forced to have two contradictory defini-
tions: ¢(1,1) = ¢(1,0)¢(0,1) = ghand ¢(1,1) = ¢(0,1)¢(1,0) = hyg,
but gh # hg. The problem here is that relations of commutativity
hold in Z?, so Z? is not free. These relations go beyond the require-
ments of group theory, as the existence of non-abelian groups such
as S3 or Fy; show.

(5) The last example shows that Z? is not a free group. But, if we stay
in the restricted class of Abelian groups, then it, as well as Z" for
any n = 1,2,... has a freeness property expressed by a universal
mapping property similar to (5.2). One way of stating the theorem
is to say that Z" is free in the category of Abelian groups, meaning
that it satisfies no relations beyond those dictated by group theory
and commutativity.

Theorem 5.2. Let S = {ai,...,an} be the standard basis for Z" as in (3)
of Example 5.1, and leti : S — Z" be the inclusion. Then, given any Abelian
group A and any map f : S — A, there is a unique group homomorphism
¢ : L™ — A extending f, meaning that ¢(a;) = f(aj) for j=1,...n:
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S A
S
(5.6) i 9
ZTL
Proof. A simpler version of that of Theorem 5.1, left as an exercise. O

5.2. Free Products of Groups. We need another construction in group
theory. Suppose G, ... G, are groups. We will define a new group as follows:

Definition 5.2. The free product of the groups Gi,...G, is the group, de-
noted Gy * - - - x G,

(1) Its elements are reduced words in the alphabet which is the disjoint
union (G1\ {e}) U - U (Gy\ {e}), including the empty word.

(a) A word means a string of symbols zixs ...z, where each x;
belongs to one of the sets G \ {e}.

(b) Note that the indexing by j is essential to the meaning of dis-
joint union in the definition of the alphabet. We distinguish G
and G, etc, if they have different indices, even if they are the
same group. We may (and will) use products G * G x . ...

(¢c) A word is reduced if two successive letters x; and ;41 never
belong to the same G, \ {e}, meaning, as just explained, to the
same index j.

(d) The length of the reduced word x = 1 ...z} is defined to be k,
and we write [(z) = k. The length of the empty word is defined
to be 0. Note that I(z) = 1 if and only if x is a letter in the
alphabet.

(2) The product zy of x = x1 ...z and y = y; ...y, is defined by

T TEYL--- Yl if 1, y1 ¢ same G},
1. Tp—1(xpy)y2 ..oy if 2,1 € sameG;
(5.7) Ty = and Ty, # €,
(1. 2k—1)(y2. .. m1) if x,y1 € same G
and xxy; = e.

Note that in the second case the product xry; takes place in the
group G; and produces a letter in the alphabet. Thus in the first
case the length I(zy) = k+1, in the second case [(zy) = k+[—1. In
the third case the definition of zy is reduced to the definition of the
product of two words a’,y" where I(z') < I(z) and I(y") < l(y), so
we could take this as an inductive definition of xy. Of course, in the
third case, it means continue applying case 1 or 2 as needed until
you get a reduced word.
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(3) The unit e is the empty word.
(4) The inverse ! is defined by the usual formula: if z = z; ...y,
then 71 = x,;l e :Ufl.
To know that we have indeed defined a group all that is needed is the
following lemma:

Lemma 5.1. The multiplication just defined is associative: (xy)z = x(yz)
forall x,y,z € Gy *---x Gy.

Proof. We sketch a proof by induction on the length [(y), see Proposition
12.5 of Chapter I of [8] for more details. For [(y) = O there’s nothing to
prove, and for I(y) = 1 it is a quick check using (5.7), there are seven cases
to check, left as an exercise. If [(y) > 1, then can write y = yjy2 where
l(y1) < l(y) and I(y2) < l(y). Then all the following computations involve
associativity with the middle element y; or yo of strictly smaller length:
(zy)z = (x(y1y2))z = ((wy1)y2)z = (Y1) (122) = (Y1 (y22)) = #((1132)z) =
z(yz). O

Ezample 5.2. (1) The free group Fy, .. 4, of Definition 5.1 is isomorphic
to the free product Z - --*Z (n factors). More precisely, Fy, . 4, is
the same as Fy, *---x F, , recalling, from Example 5.1 that F} is the
infinite cyclic group generated by a, isomorphic to Z. In this descrip-
tion we are using a larger alphabet: {a¥ : k € Z\{0}}u---U{al : k €
Z\ {0}} rather than the earlier alphabet {ay,...,an,a;"...,a;'}.

(2) The smallest non-trivial free product that can be formed is Zgy * Zg,
the free product of two groups of order 2. Let’s call their generators
a and b respectively. Then the alphabet is {a,b} and, since a? = e
and b? = e, we can easily list all the elements of the group according
to their lengths: e (the empty word, length 0), a,b (of length 1), ab
and ba (of length 2), aba and bab (length 3), abab and baba (length
4), and so on. There are exactly two elements of any given length
[ > 1, the element is completely determined by the first letter. It is
easy to check that all elements of odd length have order 2, while all
elements of even length have infinite order.

There is a good way to picture this group as what is called the
infinite dihedral group Do, see Figure 5.2. This is the group of
motions of R generated by two reflections «, 3,where a(x) = —x
(reflection in 0) and B(z) = 1 — z (reflection in ). Then af(z) =
—(1 —z) =z —1is translation by —1 and fa(z) =1—(—z) =x+1
is translation by 1. There is a homomorphism ¢ : Zg x Zo — D
defined by ¢(a) = o and ¢(b) = S, illustrating the universal mapping
property of free products in Theorem 5.3 below. It is easy to check
that ¢ is an isomorphism, with elements of odd length going to
reflections in integers or half-integers, and elements of even length
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to translations by an integral amount. These are exactly all the
elements of D..

oL
ok L
AN RN W A
' e 3 !
= —‘c‘ 0 ! 7 2

[

e

FiGURE 5.2. The Infinite Dihedral Group Dy = Zg * Zo

(3) The last example illustrates the fact that non-trivial (meaning at
least two factors, both with mote than one element) free products
always give infinite groups. The next smallest example would be
Zo x Zs3. This is already quite complicated. If we let a generate
Zo and b generate Zs, we have e of length 0, a,b,b® of length 1,
ab, ab?, ba,b?a of length 2, aba,ab’a,bab, bab?, b%ab, b>ab?® of length
3, etc. We should meet this group again in relation to hyperbolic
geometry.

Theorem 5.3. Let G1,...G, and G be groups, and suppose given homo-
morphisms ¢; : G; — G for j = 1,...n. Leti; : Gj — Gy x---x G, be
the inclusion of each factor in the free product. Then there exists a unique
homomorphism ¢ : G1 x --- x G,, — G extending the ¢;, meaning that, for
each j, poij = ¢;.

Proof. This is just like the proof of Theorem 5.1. If x = z1 ...z} is a reduced
word and z; € G, \{e}, let ¢(x) = ¢;, (1) . .. ¢, (zx) (and ¢(empty word) =
e). As before this is well defined and gives the unique extension of ¢; ... ¢,
to G1 x---x G,,. O

Finally one useful fact about the universal mapping properties that we
have discussed: they uniquely define the structure of the group in question,
including the the inclusion of the distinguished subsets or subgroups.

Theorem 5.4. Fixz one of the universal mapping properties of Theorem 5.1,
or 5.2 or 5.3. Given any two groups that property, there is a unique iso-
morphism between them that takes one inclusion to the other. In the case
of Theorem 5.1 this means the following: Suppose Fg is another group such
that there is an inclusion i’ : S — F¢g with the property that for any group
G and any map f' : S — G there is a unique homomorphism ¢' : Fg — G
extending f':
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(5.9) i

Similar statements hold for free abelian groups (Theorem 5.2) and free prod-
ucts of groups (Theorem 5.3 ).

Proof. In the case of the free group, take G = F§ in (5.2), to get a unique
®: Fg — F§ as in (5.9). Then take G = Fg in (5.8) to get ®’ : F§ — Fg as
in (5.9) but with ® in the opposite direction from ®. Then ®'o® : Fg — Fg
and ®'(®(i(a))) = @'(¢(a)) = i(a) for all a € S, so ' o ® and id are both
homomorphisms of Fg to itself that are the identity on i(.S) (in other words,
satisfy (5.2) with G = Fg and f = i), so, by uniqueness, ®' o & = id.
Similarly ® o ® = id, so we have the desired isomorphism. The other cases
are similar. ([

6. VAN KAMPEN’S THEOREM

Now we state and prove a theorem that allows us to compute the funda-
mental group of a union of spaces. As usual, X is a connected, locally path
connected topological space.

Theorem 6.1. Suppose X = U UV where U,V C X are open, and U, V
and U NV are connected and non-empty. Fizx a point xrg € UNV. The
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diagram of topological spaces and continuous maps (in this case inclusions)

U
b .
(6.1) Unv Junv X
7. £
1%

gives a diagram of fundamental groups and induced homomorphisms:

T (U, o)
* o
o) 2
(6.2) T (U NV, xo) Goav)s m1(X, o)
(% N
Y o
m1(V, wo)
Then

(1) The homomorphism of the free product ¢ : w1 (U, xq) * m1(V,x0) —
m1 (X, xo) given by Theorem 5.3 is surjective.

(2) The kernel K of ¢ is the smallest normal subgroup of (U, xq) *
m1(V,20) that contains {((iy)«a)((iv)«a) ™t :a € m(UNV,z0)}.

Remark 6.1. Recall the definition of the homomorphism ¢ from Theorem 5.3:
If a; ... ay is a reduced word representing an element of 71 (U, x¢) 71 (V, xg).

then ¢(aq ...ap) = ¢1(aq) ... dr(a) where
i = (Ju)s if a; € m (U, z0),
! (]\/)* if e 7T1(V, .1‘0).
Since we know from Theorem 5.3 that ¢ is well-defined, non-reduced words
coud be used as well.

For simplicity, let G = 71 (U, z¢) * m1(V, z¢). Since the first assertion says
that ¢ : G — m (X, z¢) is surjective, we must have m (X, z9) = G/K, where
K = ker(¢), in other words, m1 (X, o) is a quotient group of G. Diagram 6.2
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gives that for all a € w1 (U NV, x0), (ju)«(iv)«(a) = (v )«(iv)«(a) (both
equal to (junv)«(a)). Therefore

(6.3) O((ip)«()) = d((iv)« () for all o€ m(UNV,x,).

In other words, 71 (X, zg) is a quotient group of G in which (6.3) holds. This
is the same as saying that the following set .S is contained in K:

(6.4) S = {((iv)«(@)((iv)+(a)) ™t @ € m(UNV,20)} C K.

The second assertion of the theorem says that K is as small as possi-
ble given the constraint (6.3) (which is equivalent to the constraint (6.4)).
Equivalently, this says that G/K = m1(X,z0) is as large as possible given
the constraint (6.3) (equivalently, to constraint (6.4)).

The phrase “K is as small as possible” has he usual meaning: if IV is any
normal subgroup of G containing S, then K C N. Equivalently, K is the
intersection of all normal subgroups of G containing S. Since K and G/K
are , so to speak, “inversely proporional”, this is also a reasonable definition
of the phrase “G/K is as large as possible”, and in many situations this is
the best definition of this phrase. But in some situations it may be desirable
to have a definition that does not mention K explicitly, so it is reasonable
to use the following definition of “as large as possible”:

Suppose H is any group such that there is a surjective homomorphism
¥ : G — H satisfying the same constraint (6.3) that ¢ satisfies. Then there
is a surjective homomorphism f : 71(X,z9) — H so that fo¢ = 1. The
equivalence of the two formulations is easy to see: if H is as stated, then
H = G/N where N = ker(1) is normal subgroup of G containing S, hence
containing K, and f is the natural map G/K — G/N. This formulation is
also equivalent to the universal mapping property used by Massey on p. 114
of [9] to formulate Van Kampen’s theorem, while the formulation we have
chosen is as used by Hatcher on p. 43 of [5].

Proof of Van Kampen’s Theorem. For the first statement, let o : I — X
be a loop based at xzyg. We must show that [a] is in the image of ¢. Let
€ > 0 be a Lebesgue number for the cover a=}(U), a1 (V) of I, and let
0=ty <t; <---<t, =1 be a partition of I so that t; —t;_1 < € for all <.
For each i = 1,...,n choose W; = U or V so that a([t;—1,t;]) C W;. Since
W; N W41 is, by assumption, connected, and contains xg, there is a path 5;

from xg to a(t;) in W; N W41, fori =1,...,n— 1. Let o; be the restriction
of a to [ti—1,t;], linearly reparametrized to [0,1]. Then we can write
(6.5) [o] = o - B [Br 02 B3]+ [Buet - o] = 1] -+ [e]

where +; is the loop 8, 11 ;- B; in W; (defined by one of the two possible
associations, the choice is irrelevant), see Figure 6.1
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FIGURE 6.1. Surjectivity of m1 (U, o) * m1(V, o) — m1 (X, x0).

This equation can be read in two ways. If we consider the [v;] € 71 (W;, x¢),
let’s denote it [y;]w, in this case, then [v1]w, - - - [Yn]w,, is @ word, not neces-
sarily reduced, whose reduction represent an element g of the free product
w1 (U, o) * m(V, 20). If we interpret the [7y;] as elements of w1 (X, xg), let’s
denote them [v;]x in this case, then, by definition of ¢, [a;]x = é([vilw;),
and (6.5) then reads [a|x = ¢(g), thus [a] is in the image of ¢ and the first
part of the theorem is proved.

The proof of the second statement is much more involved. We give a quick
sketch and refer to [5, 9] for more details. To have a reasonable notation,
let

G =m (U, x0), Go =m(V,20), A=m(UNV,xg),
and
illA—>G1, iz:A—>G2

the induced homomorphisms on fundamental groups. Let

S = {((i1)+a)((iz)sa) " 1 a € A}
and
N = smallest normal subgroup of GG; * G2 containing S.

Let ¢ : G1 x Go — m1(X, z9) be the surjective homomorphism given by the
first parr. We want to show that if aj...a; € G1 *x G2 and ¢(a; ...ax) = e,
then a;...ar € N. It will be more convenient to prove the equivalent
statement: if ¢(ay...ar) = e, then ¥(ay...ar) = e, where ¥ : G * Gy —
G1 % G3/N is the natural projection.

We need to know some ways of changing the word ay . .. ax without chang-
ing its image ¥ (ay ...ax). Here are two ways:

Move I In ay...a;...ay, replace a; by aja] if aj,a,a} are in the same
AW/

group G (= Gy or Go) and a; = aja} in G, and also its inverse operation.

This move one does not change the element a; ...ax € G1 * Ga.

Move II: In ay ...a;j...ay, if a; € G1 and a; = i1a for some a € A, replace
aj by a;- = isa € G (and similar operation if a; € G5 and a; = i2a). This
operation may change the element a; ...a; € G1 * Ga, but does not change
Y(ar...ax) € Gy * Gy/N.
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So take a word ay...ar € G1 * Gg so that ¢(ai...a;) = e. Each a; is
represented by a loop (also called a;) in U or V so that a; - - - aj is homotopic
to zg. Represent this homotopy class by a loop a; ... a, where a; : [%, %] —
X. Let F: I x I — X be a homotopy of this loop to zg:

F(t,O) = Zo, F(tal) :al"'ak(t)7 F(O,S) :F(l,S) = Zo-

By the usual Lebesgue number argument plus a bit n=more refinement, we
can find subdivisions 0 = tg <t; < - - <tp, =land 0 =59 < 51 < -+ <
s$p = 1 of I so that:

(1) The partition tg,t1,...,t, of I refines the partition 0,%, %,...,1
used to define the loop aj - - - ag.

(2) Let R;; = [ti—lati] X [Sj_l,Sj]. Then for all i, 5, F(R@j) C Wi,
where W;; = U or V.

Let v; j = F(t;, sj), and let V; j be the intersection of the sets W}, ; containing
;5,80 V; j is one of U, V,UNV. Define paths a; ;, b; ; to be the images under
F of the sides of the rectangles as in Figure 6.2.

ae,,' ‘
1/-‘—’ . L\)D‘ rlfb"a
l—’}& 7
Ru‘ /\ﬁ t
AL“‘, R LJ L)J
¢
V‘:JJtl

/Z/l-t—‘; d-_/ QU’JL)

FIGURE 6.2

Then in W; jwe have a homotopy relative endpoints:
(6.6) bi—l,j cQg g~ A1 b@j (rel endpoints).

To convert this to an equation involving loops, choose a path ~; ; lying in
Vi,j from zg to v; ;. Then to the a’s and b’s we can assign loops «, 3 by

—1 —1
Qg =Yie1j - Gig- Yy  and Bij=Yig-1-bij- ;-

Then (6.6) implies the equation
(6.7) [Bi-1,5 ijlw,; = laij-1 Biglwi;,

the subscript W; ; meaning that the equality takes place in the group 1 (W; ;, zo),
which we recall is one of Gy, Gs.
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Let’s look at the subdivision of I x I. At the bottom edge we have the
element o g2 ..., = € in G * G2 since each ;o is the constant path
xo. The last letter ou, o of this word is the same as ou,,08m,1 since By, 1
is also the constant path z¢. Looking at (6.7) for the rectangle R, (the
bottom right hand corner of the subdivision), we get [B,—1,10m1]w,,, =
[m,08m,1]W,, 1, Which means that, by moves of type I, we can replace the
lower edge a1 0. . . Qun,0 by the path a0 ... Qm—1,08m—1,104m,1 from the bot-
tom left hand corner of the subdivision to the vertex on the right edge one
above the bottom, as pictured in the left of Figure 6.3. Since it only involves
Move I, this is an equality in G * G2. (note that fp,—110m 1 = e, and all
elements with j = 0 or ¢ = m are also e since they are the constant loop at
l‘o).

—

FIGURE 6.3

Now we proceed to the left. We look at [B,—11]w,.,, replace it by
[Bm—1,1]W,,_1.1, which is a move of type Iif W, 1 = W), 11 but is a move of
type II otherwise. Then we use the relation (6.7) applied to R,,—1,1 to “move
the path over this rectangle”, that is, replace am ... Qn—1,08m—1,10m,1 by
Am0 - Om—200m—2,10m—1,10m,1 (pictorially, move the § one unit to the
left), as shown in Figure 6.3. Since only moves of type I and II are involved,
this doesn’t change the element of G * G2 /N.

Continue this way until you reach the left-hand edge, then move to the
next layer on the right hand edge by using f,,2 = e since again it is the
constant loop at xg, then move to the left as before by “lifting the path”
over each rectangle. The general step requires a replacement as shown in
Figure 6.4, namely moves of (possibly) type II

[Biglwiir, < [Biglw, and losjalw, ., < [ai-1]w
followed then by the move (6.7) of type I. Continue this way until we cover
the whole subdivision of I x I. Since these moves do not change the element
of G1 xG2/N, we get that the top edge of the rectangle represents the same
element of G1 * G3/N as the bottom edge:

E=010---Qno=Qln...0;mn in Gl *GQ/N

Finally the condition above that the partition tg,t1,...t, refines the parti-
tion 0, % ...1 says that a1, ...,y is a finer factorization of the original
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FIGURE 6.4

ai . ..ay, thus equivalent to it by moves of type I. Thus we have proved
that aj ...ar € N, in other words, ker(¢) C N, concluding the proof of the
second statement.

]

6.1. Applications of Van Kampen’s Theorem. We are now in the po-
sition to compute many more examples of fundamental groups. We start
with a simple example that only uses the first statement of Van Kampen’s
theorem.

Example 6.1. The unit sphere 8™ C R™*1 is simply connected for n > 2.

Proof. Let Uy = {zp41 > —3} and U_ = {41 < 3} and let U = Uy N S™,
V =U_nNnS" 1t is easy to check that, for any n > 1, U and V are
both homeomorphic to an n- disk, in particular, both are simply connected,
and U NV has the equator {(z1,...,2,,0) 123 +...22 =1} = S" L asa
deformation retract, see Figure 6.5 Since, forn > 2, S*~! is connected, UNV
is connected, and the first part of Van Kampen’s theorem gives a surjection
of the trivial group {e} * {e} to m1(S™), thus S™ is simply connected for

n > 2. O
s L

=

—

Ep Y0

_ U ‘ a

i C
S’n—l 'i/,,v;

FIGURE 6.5. 71(5?) and m (S v SY).

The principle behind this example is the following immediate corollary of
Van Kampen’s theorem:
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Corollary 6.1. Suppose X = U UV where U,V are open and simply con-
nected, and UNV is non-empty and connected. Then X is simply connected.

Proof. The first part of Van Kampen’s theorem gives a surjection of the
trivial group to m1(X). O

Ezample 6.2. 71(S'V S, x0) = Z*Z, the free group on two generators Fop,
where a, b are loops going once around each of the two circles.

Proof. Let’s take SV S! to be the union X of two circles Cy, Cy C R? of
radius 1 and center at (—1,0) and (0, 1) respectively, and zp = (0,0) their
intersection. Let U = X N{z < 1} and V = X N{x > —1}. Then U,V
and U NV satisfy the hypotheses of Van Kampen’s theorem, U has C] as a
deformation retract, V has Csy as a deformation retract, and U NV has xg
as deformation retract, see Figure 6.5. Therefore 71 (U, z) = m1(V,20) =Z
and w1 (UNV) = {e}, therefore Z+Z surjects to m1 (X, o) with trivial kernel,
in other words, m (X, xo) = Z * Z. O

The principle behind this example is the following corollary of Van Kam-
pen’s theorem:

Corollary 6.2. Suppose X = U UV where U,V are open, connected, UNV
is non-empty, (connected) and simply connected, and let xo € UNV. Then
m1(X, xo) = 71 (U, xg) * 711 (V, x0).

Proof. Since m1(UNV, ) = {e}, the surjective map 71 (U, zo) *m1(V, z09) —
m1(X, xg) is also injective. O

Of course, to use this Corollary effectively in examples such as 71(S'Vv St)
we have to choose open sets of the correct homotopy type. We would like
to decompose S'V S! as the union of the two obvious circles, but these
are not open. We choose slightly bigger open sets of the same homotopy
type, and with their intersection of the homotopy type of xp, and then
apply the theorem. This type of adjustment is typical of the applications of
Theorem 6.1.

Example 6.3. We could use the same reasoning, inductively, to show the
following: Let S'V---Vv S (n times) be the one-point union of n circles, in
other words, choose a point z; in each S and define

Then m(X) = Z*---xZ = F,, . q,, the free group on n generators (see
Definition 5.1), where a; is a loop going once around the i-th circle.

Ezample 6.4. Let P? be the projective plane (see (6) and (7) of Example 1.1).
Then 71 (P?) = Zs, the cyclic group of order two.



5520 NOTES 63

Proof. Present P? as the close unit disk D with antipodal points on its
boundary S' identified. Divide the boundary into two semicircles from
(—1,0) to (0,1), label them a. Then, in the notation for presenting sur-
faces explained in (9) of Example 1.1, P? is presented as aa. The half-circle
a projects to a loop in P2. Cover P? by two open sets: U = the projection
to the quotient space of the annulus % < |z|] < 1 and V = projection to
quotient space of |z, % Then U is an open Mébius band which deformation
retracts to the circle which is the projection of a, and V is an open disk.
U NV is an annulus that deformation retracts to the circle |z| = % Then U
and UNV are both homotopy equivalent to a circle, thus have infinite cyclic
fundamental group, isomorphic to Z, while V' is simply connected. We need
to take Take the base-point at the point zg = (%,0) € UNYV. Then, by
sending a path ¢ from zp to (1,0) we can take for generator of m (U, xo)
the loop cac™! and for generator of 71(U N V) the loop b formed by the
circle |z| = % counterclockwise. Then it is easy to see (and checked in a
homework problem) that the homomorphism induced by inclusion sends b
to c-a?-c7!, see Figure 6.6. Theorem 6.1 tells us that 7 (P?) is the quotient
of m1 (U, zo)*xm1(V,z9) = Z+{e} = Z buy the smallest normal subgroup con-
taining twice the generator. Since Z is abelian, every subgroup is normal,
so this is the same as the subgroup 27, so 71 (P?) = Z/27 = Zs as asserted.

O

FIGURE 6.6. 71(P?) and 7 (T?)

Remark 6.2. To see shortly a general pattern, it is more suggestive to express
the answer in terms of the generator a of 71 (U, (1,0)): m(P?) =<a >/ <
a®? > were < ¢ > stands for the cyclic group generated by c. All we need to
do is to change the base-point to (1,0), the image of 71 (U NV, xy) then goes
to the subgroup generated by ¢ ™' -b-c=c¢t-¢c-a? - ¢t c=d?

Ezample 6.5. We already know that 71(7?) = Z2, see Example 4.4. Let’s
see that Theorem 6.1 gives the same result. Present 7?2 as a quotient of the
unit square with identification aba~'b~! and cover T2 by U = neighborhood
of the boundary, and V' = interior of the square. Then U deformation
retracts to a space homeomorphic to S' v S' formed by the two loops a, b
in 72, while V is simply connected, and U NV is homotopy equivalent to
a circle. So the groups in question in Diagram 6.2 are Z = m1(U NV, xg),
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Fop = ZxZ = m(U), and 71 (V) is trivial. Then, after an argument changing
base-points as in the last remark, we see that the image of 71 (U N'V) in
m(U) = F,y is the subgroup generated by aba~1b~!, see Figure 6.6. Thus
Theorem 6.1 tells us that 71(T?) = F,;,/N where N is the smallest normal
subgroup of F,; containing the word aba~1b~!. This subgroup N is called
the commutator subgroup of F,;, and we will study these subgroups shortly.
Let’s just say for now that there is a map F,;/N — 72 that is clearly
surjective and it must be an isomorphism because we have an independent
proof that the loops a and b generate the group 71 (7?) = Z2.

Definition 6.1. Let aq,...a, be symbols and let rq,...r, be words in the
alphabet a1, ...,a,. The symbol

< Alyeeeylpy | T1y e Ty >

denotes the group
G=Fy  a/N(r1,...7m),

where Fy, . q, is the free group on ay, ... a, and N(rq,...7p) is the smallest
normal subgroup of Fg, . ., containing the elements ry,...,r,. We say
that ai,...a, are generators of G, that rq,...r,, are relations in GG, and
that < ai,...,an | 71...,m > is a presentation of G by generators and
relations.

Example 6.6. (1) < a | a® > is a presentation for Zs, the cyclic group

of order 2, as in Example 6.4 and Remark 6.2.

(2) < a,b | a® b? > is a presentation of the infinite dihedral group D,
of Example 5.2

(3) < a,b|aba=tb~1 > is a presentation of the free abelian group in two
generators, Z2, as in Example 6.5.

(4) The same reasoning that we used in Example 6.5 to derive a presen-
tation of 7 (T%) can be used to derive a presentation of 1 (K ), where
K is the Klein bottle: present K as the quotient of the unit square by
the identification aba~'b (see Figure 1.2): m1(K) =< a,b | aba=1b >.

(5) It is now easy to see the pattern, with the same proof, in the case
that there is only one vertex in the quotient space: if w is a word in

ai,...,a, representing identifications on the boundary of a disk (or
2n-gon) to get a surface X, then m (X) =< aq,...,a, | w >. For
example

(6.8) m(Xy) =< ai,bi,a2,ba,...a4,bg | alblaflbl Lo agbga;lbg_1 > .

where Y, is as defined in Example 1.1. The common reason to
all these computations of the fundamental group of a surface is:
we can cover the quotient space X by two open sets U, V, where
U has the homotopy type of a one- point union of n circles, V is
simply connected, and U NV deformation retracts to a circle. The
induced homomorphism (U N V) — 7 (U) is the homomorphism
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7 — Fy, ..., that sends the generator of Z to the word w. Thus the
situation of Figure 6.6 is typical.

6.2. Some properties of 7 (%,). .

We have given a way of defining groups, called a presentation by gener-
ators and relations, see Definition 6.1, and we have given a presentation of
m1(2X4). In general, giving a presentation of a group does not say very much
about the group, for instance, is it trivial, abelian, etc. The reason is that it
is, in general, not easy to tell what the smallest normal subgroup containing
T1,...Tm is. For all we know it could be all of Fy, . 4,. But in the case of
the presentation (6.8) a lot more can be said. We study this presenation in
more detail.

Theorem 6.2. Let F, denote a free group on g generators. Then there
are homomorphisms i : Fy — m (%) and j : m(X,) — Fy so that the
composition ji : Fy — F, is the identity, thus i is injective and j is surjective.
In particular, m1(Xy) is non-abelian if g > 1.

Proof. Recall the presentation (6.8):

11 1,1
m1(Xg) =< a1, b, -+ ,ag,by | arbray by - aghga bt >

Let Fy = Fy, ... a4 Since Fy, .. 4, is free, there is a unique homomorphism

g
. F, b b bray oyt boa, bt
i Fay,.qp < a1,bi,--- ,ag,by | arbrai by ---ay gy by~ >

with the property that i(a;) = a; for [ = 1,...,9. We want to define a
homomorphism

. —1;-1 —1p—1
Ji<ai, by, a0y | arbray by agbgag b, > Fuy o,

by setting j(a;) = a; and j(b;) = efor i =1,...,9. We can certainly define a
homomorphism j : Fy, p, ... 4,6, With this property, the question is whether
it gives a well defined homomorphism on the quotient group

Fabryag by /N = Fa

1yeensCg )

where NV is the smallest normal subgroup of Fy, p, ... a, b, containing the word
alblaflbfl e agbgag_lbg_l, see Definition 6.1. This happens if and only if
J(N) = {e}. Since the kernel of j is a normal subgroup, by the definition
of N this happens if and only if j(alblaflbfl ~--agbgag_1b;1) = e. But
jlarbray oyt - - agbgay tb, 1) = aja;’t. .. aga, ! = e, so j is well defined on
the quotient group. Since ji(a;) = a; for [ = 1,...,g, it follows that ji is
the identity of Fy,. ,- The remaining statements follow immediately. [

Remark 6.3. There is a geometric picture corresponding to the algebraic
proof just given. Using a symmetric model of 3, we can decompose ¥, =
E; U X, , where each E;‘E is homeomorphic to a disk with g holes, so each
71'1(23:) is a free group Fy. Pick one of the pieces, say Z;, observe that it is a
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retract of 3, and that the loops ay, ..., a4 can be chosen to lie in Z‘;r, while
the loops b1, ..., by go to trivial loops under the retraction, See Figure 6.7.

FIGURE 6.7. Fy, .. 4, is a Subgroup of 71(%,).

6.2.1. Abelianization of a Group. To finish our discussion of 71 (X,) we need
another concept from group theory. Given any group G, there is an abelian
group Ggp, called the abelianization of G, with the following universal prop-
erty: There is a homomorphism p : G — Gy, and, given any abelian group
A and any homomorphism ¢ : G — A, there exists a unique homomorphism
bab : Gap — A so that ¢gp 0 p = ¢

G A
¢
6.9
(6.9) p Q&"
Gab

An equivalent formulation of this property is to say that G is the largest
abelian quotient group of G.

To construct Ggp, we need the commutator subgroup G’ of G: Given any
group G, let G’ be the subgroup generated by {ghg='h~!: g,h € G}. This
is a normal subgroup of G because, for any k € G, k(ghg *h 1 )k~! =
(kgk=Y)(khk=1)(kgk=1)~Y(khk~1)~!, therefore kG'k~! C G’ for all k € G.
Thus G/G’ is a group and there is a surjective homomorphism p : G — G/G'.

Theorem 6.3. The group G, exists and Gqp = G/G'.
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Proof. First, note that for all g,h € G, we have that p(g)p(h) = p(h)p(g)
because p(ghg~'h~!) = e by definition of G’. Since p is surjective we get
that G /G’ is an abelian group. Next, given any abelian group A and any ho-
momorphism ¢ : G — A, we have that G’ C ker(¢), because, for all g,h €
G, since A is abelian, we have ¢(ghg 'h™1) = ¢(9)o(h)o(g) td(h)~t =
#(9)p(9)Lo(h)p(h)~! = e. Thus, if p: G — G/G" is the quotient homo-
morphism, we see that G/G’ has the universal mapping property of Gy in
Equation (6.2.2). Putting A = Gy and G/G’ for Gy, in (6.2.2) we get a
map G/G" — Ggp, then, putting A = G/G’ we get a map Gy, — G/G’, and
it is easy to check that these are inverses of each other, so Gy, and G/G’
are isomorphic.

O

Remark 6.4. This construction of GG makes it clear that it is “functorial”
or “natural”, meaning that if G and H are groups and ¢ : G — H is a
homomorphism, then there is an induced homomorphism ¢4 : Gop — Hgap.
Moreover, whenever we have compositions defined, then (¢ o %) = ¢gp ©
Yap. Also idyy, = id. From this it follow formally that isomorphic groups
have isomorphic abelianizations. To construct ¢, we just need to observe
that ¢(G'") C H', since ¢(ghg h™1) = é(g)p(h)p(9)"1p(h)~t. Therefore
¢ : G — H induces a well defined homomorphism G/G’ — H/H'. This
homomorphism is, by definition, ¢qp.

Here is one useful example of the abelianization:

Theorem 6.4. Let F,, be the free group on n generators and let Z™ be the
free abelian group on n generators. Then (EF,)qp = Z".

Proof. Let S = {ai,...,an} be free generators for F,,, as in Equation (5.2)
Then it is easy to check that the inclusion of p(S) in (F),). satisfies the
universal mapping property of Equation (6.2.2). Thus the two groups in
question are isomorphic. O

Remark 6.5. The computation of 71(7?) in Example 6.5 gives us a way to
visualize the commutator subgroup of the free group F,; on two genera-
tors a,b. Present T? = R?/Z?, and also, as in Example 6.5 as S' v S!,
with fundamental group Fj; with relation aba~1b~! corresponding to the
boundary of the square. Let X be the pre-image in R? of S' v S'. Thus
X ={(z,y) : @ € Zory € Z}. Then it is easy to see that any loop in
X based at the origin projects to a loop in the commutator subgroup F(;b,
since it becomes trivial in 71(72) which is the abelianization of F, ;. Later,
when we discuss covering spaces, we will see that 7 (X) is actually isomor-
phic to the kernel of 71 (S'V S1) — 71 (T?). The word aba=*b~! corresponds
to the loop shown in Figure 6.8, while a conjugate is shown in the same
figure, and an arbitrary element of 71(X) is a product of conjugates. Thus
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the commutator subgroup F Ab is quite complicated. Van Kampen’s theo-
rem implies that it is the smallest normal subgroup containing aba='b~1!,
and this picture indicates why it can be difficult to compute this normal
subgroup.

bl abay —lj -

R

FI1GURE 6.8. The Commutator Subgroup of Fj.

6.2.2. Topological Invariance of the Genus. With the concept of abelianiza-
tion we can finish the proof of Theorem 1.1.

Theorem 6.5. m1(2,)a = Z%9.
Proof. Recall the presentation (6.8) of 71(¥,). Let F' = Fy 4,,...a,5, and
let N be the smallest normal subgroup of F containing the word w =

alblaflbf1~--agbga;1b;1, so that m(X,) = F/N. Since w € F', we see
that there is a map F/N — F/F' = F,,. We get diagrams:

F/N — F/F' = Fy

b1

Q&"
(F/N)ab
and
F (F/N)ap
D2 &@
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Since all these maps send the generators ai, by, ..., aq, by of F' to their images
in the respective groups, it is easy to check that ¢q;01.p and Vg0, are the
identity, hence (F//N)q, = Fyp, and, by the previous theorem, Fj;, = Z%9. O

Corollary 6.3. If X, is homotopy equivalent to X, then g = h.

Proof. By Remark 6.4, if m(2¢) = 711(X,), then Z29 = 7%!. By standard
theory of abelian groups, two free abelian groups are isomorphic if and only
if they have the same rank, thus g = h. O

Note that this concludes the proof of Theorem 1.1: the only part that
was missing was being able to distinguish ¥, and ¥ for g # h.

7. DIFFERENTIAL GEOMETRY OF SURFACES

Recall, from Definition 1.1 and from Section 6 of [12] what is meant by S
being a smooth surface. We now turn our attention to geometric concepts
that can be defined on smooth surfaces. We will often need to refer to Section
6 of [12] for some of these concepts. In the references there are several books
that cover these topics, [4, 7, 11, 13, 14, 15, 16, 17, 18], although often in
more detail and with different points of view.

7.1. Riemannian Metrics on Surfaces. The concept of Riemannian met-
ric is motivated by the study of the intrinsic geometry of smooth surfaces
S C R3, in particular, the intrinsic distance dg, as defined in Section 6..1 of
[12]. Recall that for z,y € S, dg(z,y) is defined to be

(7.1) inf{L(~) : v a piecewise differentiable path in S from z to y},
where L(7) denotes the length of 7: if v : [a,b] — S, then

1 1
2 La)= [ Wld= [ Oy or 0
0 0
which is often abbreviated as

(7.3) L(y) = / VAt a1 d? = / ds,
il Y

where ds? = dx? + dy? + dz>.

If the surface S is parametrized by an open set U C R?, meaning that
there is a smooth map x : U — R3 so that x is a homeomorphism from U to
S and it is non-singular in the sense that, if (u;,ug) are the coordinates of
u € U, the partial derivatives x,, and x,, are linearly independent at each
u € U, equivalently, the cross-product x,, X x,, 7 0 at each v € U. Let us
abbreviate x; = x,,, and x2 = Xy,.
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The curve v(t) = x(u(t)) for some curve u(t),a < ¢t < b in U. Then
V() = uix1 + upxXe, so
(7.4) V() -y (8) = (uhx1 +upxa) - (ux1 + uhxs)
= gui(u(t))(u))? + 2912 (u(t)uyuy + gaa(u(t)) (u3)?,
where the g;; are the smooth functions of u defined on U by
(7.5) gij(u) = x;(u) - x(u), 1=1,2, j=1,2.
Using (7.5), we usually abbreviate (7.4) as
(7.6) ds* = gy du? + 2g12duydug + gaodu3,

compare with Equations (6.4) and (6.5) of [12] and the discussion of these
equations. The length of the curve v can then be computed in terms of the
curve u(t) by

b b
(7.7) Mw:/‘wz/\QMMP+meﬁﬂﬂmﬂw

The interpretation of Equation (7.6) is the following: The matrix of
smooth functions

gi1 912
7.8 = , Where = ¢o1,
( ) g ( go1 22 ) g12 = g21

is a symmetric, positive definite matrix that gives an inner product on the
tangent vectors based at each point u € U, and this inner product is the
same as the usual dot product in R? of the corresponding tangent vectors
to S at x(u). In fact, Equation (7.4) is the same as

(7.9) (a1X1 + agXs) - (a1%1 + asxa) = (a1 @)<m1m2><“>,

921  g22 a2

where the left hand side is the usual dot product of vectors in R3. These
vectors are actually in Ty(,)S, the tangent space to S at the point x(u), and
the vectors x1(u),x2(u) form a basis for this space (recall the assumption
that x; and xg are linearly independent at each w € U). (See Section 7.1.1
below for a quick review of inner products.)

We have seen examples of this, say the parametrization of S? by spherical
coordinates: x(¢,0) = (sin¢cos@,sin¢sinf,cos ). To make x a homeo-
morphism onto its image we could take U = (0,7) x (0,27) with image 52
with a meridian removed. Then ds? = d¢? + sin? ¢ df?, see Example 6.6 of
[12].

Another interesting example is given by stereographic projection:

Example 7.1. Recall from the homework from Math 4510 the map x : R —
S2\{N}, where N = (0,0, 1) is the north pole, that assigns to u = (u1, ug) €
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R? the point of intersection with S? of the straight line segment uN from u
to N. We have seen the formula

(7.10) x(u,ug) = (2uy, 2ug, ui +ud — 1)/(1 +uf +ul).

From this it is not hard to get the formulas for the partial derivatives:
2

(1+u? +ud)?
2

(1 +uf +u3)?

(7.11) x; = (—u? +ul +1, —2ujug, 2uq)

Xg = (—2uqus, u% — u% + 1, 2ug).

Taking dot products and simplifying find formulas for the x; -x;: x1-x2 =0

and x1 - X1 = X3 - x3 = 4/(1 +u? +u2)2. So we get the following expression

for g, which, for future reference, we will call gg (the spherical metric):
4(du? + duj) 4 du - du

7.12 - _ ,
(7.12) 95 = T+ P (Lt [aP)y?

where u = (u1,u2). We will study the meaning of this expression in more
detail once we put this discussion into a more general context.

7.1.1. Review of Inner Products. We quickly review some of the linear al-
gebra concepts just used. Refer to any textbook on linear algebra for more
details. We will concentrate on two dimensions, but all works the same way
in any dimension.

Recall that a symmetric matrix g is said to be positive definite if the right
hand side of (7.9) is positive for all aj, az not both 0. Since the left had side
of (7.9) clearly has this property, we get that the matrix in the right hand
side is positive definite.

Given such a positive definite matrix g, and given two vectors a = aje; +
ases and b = bje; + byey, in R?, where e; and ey are the standard basis
vectors in R?, we can define a function R? x R? — R by assigning to the
vectors a, b the number < a,b > defined by

g1 912 b1 ¢
713 < ,b >: — s
(7.13) 4 (o a2)<921 922><52> a9

where a’ means the matrix transpose. This function is called an inner

product in R?, and every inner product in R? is obtained in this way. The
definition of inner product on a vector space is a real valued function of two
vectors a, b, denoted < a,b >, that satisfies the following properties:

(1) Is bilinear: linear in each variable.

(2) Is symmetric: < a,b >=< b,a > for all a,b.

(3) Is positive definite: < a,a >> 0 for all a and < a,a >= 0 only if
a=0.
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Given a positive definite 2 x 2 matrix g, the formula (7.13) clearly defines
an inner product on R2. The first two conditions are clear, and the third
is equivalent to the assumption that the matrix g is positive definite. Con-
versely, if we are given an inner product < , > on R? let

<e,er > <ep,ey >
(7.14) g=( S pez =)
< ey, e > < ey, ey >

briefly, g;j =< e;,e; >. Using this matrix in (7.13) gives back the inner
product < a,b >. Thus every inner product on R? is obtained by (7.13), in
other words, (7.13) establishes a one to one correspondence between inner
products on R? and symmetric, positive definite 2 x 2 matrices.

The standard example of an inner product is the usual dot product in R?,
which correspond to g = I, the unit 2 x 2 matrix. Any inner product allows
to define lengths and angles by using the same formulas as for the usual dot
product:

Definition 7.1. If < , > is an inner product on R? (corresponding to a
symmetric positive definite matrix g)), and if a,b € R?, we define:

(1) The magnitude of a (with respect to g), denoted ||a||, by |la|| =
V<aa>.
(2) The angle between a and b (with respect to g) to be the number
Z(a,b) € [0, 7] that satisfies
<a,b>
(7.15) cos(Z(a,b)) = ———.
[lal[ {[b]
Remark 7.1. Tt is a fact that the Cauchy - Schwarz inequality holds for any
inner product, so the number in the right hand side of (7.15) has absolute
value at most one, hence it is the cosine of some angle.

We will need the following construction, which again works in any dimen-
sion, but we need only in two dimensions: if A : R?> — R? is an invertible
linear transformation, given by a matrix A = (a;;) in the standard basis for
R?, and <, > is an inner product with matrix g = (< e;,e; >), then we
can define a new inner product <<, >> or A*g, called the pull-back by A,
by the formula

(7.16) << a,b>>=< Aa,Ab > .

Theorem 7.1. The pull-back << , >> just defined is an inner product on
R? and its matriz A*g is given by A*g = AlgA.

Proof. 1t is clear that <<, >> is bilinear and symmetric, to prove positive
definite observe that << a,a >>=< Aa, Aa > > 0, and, since < , > is an
inner product, it = 0 if and only if Aa = 0. Since A is invertible this means
a = 0, hence <<, >> is positive definite. Now, << a,b >>=< Aa, Ab >=
(Aa)lg(Aa) = (a'A")g(Aa) = a’(A'gA)a, thus by the formula (7.13) for the
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correspondence between matrices and inner products, the matrix of <<
, >> is as asserted. In the above chain of equalities, the second one is
Equation (7.13) while the third is the standard formula for the transpose of
the product of two matrices. O

Remark 7.2. As we mentioned, the concept of pull-back works in all gener-
ality for injective linear maps A : R”™ — R”, which of course only exist for
m < n. Equation (7.9) for the two-dimensional inner product obtained from
tangent vectors in R3 is an example of a pull-back by an injective linear map
A:R? - R3.

7.1.2. Local Riemannian Metrics. The structure we have been using to com-
pute lengths of curves for surfaces in R3 in terms of parametrizations of the
surface can be abstracted into the following definition:

Definition 7.2. Let U C R? be an open set.

(1) A Riemannian metric on U is defined in one of the following two
equivalent ways:
(a) An inner product on the tangent vectors to U at each point
u € U, varying smoothly with u. If a,b are tangent vectors,
denote their inner product by < a,b >,,.
(b) A symmetric positive definite matrix g of smooth functions on
U as in Equation (7.8).
(2) If g is a Riemannian metric on U and a, b are tangent vectors to U
at u, then the g-length ||al|,, of a and the g-angle Z(a,b), between
a and b are defined as in Definition 7.1: ||a||, = /< a,a >, and

<a,b >,
HaHUHbHu

(3) If g is a Riemannian metric on U and «(t) = (u1(t),u2(t)), a <t <b
is a piecewise smooth curve in U, then the length of o (with respect
to g) is

b
(7.17) L(a) = / V< @00 (0) >y dt

cos(Z(a, b)) =

b
= / \/911(1/1)2 + 2g12u]uly + goo(uh)? dt,
a

and, if U is connected, the g-distance or Riemannian distance be-
tween two points in U is defined to be the infimum of the g - lengths
of all piecewise smooth curves in U joining the two points.

(4) If g is a Riemannian metric on U and D C U is a domain over which
double integrals are defined (rectangles, regions between the graphs
of two continuous functions, etc), then A(D), the area of D with
respect to the metric g, is defined to be

(7.18) A(D) = //D Vdet(g) duy dus,
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equivalently, we could define the “area element” dA by

(7.19) dA = \/det(g) du; dus.

(5) If D C U is as above, and f : D — R is a continuous function, then
we define its integral (with respect to g- area) by

(7.20) //D fdA = //D f(u1,up) v/det(g) duy dus.

Remark 7.3. Some comments on these definitions:

(1) The equivalence between the two versions of the definition of Rie-
mannian metric follows from the discussion of the equivalence be-
tween inner products and positive definite matrices in Section 7.1.1.
We just need to apply the correspondence at each u € U.

(2) The definition of angles is the straightforward analogue of the usual
one in the Euclidean plane.

(3) The definition of length of curves and of intrinsic distance are the
straightforward extension of the corresponding definitions for sur-
faces in R3.

(4) The same is true of the definition of area: recall that if x : U — S C
R? is a parametrization of a surface S, then the usual infinitesimal
arguments for the distortion of area give that the area of x(D) is

given by
// HX1 X XQH du1 d’u,g7
D

and the usual formulas for magnitudes of cross-products give

HX1 X X2H = \/(Xl 'Xl)(X2 : X2) - (Xl 'X2)2 =1/ 911922 — 9%27

which, by Equation 7.5, agrees with Equation 7.18 in this case. (Con-
sult any advanced calculus textbook for the formulas for area, as well
as for surface integrals).

(5) The definition of integral of a function agrees with the usual defi-
nition of surface integral in the case of q parametrized surface S =
x(D) C R3:

//Sf dA://D Flur,ug) |[x1 X x| duy dus.

Example 7.2. The basic example of these definitions is the Riemannian met-
ric on U resulting from a smooth, non-singular parametrization x : U — S C
R?3 of a smooth surface S C R?. Non-singular means that the cross-product
X1 X Xo 18 never zero, that is, x; and xo are linearly independent at each
u € U, thus they give a basis of the tangent plane Ty(,)S of S at x(u). The
Riemannian metric is defined by
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(7.21) < a,b>,= (a1x1 + agx2) - (b1x1 + bax2)
or <a,b>,=d,x(a)-d,x(b),
or, what is the same, g;; = x; - x;.

In the second line d,x denotes the differential at u of the map x. This is
a linear map that takes tangent vectors to U at u to tangent vectors to
S at x(u), thus dyx : T,U — Ty(,)S. By definition, d,x(e;) = x; and
dyx(e2) = xg, thus the linearity of d,x implies that d,x(a) = d,x(a1e1 +
azes) = a1X; + agey, similarly d,x(b) = b1x; + baxy. Thus, in this class of
examples, the interpretation of the inner product < a, b >, is the usual dot
product d,x(a) - dyx(b) in Ty(,)S C R?. But the inner product given by
Riemannian metric need not be obtained in this way.

Ezample 7.3. The metric du? + du3 is the standard inner product (dot prod-
uct) of vectors in R2. This is called the Euclidean (Riemannian) metricon U.
If f is a positive smooth function on U, then the metric g = f(u)(du? 4 du3)
is called a conformally Fuclidean metric, because the angle measurements
are the same as in the Euclidean metric. If we use the subscript g for the
measurements using g and the subscript E for the Euclidean measurements,
we get
<a,b>, f<ab>g <a,b>pg

llallglblly — (VFllalle)(VFlblle)  llallzlblle’
hence cos Z(a,b)y = cosZ(a,b)g, so Z(a,b)y = Z(a,b)g. In particular,
we see from Equation (7.12) that the metric resulting from stereographic
projection is conformally Euclidean. This is equivalent to the well - known
fact that stereographic projection is conformal (preserves angles between
curves).

Example 7.4. A very important example is the Poincaré metric or hyperbolic
metric on the unit disk {u? + u3 < 1} defined by a formula with some
remarkable similarities to the stereographic formula (7.12) for the spherical
metric gg:
2 2

(7.92) g = 4(du12+ du22) _ 4du- ciuy

(1 —wf—uz)*  (1—[uf?)
where u = (u1,ug2). Observe that this is a conformally Euclidean metric (as
defined in Example 7.3) on the disk. It is a fact, which we will not prove
(but was proved by Hilbert in the early 1900’s) that this metric is not the
metric of any surface in R®. We will study this metric in more detail later
on.

7.1.3. Review of Differentials. We quickly review the notations for deriva-
tives of maps between Euclidean spaces R™ and R™. More details can be
found in any advanced calculus book. Let uq,...u,, denote the coordinates
of a point u € R™ and vy, ..., v, coordinates of a point v € R™.
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Let U C R™ be an open set, let f: U — R™ be a differentiable map (say
smooth, of class C*°). At each u € U the map f has a linear approximation,
namely a linear map

dyf : R™ — R",
called the differential of f at u, whose value d, f(h) at a vector h based at u

(thought of as a tangent vector to U at u) gives the best linear approximation
to f(u+ h) — f(u) in the sense that

fluth) = f(u) = duf(h) +o(|h]) as h — 0,

where o(|h|) denotes a function of h that goes to zero faster than |h| (equiv-

alently, faster than any linear function of h), meaning limy_, % = 0.
Being a linear transformation R™ — R"™ the differential d, f has a matrix

with respect to the standard bases ey, ..., e, and eq,...,e, of R” and R"
respectively. This matrix is the Jacobian matriz

Ovy Ovr

oup Oum
(7.23) = ‘

Quy O

oup " Oum

Thus the columns of the Jacobian matrix give the components of the vector

duf(ej):
ﬁ . 87)1

dyf(e;) = =—e e,, foreach j=1,...,m

uf( J) 8Uj Buj 1+ auj ny J ) s 1Ty

while the rows of the Jacobian matrix represent the differentials of the com-
ponent functions v; of v = f(u),

9vn

ov; ov;
dvi:ﬂdu1+~-'+ Uldum foreach i =1,...,n.
ouq oum,
Here dus,...,du,, are the differentials of the component functions in R™

(which, being linear functions, are the same as the wu;, but, when we write
dy, we think of them as operating on vectors based at w). This is the basis
for the dual space of R™ (the space of linear functions on R") dual to the
standard basis e;:

ou; 1 ifi=y

dui(e;) = ou; 0 = {0 otherwise.
7.1.4. Induced Metrics and Isometries. Suppose U and V are open subsets
of R, and f : U — V is a diffeomorphism (a smooth, invertible map with
smooth inverse). Suppose we have a Riemannian metric g on V, given by
a smoothly varying inner product < , >,, equivalently, a positive definite
matrix g(v) of smooth functions, as in Definition 7.2. Then we get a Rie-
mannian metric on U, called the pull - back metric, denoted f*g, that can
be described in one of the following two equivalent ways:
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Definition 7.3. The inner product << , >> of the metric f*g is defined by
Equation (7.16), explicitly,

<< a, b >>,=< duf(a)7duf(b) >f(u)

for all vectors a, b based at uw € U. The matrix of the pull - back metric f*g
is

(f*g)(u) = (J(£)(w)" g(f(w) (J(F)(w),

where J(f)(u) is the Jacobian matrix of f at u € U as in Equation (7.23).

The equivalence of the two definitions is clear from Theorem 7.1 applied to
the linear map d,, f whose matrix is the Jacobian matrix of Equation (7.23).
Since, by assumption, f is a diffeomorphism, the linear transformation d,, f
is an isomorphism, so Theorem 7.1 does indeed apply.

Definition 7.4. Let U and V be open sets in R?, let h and g be Riemannian
metrics on U, V respectively (denote this briefly by: (U, h), (V,g) are Rie-
mannian open sets in R?), and let f: U — V be a diffeomorphism. We say
that f is an isometry if f*g = h.

Remark 7.4. We have earlier defined the concept of isometry of metric spaces
as a map that preserves distance. We have now defined another concept
with the same name. It turns out that there is no conflict. It is clear that if
f:(U,h) = (V,g) is an isometry in the sense just defined, and dj,, d, denote
the intrinsic distance functions as in Definition 7.2, then f is an isometry in
the sense of metric spaces, that is, dg(f(p), f(q)) = dn(p, ¢). This is clear for
quite formal reasons: f gives a one-to-one correspondence between piecewise
smooth curves v in U and fo~y in V which preserves length: L(fo~y) = L(vy),
because, using the chain-rule (f o y)'(t) = dy)f (7/(t)), therefore we get

b 1
L(foy) = / <dyf (V) dyrf (V' () >Fiey

b 1
= [ <<v0'0 >, dt=L0)

so the two sets of lengths used to define dj(p, ¢) and dy(f(p), f(q)) coincide,
so they have the same infimum. The converse is also true: any metric isom-
etry f:(U,dy) = (V,dy) is smooth and f : (U,h) = (V,g) is a Riemannian
isometry in the sense just defined. This is harder to prove and we will not
prove it here. From now on, the word ¢sometry, in any Riemannian context
where it would make sense, will always mean isometry as in Definition 7.4.

Example 7.5. A very familiar example of isometry results from changing
variables to polar coordinates. Let U C R? be any open subset on which
the map f(r,0) = (rcosf,rsinf) is a diffeomorphism onto its image, for
instance, (0,00) x (—m, 7). The easiest and most practical way, in this
and most examples, to compute the pull-back metric is to use differential



78 TOLEDO

notation: Let da? + dy? denotes the Euclidean metric in R?, then

f*(dz? 4+ dy?) = (d(r cos ))* + (d(rsin6))?
= (cos@ dr — rsinf df)? + (sin 6 dr + rcos df)*
= (cos? f + sin? 0)dr? + 2(—rsin cos § + r cos fsin 6) drdf
+r%(sin® @ + cos? 0) do* = dr® +r2do?,
which is the familiar expression for arclength in polar coordinates. We have
carried the computation in detail to illustrate how they can be done. An

equivalent way to do the calculation would of course be to use the Jacobian
matrix

T cosf) —rsiné
J=J(f)= oy oy _<sin9 rcosf )
or 00

thus f*g has matrix
JUJ — cos 0 sin 0 cos) —rsinf \ (1 0
~ \ —rsinf rcosf sinf rcosf )\ 0 r?

(where I is the unit matrix, the matrix of dz? +dy?), which gives the matrix
for dr? + r2d6>.

Note that the definition of area from Equation (7.19) gives the familiar
formula for area in polar coordiantes:

1 0

dA: det< 0 7"2

> drdf = rdrd®,

7.1.5. Two Important Examples. To give an idea of how Riemannian metrics
can be used, we study in more detail the metric spherical metric gg of Ex-
ample 7.1, see Equation (7.12), and the Poincaré metric gp of Example 7.4,
see Equation (7.22).

Let’s see what conclusions we can get from the formula (7.12), forgetting,
for the moment, that it is describing the unit sphere S?:

Theorem 7.2. The metric gs = 4(du} +du3)/(1+u? +u3)? = 4(du-du)(1+
|u|?)? on R?, where u = (u1,u2), has the following properties:

(1) It is conformally Fuclidean: angle measurements in gs are the same
as in du? + du?

(2) It is rotationally symmetric about the origin and is also invariant
under reflections on lines through the origin, meaning that, if A is
an orthogonal 2 X 2 matriz, then A*gs = gs.

(3) Its restriction to R?\ {0} is invariant under inversion in the unit
circle |u| = 1: if ¢ : R?\ {0} — R?\ {0} is defined by ¢(u) = u/|ul?,
then ¢*gs = gs.
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(4) Let C, = {|u| = r} be the Fuclidean circle of radius r. Then its
length in gs is L(Cy) = ff:z. In particular L(Cy) < 2w and = 2w
if and only if r = 1. Also, L(Cy,) = L(C;) in agreement with (3).
See Figure 7.1

(5) Ifv is a line through the origin: Y(t) = tu for some fived u € R?\ {0}
and —oo < t < oo, then L(vy) = 2.

(6) The area of R? in the metric gg is 4m.

Proof. Statement (1) was observed in Example 7.3. For (2) observe that if
A is an orthogonal matrix, by Theorem 7.1 the matrix of A*(du? + du3) is
A'TA = A'A = I where I is the unit matrix. Therefore A*gs = 4A*(du -
du)(1 + |Aul?)? = 4(du - du)(1 + |u|*)? = gs because |Au| = |u| for an
orthogonal matrix A. The proof of (3) is a homework problem. For (4),
parametrize the circle C, by u(t) = r(cost,sint), 0 < ¢t < 27. Then

27 l 27
2|/ ()] / 2r 47y
L) = [ MU dt = .
() /0 L+ [u(t)]? o 1+r27 T 1407

Differentiating, we see that its maximum is at r = 1, where the value is
27, see Figure 7.1. For (5), using the rotational symmetry from (2) it is
enough to consider one line through the origin, for instance, the ui-axis,
parametrized as y(t) = (¢,0), —oo < t < oo and its length is

* 2dt 00
L(y) = /OO ey dt = 2arctan(t)|>, = 2.

Finally, to compute the area, we need to use the formula (7.18) for area:

2w oo _ 00
]R2 // 4 dulduQ / / 4rdrdd _ 277( 2 ) —an
R2 |u\ (1+ 7“2 1+72/0

FIGURE 7.1. The Graph of L(C,).

Remark 7.5. Note that the properties listed in this Theorem are all familiar
properties of the spherical metric. Note the following points:
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(1) Recall that a 2 x 2 orthogonal matrix A is of one of the two forms
cosf) —sind cosf sinf
A= ( sinf  cos#d > or A = ( sinf —cosf ) ’
see Section 2.1 of [12], formulas (2.1) and (2.2). The first is orien-
tation preserving (its determinant is 1) and is a counterclockwise
rotation about the origin by an angle 8, while the second one is ori-
entation reversing (its determinant is —1) and is a reflection about
the line through the origin making an angle 6/2 with the z-axis.

(2) These and the inversion symmetry in (3) are the only symmetries of
S? that are visible in the formula for gg. But we know that S? has
many more symmetries. By the nature of stereographic projection,
we only see the symmetries that preserve the z-axis. The symmetries
of (2) preserve the north and south poles, while (3) interchanges
them.

(3) The circles C,. correspond to parallels in S?, and only C; corresponds
to a great circle (the equator). We see in Figure 7.1 the unique
maximum of the circumferences of these parallels, and that they
shrink to a point as you approach one of the poles.

(4) The straight lines through the origin correspond to meridians: great
circles through the north and south poles.

Remark 7.6. The Poincaré metric gp = 4(du-du)/(1—|u|?)? of Example 7.4
shares the conformal property of (1) and the symmetry property of (2) of
Theorem 7.2, but not the inversion symmetry of (3). We will soon see that,
as in the case of gg, it has many more symmetries that are not visible in
the formula for gp. In fact, the Poincaré metric, along with the spherical
metric gg and the Euclidean metric g share the property of being the most
symmetric metrics possible in two dimensions. We will see that each has a
three-dimensional group of isometries. For the Poincaré metric we do not
have the analogues of (4), (5), and (6) of Theorem 7.2: The function L(C})
is not bounded and has no critical points, the rays through the origin have
infinite length, and the area is infinite, just as it happens in the Euclidean
metric of R?.

7.1.6. Global Riemannian Metrics. Now we are in a position to define Rie-
mannian metric on any smooth surface. The definition we give is rather
primitive, but will be a workable definition.

Definition 7.5. Let S be a smooth surface as in Definition 1.1. Let S be
covered by coordinate charts ¢, : Uy, — Vi, where V, C R? is open, and let
bap = Pa © d)él : 03(Ua NUg) = ¢a(Us NUp) denote the transition maps,
which are smooth. By a Riemannian metric g on S we mean:

(1) A Riemannian metric g, on each V,, C R2.
(2) The Riemannian metrics g, are compatible in the following sense:
whenever U, N Ug # ), we have that gg = qbzﬁga.
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Ezample 7.6. Let S = S? covered by two open sets Uy = 52\ {(0,0,1)} and
Uy = 52\ {(0,0,—-1)}. Fori=1,2, let ¢; : U; — R? = V; be stereographic
projection. Let g1 = ga = gg, the spherical metric of Example 7.1, see
formula (7.12). Then we know that ¢12 = ¢o1 = ¢ : R?\ {0} — R?\ {0} is
inversion in the unit circle. This is the map that in polar coordinates would
be given by ¢(r,6) = (%, ). It is a homework problem to check that ¢ is an
isometry.

Remark 7.7. This last example is just describing the usual Riemannian met-
ric on S2, as a surface in R3, in terms of a cover of S? by coordinate charts.
Thus the conditions of Definition 7.5 are clear since we already know the
object that we are trying to describe, so the existence of the local metrics
go. and their compatibility are both clear in this situation. Ideally a Rie-
mannian metric on a surface would be a structure that we know in some
other way, that locally is isometric to some metric in the plane. In this sense
Definition 7.5 is a primitive one, in that it does not really define the object,
it just says how to describe it locally, and what is needed from the local
descriptions for a global object to exist.

Ezample 7.7. Let T? = R?/Z? be the torus, and let p : R? — T2 be the
projection, that assigns to (z,y) € R? its equivalence class p(z,y) = {(x +
m,y+n):m,n € Z} € T% Define the following subsets of R?:

1 7 7
Voo={(z,y): - <z<-,-<y<-}
oo ={(y): g<w<gg<y<gl
an open square centered at the point (%, %) Then let

1 1 11
Vio= Voo + (570), Vo = Voo + (0, 5)7 and Vi1 = Voo + (57 §)>

each of which is a translate of V9. For 4,5 = 0,1, let U; ; = p(V;;) C T2,
see Figure 7.2. Then it is easy to check that for each i,j, p: V;; — U;;
is a homeomorphism, and that the four open sets U; j cover T' 2. Let iy =
p|‘_/z,1j : Uij — Vij. The (Uij,¢ij) give four coordinate charts covering
T2, Let us look at the transition functions. Take, for example, the set

Uo,o NUpp. It is not connected, it has two connected components Wy, Wa,
that is, U070 N UI,O = W1 U W5 where

13 17 57 17
Wy ZP((ga g) X (g:g)) and Wy :p((gag) X (§7§))’
therefore ¢o,0(Uo,0 N U1,0) = ¢o,0(W1) U do,0(W2), where
13 17
(7.24) po,0(W1) = (é’ g) X (§7§)7
5 7 17
Po0(Wa) = (5,35) x (55 3)

88788
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are both subsets of Vp o, while ¢1,0(UooNU1.0) = ¢1,0(W1) U1 0(Wa2), where

(7.25) $0,1(W1) = (%; %) X (é7 g)v
$0,1(Wa) = (gv g) X (%, g)

are both subsets of V1 . Finally the transition function ¢1,0 0 ¢y (1) restricted
to the first component of (7.24) is translation by (1,0):

$1,0© ¢&é\((%,g)x(%,g))($yy) = (z+1,y),

while its restriction to the second component of (7.24) is the identity. Simi-
larly the restriction of ¢0700¢ié to the first component of (7.25) is translation
by (—1,0), while it is the identity on the second component, see Figure 7.2.

FIGURE 7.2. Transition Functions for T2.

In the same way we can check that each intersection U; ; Uy ; has several
components (at most 4) and the transition functions are, on each component,
translation by a vector (m,n) where m,n € Z (possibly (m,n) = (0,0) as we
have seen), and where the vector (m,n) can be different in each component.

In any case, all the transition functions are isometries of the Euclidean
metric. Thus, if we let g%, ¢10, etc, denote the restriction of the standard
Euclidean metric dz?+dy? to V0,0, Vo1, ete, (we use superscripts to label the
metrics in each chart to avoid conflict with the subscripts used in defining the
coefficients of a metric) this collection of local metrics defines a Riemannian
metric on T2 in the sense of Definition 7.5. This metric is locally Euclidean
in the sense that it is locally isometric to the Euclidean metric on R2.

Ezample 7.8. We can easily generalize the preceding example to a descrip-
tion of all Riemannian metrics on 72. Use the same charts bij 2 Uij —
Vij, 4,J = 0,1 as in the last example. Let G be any Riemannian met-
ric on R? that is snvariant under translation by Z?. This means that
G = Gidx? + 2G12dxdy + Goady® where Gi1, Gia, Gao are doubly periodic
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functions on R%: Gyj(z 4+ m,y +n) = Gij(x,y) holds for all (z,y) € R? and
for all (m,n) € Z*. Then, for all (m,n) € Z2, if T(;, ) : R* — R? is trans-
lation by (m,n): T(mn(7,y) = (x + m,y + n), then T(,mG = G because
T}, G = Gu(z+m,y+n)d(@+m)>+2G12(z+m,y+n)d(z+m)d(y+n)+
Goa(z+m,y+n)d(yn)* = Gui(x,y)da?+2G1a(w, y)dady+ Gz, y)dy* = G.

Given such a Z2-translation invariant metric G on R?, since the transition
functions of the collection of charts of Example 7.7 are, on each connected
component, translations by elements of Z2, then we can proceed as follows:
For i,j = 0,1 let G = G lv;; (again superscripts to avoid a clash of no-
tation). Then the collection G%/ satisfy Definition 7.5 and thus we get a
Riemannian metric on 72. It is easy to see that the process can be reversed
and that this process establishes a one-to-one correspondence between Rie-

mannian metrics on T? = R?/7? and Z?-invariant Riemannian metrics on
R2.

Remark 7.8. The last three examples illustrate all the examples of Rie-
mannian metrics that we will need: either the metric of a surface in R? as
S2 C R3, or the Riemannian metric on a quotient surface S/ ~ where S has
a Riemannian metric which is compatible with the equivalence relation. We
will see more examples later.

7.1.7. Length and Area for Global Riemannian Metrics. We need to see that
the concepts of Definition 7.2 still make sense. We will avoid defining tangent
vectors and restrict ourselves to length and area,

Suppose S is a surface, for simplicity we will assume compact and covered
by a finite collection of charts ¢, : Uy — Vi, and with metrics g, on each
V, as in Definition 7.5. In addition, for the definition of integrals, is is
convenient to assume that S is oriented in the following sense: the Jacobian
determinants of all the transition functions ¢,5 are positive.

Let 7 : [a,b] — S be a piecewise smooth curve. Define L(vy), the length of
v, as follows: Using the usual Lebesgue number argument for the cover
{7 YU}, find a = tg < t; < tg--- < t, = b so that, for each i,
v([ti=1,ti]) C Uy,, let L; be the length, in the metric g,,, of the curve
¢a; 07 ¢ [ti—1,ti] = Va,, and then define L(v) by

(7.26) L(Y)=Li+ Lo+ + L.

We need to check that this definition is independent of all choices. This
follows easily from the following considerations:

(1) Suppose one of the intervals [t;_1,t;] is mapped by v to Uy, N Ug. If
we compute L; by using ¢, oy or ¢g oy we get the same answer
because the transition function ¢n3 = ¢ © qbgl takes ¢z oy to ¢pq 0y
and by (2) of Definition 7.5, ¢op is an isometry, so these two curves
have the same length and we get the same answer for L;.
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(2) If we use two different partitions of the interval, take a common
refinement, use a longer sum in (7.26) and apply the reasoning ad-
ditivity of length and the reasoning just used to get L(7) to be well
defined.

(3) If we use two different collections of charts, take the collection which
is their union and apply the previous reasoning.

To define area and, more generally, integrals of functions, we need a trick
called the partition of unity subordinate to a collection of charts. This means
the following: a collection of smooth functions p, with the property that
there is a (finite) collection of charts ¢, : U, — V, as in Defintion 7.5 so
that the support of each p, is contained in U,, p > 0, and

(7.27) > pa=1

The support of a real valued function f means the closure of {x : f(z) # 0}.

There is a standard construction of partitions of unity that can be quickly
summarized as follows: We can assume that the charts have the following
properties: for each a there is an open subset U/, C U/, C U, so that the
{U!} covers S, that the V,, C R? are diffeomorphic to disks D of radius 2
and that the images ¢, (U},) are concentric disks D' C D of radius 1. We
can construct a function ¢ : D — R with support D’ by taking the “bump
function” of Lemma 6.1 (pictured in Figure 6.3) of [12], putting it on a
radius of D with its maximum at the center and support exactly at distance
one (that is, using (a,b) = (—1,1) in Lemma 6.1 of [12]), then extending it
in a rotationally symmetric way to D. Then let 1, : S — R be defined as
follows: on U,, ¥o = 1 0 ¢, and then extend it to be zero on the rest of
S. This gives a smooth function on S because it is smooth on U, and its
support is contained in U,. Finally, for each « in the index set A of the
cover, let

P Yo
==
Ea’eA ¢0/
Then these functions, by construction, are > 0, have the required support,

and satisfy (7.27)

If f: 5 — R is a smooth function, then, for each «, p,f has support in
Ua, 0 we can define a function f, : V, = R by fo = (pf) o (¢51). Then we
can define

(7.28) //S fda=>" //Va fa \/det go duydus.

Again, we have to check, by refinement and change of variable formulas, that
this is independent of all choices. Finally, the area of S'is A(S) = [[41 dA.



5520 NOTES 85

7.2. Geodesics. We next quickly review the definition and basic properties
of geodesics from Section 6.2 of [12] and also show that the same definitions
and properties hold in any Riemannian metric on a surface.

7.2.1. Review of First Variation Formula and Geodesic Equation. Recall
form Section 6.2.1 of [12] the First Variation Formula for arclength, in the
context of a parametrized surface x : U — S C R3, where x is smooth and
x1 X X3 # 0, so that x; and xo are linearly independent at each point and
form a basis for the tangent plane Ty (,)S at each u € U. We considered a
smooth curve v : [0, Lg] — S, parametrized by arclength, and a variation

7 : [0, L] x (—e,€) = S with 4(s,0) = «(s) for all s € [0, Lo].

We computed the length L(t) of the curve ( ,t), and found the following
formulas for L'(t). With the view of generalizing them to any Riemannian
metric, we will write each formula in two ways: first, just as they appeared in
[12], using the dot product in R3 and ordinary derivatives, and then using
the Riemannian inner product < , > and covariant derivatives. Recall
that these were defined in Definition 6.3 of [12]: if V(s) is a smooth vector
field along a smooth curve 7(s) in S, then its covariant derivative %, also
denoted D,V is, by definition

2 D,V ="— =
(7 9) 'YV Ds

V/(S)T = the tangential component of V’(s),

Here are the formulas, written in the two notations. First

Lo
(7.30) Lm=A (Fa(s,1) - Auls, )1/ ds =
/LO < As(8,t),7s(s, 1) >1/2 g,
0

Differentiating with respect to t:

Lo
(131) G = [ 500 A5 0) A Gulsit) Aa(s,1) ds =

Lo
/ 3 < Fs(s,1),7s(s, 1) >~V (2 < DB Fs(s,t),7s(s,t) >) ds.

0 t
Note that in this formula we replaced 74 by its tangential component %%
because we are taking its dot product with the tangential vector 75, so
only the tangential component of 7 contributes to the formula: g - s =
AL - 5. The same reasoning applies to all the formulas below where we
replace ordinary derivatives by covariant ones.



86 TOLEDO

Evaluating (7.31) at ¢ = 0 and using that |vs| = 1 we get

dL

(7.32) -

Lo
(0)2/0 Fst(5,0) - A(s5,0) ds =

Lo
/0 < Ht’ys(s,O),%(s,O) > ds.
Then, integrating by parts, using the formula
(733) (’%(57 0) ’ :)/8(87 0))8 - &t5<37 0) : ﬁs(sa 0) + :)/t(‘g? 0) ' :)/SS(Sv 0) or

- N D _ - . D
<’7t(5a0)778(570) >s=< 7715(570)778(870) > + <’7t(5a0)5775(370) >,
Ds Ds
where, in order to apply (7.33) to (7.32), we need to use the equality of
mixed second partial derivatives:

- N D D .
(7.34) Fst(s,t) = Ys(s,t) or E'ys(s,t) = E’yt(s,t),
where the second part follows from the first since 45 = 445 implies equality
of tangential components: 7%, = 7.

Using (7.34) to change the order of differentiation in (7.32) and then using
(7.33) to integrate by parts the interchanged version of (7.32), we get the
First Variation Formula

Lo
(135 O =V @ — [ V)6 ds =
Lo !
< V(s),7(s) > |bo —/0 <V(s),%(s)> ds,

where V (s) = (s, 0) is the variation vector field .

From this equation we proved Theorem 6.5 of [12]: if L'(0) = 0 for all
variations 7 that keep the endpoints fized, then ~ satisfies the geodesic equa-
tion
Dy
Ds
To study this equation more closely, in particular, to apply the standard
theory of second-order ordinary differential equations, we wrote it down
more explicitly in local coordinates. Namely, if v(s) = x(u1(s), u2(s)), then
v (s) = ujx1 + ubxa, so

(7.36)

1 " 1 /1\2 ! /1\2
7' =uyxy 4 ugxa + (uq)*x11 + 2ujugXie + (uy) Xas.

Since the tangential component of 4" vanishes if and only if v - x; = 0 and
7" - x9 =0, we get that v satisfies (7.36) if and only if

Vi " 1\2 ! ! 1\2
UK - X1 + UgXg - X1 + (u]) X117 - X1 + 2ujusX12 - X1 + (u5)“Xe2 - x1 =0

" " 1\2 ! 1\2
UTX1 - Xg + UgXg - Xo + (u])“X11 - X2 + 2ujusX 19 - X2 + (uy) x99 - x9 = 0,
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which, in our current notation, can be written as
" " 12 /! 12
(7.37)  guuy + grous + Diauy + 2T 1u5up + Doz qug =0
" " 12 ! 12
g21uq + gaouy + 1y put” + 29 sujuy + Tag pus = 0,

where the g;; = x; - x; as before and the I';; ;, = x;; - X} are some smooth
coefficient functions.

7.2.2. The Geodesic Equations in any Riemannian Metric. Let us examine
the Equations (7.37) more closely. We have that I'111 = x11 - x1 = %(xl .

X1)1 = %%gulll which we abbreviate as %(911)1. Continuing in this way we
find the following formulas for the I';; x:
(7.38) g = %(911)17 INPRE %(911)27
o211 = (g21)2 — %(922)1, 12 = (g12)1 — %(911)2
INPRES 1(922)17 o9 = =(g22)2-

2 2

which can be summarized as T;;; = 2((g;x)i + (9ix); — (9ij)x). Observe, in
particular, the symmetry I';; . = I'j;

The point of these formulas is that the coefficients of the geodesic equa-
tions (7.37) depend only on the functions g;; and their derivatives (gij),
therefore they make sense in any Riemannian metric. This illustrates the
general principle that we will use several times: Any concept or formula that
is well defined for surfaces in R3, and that is intrinsic in the sense that it
involves only the Riemannian metric, is also well defined and holds for any
Riemannian metric on any smooth surface.

We give three illustrations of this principle, one in each of the following
three sections:

7.2.3. Covariant Derivatives and Variation Formula for any Riemannian
Metric. The derivation of the first variation formula for a surface in R3
used not just the geodesic equation, but also the covariant derivatives and
various properties of these derivatives. Since length makes sense in any
Riemannian metric, all parts of the reasoning should also make sense. We
give more details.

Given any local Riemannian metric g, we not only have the geodesic
equations (7.37), but we have covariant derivatives and the whole derivation
of the first variation formula (and the second variation formula later on).
We can, as in Equation (6.12) of [12], solve (7.37) for u/, v} by multiplying
by the matrix g~! (inverse to g) and get the system

(7.39) uf + T3 (uh)? 4+ 2T ufub + Ty (ub)? = 0
uly + T3 (u))? + 2T ufub + T35 (uh)? = 0
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where the coefficient functions Ffj have some explicit expression in the co-

1

efficients I';; ;, of (7.37) and the entries of the inverse matrix g='. We can

view the left hand side as the definition of %7 and take one more step:
look at this formula as a special case of the definition of the covariant de-
rivative ZY of any vector field V (s) along . If y(s) = (u1(s),u2(s)) and
V(s) = &i(s)er + &a(s)ea is a vector based at (s), then we replace the
Equation (7.29) that only makes sense for a surface in R3 by the expression
that we would get for this same object if we were to compute it in a local

parametrization, that is,

DV
(7.40) T = (& +Théwi + Thpuuh + Th &out + Thaup ey

+ (& + THi€uul + Théruh + T 6ol + Thauh )es.

Note that (7.40) reduces to (7.39) when V' = 4/, thus & = «}. This reduction
relies on the symmetry

(7.41) ri?j = ré?i
which results from the symmetry I';; , = I'j; , noted after (7.38).

In order to derive the first variation formula (8.6), we need Equation
(7.31) that in turn requires the identity

d DV DW
42 — =< — -
(7.42) o< V(t), W(t) >=< Dt () >+ < V(1), D

for any two vector fields along a curve 7(t). Next, for Equation (7.34) we
need the identity

Dys Dy

Dt  Ds

for any mapping v : R — U where R is a rectangle with coordinates s, .
These two formulas hold if we define the covariant derivatives by Equation
(7.40). In more detail, (7.42) holds because, if the two vector fields V, W
have components &;,1; respectively, if gives an identity for % > (9i&in;)
that involves derivatives of the g;; and can be seen to be equivalent to
the definition (7.38) of the I';;, in terms of these derivatives. Formula
(7.43) follows from the symmetry of the second partial derivatives and the
symmetry Ffj = I’?i of (7.41).

(7.43)

Finally, we record the identity
D(fV)
Dt
where f is any smooth function along . This easily verified identity is not
needed for the first variation formula but that we will need below for the

second variation and Jacobi’s differential equation.

DV
(7.44) =f'V+ TR

With these formulas we can derive the first variation formula for any
Riemannian metric on any U C R?. Moreover, these formulas are invariant
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under isometry: An isometry between f : (U h) — (V,g) between two
Riemannian metrics carries the structures from one to those of the other.
This is the basic principle that allows us to extend the local definitions on
open sets in R? to any smooth surface S by using a covering by coordinate
charts and giving the definition chart by chart. This works because the
transition functions are isometries. This is what we did in Section 7.1.7 to
check that the length of curves is well-defined.

To check that vector quantities, like the covariant derivative, are well
defined requires more elaborate formulas than for scalar quantities like the
length of a curve. For example, if V' is a vector field along a curve v in U,
then the covariant derivatives D" along ~ for h and D9 along f o+ for g are
related by

sz(»y/)(df(v)) = df(DQL,V), where df = d ) f and V = V(v(s)).

Here it is convenient to use the first (and sometimes more accurate) notation
in (7.29) for the covariant derivative. The textbooks in differential geometry
develop the mechanism for verifying such formulas, but we will not go into
these details. But, as in Remark 7.8, we will not need this generality.

7.2.4. Ezistence and Uniqueness of Geodesics. Here is one useful example
of the principle just explained. In any Riemannian metric the system (7.39)
of second order ODE’s has the same properties studied in Section 6.2 of [12].
In particular, given any Riemannian metric on U C R?, any point p € U
and any tangent vector v to U at p, there exists unique geodesic (s, p, V),
defined perhaps only for |s| small, but depending smoothly on all variables
s,p, v, so that v(0,p,v) = p and v5(0,p,v) = v.

Moreover, the uniqueness implies the identity (6.13) of [12]: y(rs,p,v) =
v(s,p,rv), and, just as in Theorem 6.7 of [12], we get the following conse-
quences: there is some b > 0 so that (1, p, v) is defined on the ball B9(0, b)
in the tangent plane to U at p, the superscript g to emphasize that the size
is being measured by the inner product g on this space. We therefore can
define the exponential map exp,, : BY(0,b) — U by exp,(v) =~(1,p,v) and
there is an € > 0 so that the restriction of exp, to B9(0,¢) is a diffeomor-
phism onto its image.

The geodesic equation, and thus its solutions, must be invariant under
isometries: if f: (U,g) — (V,h) is an isometry, then, using superscripts to
denote the metrics, we have the identities

(7.45) V(5. f(p), dpf (v)) = f(3%(s,p,v)) and
therefore exp?(p)(df(v)) = f(expy(v))

This invariance has a useful consequence:
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Theorem 7.3. Let U C R? be an open set, let g be a Riemannian metric
on U, let f:(U,g) — (U,g) be an isometry, and let F be its fixed-point set:
F={peU: f(p) =p}. Then, for every p € F, there is a neighborhood V'
of p in U and a neighborhood V' of 0 in T,U so that VN F = exp, (V' NF'),
where F' = {v € T,U : dpf(v) = v} is the fized-point set of dp,f, where T,U
is the space of tangent vectors to U at p.

Proof. Let p € F and choose € > 0 so that exp, maps BY(0, ¢) diffeomorphi-
cally to its image, as explained above. Let V' = B9(0,¢) and V = exp(V’).

Suppose ¢ € V. then ¢ = exp,(v) for a unique v € V' and (7.45) implies
that f(q) = exp,(dp(v)). Therefore f(q) = ¢ if and only if d,f(v) =v. O

Corollary 7.1. Let S be a smooth, connected surface with a Riemannian
metric, let f : S — S be an isometry, and let C be a connected component
of its fized point set F. Then either

(1) C consists of a single point.
(2) C is a non-singular curve in S and is a geodesic.

(3) C =S.

Proof. Let p € C, take a coordinate chart U so that p € U, thus reducing
to U C R?, and apply the Theorem. Since the fixed-point set F” of dyf is
a linear subspace of T),U, it is either 0, a line L through 0 or all of T,U. So
locally we have one of the three possibilities of the Corollary. Here, non-
singular curve means that locally it is like a line in the plane, which is he
case here, and note that C' NV is a geodesic in this case.

If F/ = 0 we have clearly C = p. If F’ is a line, let ¢ € C, take a path
from p to q in C, cover it by finitely many Vi,...,V; as in the Theorem, so
that V; N V;41 # 0, and argue that for all such V; we must be in case (2)
since V7 is and V; N V;41 is of the same case as V; and V1.

If F/ = T,U, and ¢ € C, again send a path from p to ¢ and argue in
exactly the same way to get that F' = T,U, thus F' = id, equivalently, since
S is connected, F' = S. O

Ezample 7.9. Let ggs be the spherical metric of Equation (7.12). By Theo-
rem 7.2 we know that the isometries fixing the origin of the Euclidean metric
are isometries of gg. In particular, for each line L through the origin, the
reflection in this line is an isometry of gg, and has L as its fixed-poiint set.
Therefore every line L through the origin is a geodesic of gg, meaning that,
when reparametrized by arclength it satisfies the geodesic equation. These
lines parametrize the great circles through the north and south poles of 52,
hence we know independently that the must be geodesics.

Similarly, for the Poincaré metric gs of Equation (7.22) on {|u| < 1} also
has the reflections in the lines L through the origin as isometries (same proof
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as for gg in Theorem 7.2), thus the intersections of this lines with the disk
are fixed point sets of isometries, hence geodesics.

Similarly, we know from Theorem 7.2 that the circle |u| = 1 is the fixed
point set of another isometry: inversion in the unit circle.

Finally, another useful consequence of Theorem 7.3. Note that we have
not defined tangent spaces to arbitrary surfaces, nor the differential of a
smooth map of surfaces. But the condition that d,f = id could be defined
as d,f = id in any coordinate chart containing p. This condition makes
sense since it is independent of the chart.

Corollary 7.2. Let S be a smooth, connected surface with a Riemannian
metric, and suppose f : S — S is an isometry, and suppose there is a point
p €S so that dpf =id. Then f =id.

Proof. Since dy, f = id, by (7.45) we see that f = id in some neighborhood of
p. Then Corollary 7.1 only leaves the possibility F' = S, that is, f =id. O

7.2.5. Geodesic Equations in Geodesic Polar Coordinates. Recall that in
Section 6.2.4 of [12] we defined geodesic polar coordinates (also called normal
coordinates) and used them to study the minimizing properties of geodesics.
More precisely, given any point P in a surface (and now we can say in any
surface with a Riemannian metric) we can introduce, in some neighborhood
of P, a polar coordinates system (r,6) centered at P in which the metric g
takes the form

(7.46) ds? = dr* + f(r,0)*d6>

where f(r,0) is a positive smooth function that satisfies
K(P
(7.47) f(r,0)=r— E})T?’ +O(rh),

see Theorem 6.2 of [12] (where the function we call f is denoted by g). The
significance of the number K (P), which we called the Gaussian curvature,
will be discussed shortly.

This was all derived in Sections 6.2 and 6.3 of [12] for surfaces in R? by
using the first variation formula and the theory of second order ODE’s. In
particular we proved Theorem 6.7 to derive the existence and of normal
coordianates, and Gauss’s Lemma, Theorem 6.8, to derive the special form
(7.46) of the metric in geodesic polar coordinates. The discussion of the last
section (7.2.3) means that the same results hold for any Riemannian metric
on any surface.

It is clear from (7.46) that the geodesics through the pole P, in other
words, through the origin » = 0 of the polar coordinate system, are given
by the lines # = const. The geodesics not through the center are harder
to determine. We will use Equations (7.37) to get some information on
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these other geodesics. Note that (7.46) mean that g1 = 1,912 = 0 and
go2 = f2. Thus in the geodesic equations (7.37) we get that any coefficient
that involves only gi2 or derivatives of g11 or g12 has to vanish. Thus the
only I';; 1. that do not vanish are I'9p 1,1'21 2 and I'92 2. A short computation
gives that the equations simplify to

(7.48) " — f (02 =0
FO" +2f7'0' + fo(6')* = 0.

This is the only explicit computation of the geodesic equation that we will
need.

8. THE GAUSS-BONNET THEOREM

In this Chapter we will prove the Gauss-Bonnet theorem that will unify
much of the course. This is the formula (1.2) that involves relates the
topology and geometry of surfaces. We have now defined all the individual
elements of the formula, but the definition of K is, at the moment, not very
illuminating. We begin by giving the original definition.

8.1. The Gauss Map and the Gaussian Curvature. Let S C R? be a
smooth surface. At every point p € S there are two unit normal vectors to
S, differing by sign. Choose one, call it N(p), and assume that it is possible
to choose N(p) so that it is a continuous function of p. This happens to
be equivalent to orientability, so it may not always be possible (say, for a
Mobius band). But locally it is always possible. If x : U — S is a regular
parametrization then (following the notation of Section 7.1)), the partial
derivatives x; and xo are linearly independent at each point, in other words,
the cross product x; X x5 # 0 and we can take N = x; X X2/|x1 X X2|. For
the present purposes we cajn say that to orient a surface it means to make a
continuous choice of normal vector field N. We can move the normal vectors
to be based at the origin and this gives the Gauss map:

Definition 8.1. Let S C R3 be a smooth, oriented surface.

(1) The Gauss map of S is the map N : S — S that assigns to p € S the
unit normal vector N(p). Explicitly, if x : U — S is a parametriza-
tion of (part of) S, we choose

N — X1 X X2

|X1 X X2| ’

(2) The Gaussian curvature K(p) of S at p is defined to be the signed
area distortion of N at p, namely
AN(D,))
8.1 + lim ————=
(8.1) 'S0 A(D,)
where D, is a geodesic disk of radius r centered at p, choosing the
+ sign if N is orientation preserving at p, and the — sign otherwise.
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Ezample 8.1. (1) Let S = S%(R) be the sphere |x| = R of radius R
centered at the origin, Then the Gauss map is N(x) = %, the map
is orientation-preserving, and the ratios in (8.1) are 1/R? since the

area measurements in S2(R) are R? times those in S? = S$?(1). Thus
the Gaussian curvature K = 1/R? for S?(R).

(2) If S is contained in a plane in R? then N is a constant map and
K =0.

(3) More generally, if S is a “cylinder” x(u1,u2) = (z(u1),y(u1), u2) on
a plane curve y(s) = (z(s),y(s)) as in (6.21) of [12], then, assuming
v (s) =1, we get
(@' (w), y'(u1), 1)
\/§ )
which is a curve in S2. Thus the Gauss map has one-dimensional

image, encloses no area and the numerator in (8.1) vanishes, thus
K =0 also in this case, see Figure 8.1.

(4) Even though it is difficult from (8.1) to find the exact value of K, it is
easy to see when K > 0, K =0 or K =< 0. We have seen examples
of the first two situations, and a saddle illustrates the third, see
Figure 8.1.

N(ul, UQ) =

IK>o0

K=o
by, 7
B0 & -g.
PE '
st

7

‘& - o

il

A K<o
S/}‘\é.é/\ 77‘9542

Uy — e

FIGURE 8.1. sign of the Gaussian Curvature.

To get an explicit formula for K, recall the formulas for area from Re-
mark 7.3. The numerator in (8.1) is [[, |Ni x Na| dujduy (for suitable
domains D C U) while the denominator is [[,, |x1 X x2| dujdusy. It follows
that their ratio converges, as the domains D shrink to a point u € U, to the
ratio of the integrands at u, in other words,

(8.2) K(u) =+ Ny xNa| M’
|x1 X Xo Vdet g
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where the second equation results from the computation discussed in Re-
mark 7.3 (and taken as the definition of dA in Equation (7.19) of Defini-
tion 7.2).

It remains to determine the sign +. Note that the orientation of S is
given by the vector x; X xo which is parallel to /N, and the orientation in
5?2 given by the map N is that of N x Ny. So the two orientations agree if
N; x Ng is a positive multiple of N, and disagree if this multiple is negative.
Observing that this multiple is (N x Ng) - N and that its absolute value is
IN; x Ny, we see that the correct signed denominator is the “scalar triple
product” (N7 x Ng) - N and we get the final formula for K:

(N1 X NQ) -N
Vdet g '

8.1.1. Gauss’s Theorema Egregium. In Remark 6.4 and Section 6.4 of [12]
we quickly explained the distinction between the intrinsic and the extrin-
sic geometry of surfaces in R?. Extrinsic geometry is basically the study
of the shape of the surface in R? while intrinsic geometry is the study of
the Riemannian metric, not distinguishing two surfaces of different shapes
if their Riemannian metrics are isometric. For example, the cylinders of
Example 8.1 have infinitely many different shapes, as many as the shapes
of the plane curves v used to define them, but they are all isometric to a
subset of the plane, so they are all intrinsically equal.

(8.3) K=

There is a very detailed theory of the extrinsic geometry of surfaces, base
on the following technique: at each p € S, write .S as the graph of a function
f (depending on p)) from the tangent plane 7,5 to the normal line at p
(multiples of N(p)). This is a quadratic form, called the second fundamental
form of S at p. (In the classical terminology, the Riemannian metric is called
the first fundamental form). Properly interpreted, the second fundamental
form is the differential dN of the Gauss map, and the Gauss curvature is
the determinant of dN.

Thus the definition of K in Definition 8.1 is extrinsic. Gauss discovered
that K is actually intrinsic and called this the “Theorema Egregium” (usu-
ally translated as “Remarkable Theorem’). The book [4] is a good source
for its history, which goes as follows:

(1) Gauss discovered the following formula: Let A be a geodesic triangle
in S with interior angles «, 3,~. Then

(8.4) //A KdA=a+B+y—m.

(2) Since every member of this equation, except K, is clearly intrinsic,
it follows that K must be intrinsic.

(3) Since K is intrinsic, it must have an explicit expression in terms of
the Gij-
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(4) To find such an expression, Gauss first tried an easier special case,
geodesic normal coordinates dr? + f(r,6)? d§? as in Equation (7.46).
He found the formula

_ _fm
(8.5) K= -

(5) He then found a formula valid in any coordinate system.

Gauss, however, did not publish his results in this way, his famous pub-
lished paper presents these developments in exactly the opposite order, see
[4] for more information. Most books in differential geometry follow this
reverse order of presentation.

Here we will prove that K is intrinsic and the formula (8.4) in a different
way: will use the second variation formula to prove that K is intrinsic, then
will derive (8.5), and (8.4) will follow easily from this and the equations
(7.48) for geodesics not through the pole.

8.2. The Second Variation Formula. We know that geodesics are crit-
ical points of the length function, but not necessarily minima. To better
understand the nature of critical points we know, from calculus, that we
should look at second derivatives at critical points. This is called the second
variation formula. We will follow the notation of Section 7.2.1.

We now consider a geodesic v : [0, Lo] — S, parametrized by arclength,
and a variation

(8.6) 7 : [0, Lo] x (—€,€) — S with 4(s,0) = (s) for all s € [0, Lg].

To simplify some formulas we will assume that the variation is normal
meaning that < J(s,0),7s(s,0) >= 0. We will choose a unit vector n
along v perpendicular to the tangent vector 7/, and, if we have chosen an
orientation on S, we will assume that the pair 7/, n is positively oriented,
that is, n is obtained by a counterclockwise rotation of 7/ by a right angle.
In this notation we get that the variation vector field V (s) satisfies

(8.7) Vi(s) = :(s,0) = f(s)n(s)

for some smooth real-valued function f defined along ~.

We start with the same formula (7.30)for the length L(¢) and get the
formula (7.31) for L'(t), but, in order to find L”(0) we cannot go on to (7.32)
which sets ¢ = 0 at this point, we have to first take one more derivative.
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In order to do this, we work with (7.31): we replace %ZS with % in the

integrand, then integrate by parts, obtaining the formula

~ o~ 1 -~ o~
(8.8) L'(t) =< Fs,7s >2< 36,7 > [8°

Lo ~ o~ _3 D'?s ~ -~
+ < Vs Ys > 2< ——, s >< Y, Vs > ds
0 DS

DAs

Ds

Next we take L”(t) and observe that most terms will vanish when setting
t = 0: any term of the derivative of the first line would contain a factor
of < V,+' >= 0 by assumption, or of < %,'y’ >= 0 by differentiating
< V,4 >= 0. Similarly every term of the derivative of the second line
has a factor either as just discussed, or one containing %75/ = 0 again by
assumption. The same applies to two of the three terms of the third line.

In summary, setting t = 0 we get

Lo 1
_/ < s, Ys > 2< Yty > ds
0

Lo D D7
noy ~ s
(8.9) L(0) = /0 <4(s,0), 5, 1 (5,0) > ds.

Next, in order to interpret this formula, we would like to change the order
of the derivatives in order to integrate by parts, just as we did before to
interpret L'(0). The question is: if V'(s,t) is a vector field along (s, t), how
are %% and %% related? It turns out they are not equal, let’s see what

happens.
Recall that %‘8/ = VI =V, — (V-N)N, therefore
D DV
Dt Ds
= (Vs = (Ve - N) + (Vs - No))N)T = (V- N)N,,
because N; is tangential: differentiate N - N =1 to get N, - N = 0. Next,

observe that the terms in parenthesis are symmetric in s, ¢, therefore so is
its tangential component, therefore we get

D DV D DV
Di Ds  Ds Dt —(Vs-N)N¢+ (Vi - N)Ng = (V- Ng)N; — (V- N¢)Ng,

the last expression resulting from the identities V- N+V Ny = (V-N); =0
and the similar identity in t.

(Vs — (Ve - N) + (Vs - Np))N — (V- N)N) T

Next, we need to recognize this last expression as (Ng x Ny) x V. Since
Ny xN; = ((NsxN;)-N)N, this looks somewhat similar to the numerator of
(8.3), except that 4 is not necessarily a parametrization of S, it can happen
that 4s x 4 vanishes, and, when it doesn’t vanish, it may be a positive or
negative multiple of N. The correct interpretation of equations (8.2) and
(8.3) in this situation, to avoid dividing by 0 and always having the correct
sign, is

(8.10) N x Ny = K (55 x %),
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which gives us the formula

(8.11) Eﬁ_ﬁﬁ_[((%X%) x V.

Let us apply this formula to (8.9) by choosing V(s,t) = Js(s,t). Observe
that (75 X %) X 7s(s,0) = (55 x ) X v/(s) = f(s)n(s) where F' and n are
as defined in (8.7). Therefore (8.11) becomes

D Dy, D DA
1 (DD D DIy oy g
(8.12) Di Ds ~ Ds bt )&V = E/n
Using this formula, we can change the expression D%%ZS (s,0) in the inte-

grand of (8.9), to DQS%ZS (s,0) + K(s)f(s)n(s), and then change the first

term to DQSDL%(S? 0) = f"(s)n(s) by two uses of the identity (7.44) and the

fact that % = 0 (which follows from the fact that its two components

< %’S‘,n >=< %277, >= 0, obtained by differentiating < n,n >= 1 and

<mn,vy >=0 and using %78/ = 0). Then rewrite (8.9) as

Lo
(8.13) L"(0) = —/ (f"+Kf)f ds,
0
and, integrating by parts,
Lo Lo
(8.14) L"(0) = / (f)ds — Kf? ds.
0 0

From this we see that, since every quantity, other than K, appearing in
these expressions is intrinsic, we get the rough form of Gauss’s Theorema
Egregium:

Corollary 8.1. The Gaussian curvature K is intrinsic.

Also, the following is immediate from (8.14):

Corollary 8.2. If K(p) > 0 for allp € S, then L"(0) > 0 for all non-trivial
normal variations 7 that keep the endpoints fixed.

Proof. The first term of (8.14) is > 0 and = 0 if and only if f is constant.
If K > 0 the second term is also > 0, hence the sum L”(0) > 0 and = 0 if
and only if f is constant. For a normal variation with fixed endpoints must

have f(0) = f(Lo) =0, hence f =0 if L"(0) = 0. O

8.2.1. Jacobi’s Equation and Theorema Egregium in Geodesic Polar Coordi-
nates. We now derive Gauss’s formula (8.5) for K. We will not logically use
the second variation formulas (8.13) and (8.14) but these formulas provide
the motivation for the arguments that follow.

Suppose now that the variation J(s, t) of (8.6) is always normal and always
by geodesics, that is, for all t, the curve 4( ,t) is a geodesic, and for all s,t
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we have 4;(s,t) L7s(s,t). Write n(s,t) for the unit normal of the geodesic
~( ,t) at the point (s,t), chosen counterclockwise in the given orientation,
and let f(s,t) be defined by (s, t) = f(s,t)n(s,t), which makes sense since
the variation is always normal.

Theorem 8.1. Let 5(s,t) be a variation of a geodesic y(s) = 7(s,0) that
is always normal and always geodesic as just defined, and let F(s,t) =
f(s,t)n(s,t) as above. Then the function f(s) = f(s,0) satisfies Jacobi’s
differential equation

f"+Kf=0,

where K = K(7(s)).

Proof. Since (s, t) is a geodesic for all ¢ we have that 23 e (s,t) = 0, hence
DA DA

DDtDZ( t) = 0, hence, by (8.12) gsD“;(st)vLK(( ))g t)n ( )

Changing DVS to % by (7.43) and then 55 DDZf = f = f"n, this

last 1dent1ty as in the derivation of (8.13). Finally, settlng t =0, we Obtaln

(f" 4+ K f)n =0, hence the desired equation. O

The application we have in mind is the following natural example of an
always normal, always geodesic variation:

Corollary 8.3. Let p € S, let U be a neighborhood of p on which a system
of geodesic polar coordinates (r,0) is defined, (as in Section 7.2.5 above or
theorem 6.9 of [12]), thus ds® = dr® + f(r,0)? d6? (as in (7.46)). Then, for

each 0, the function f(r,0) is the unique solution of Jacobi’s Equation
fer(r,0) + K(r,0) f(r,0) =0
satisfying the initial conditions f(0,0) =0 and f-(0,0) = 1.

Proof. For each 6 the curve (r,0) is a geodesic (parametrized by arclength),
so this is an always geodesic variation of any of its members. By Gauss’s
Lemma (Theorem 6.8 of [12]) it is an always normal variation and the vari-
ation vector field is f(r,#)n(r, ). Therefore, for any fixed 60, f(r,0) satisfies
Jacobi’s Equation.

The expansion (7.47): f(r,0) = r — @73 + O(r*) = r 4+ O(r3) shows
that the stated initial conditions are satisfied. O

Corollary 8.4. Gauss’s Theorema Egregium in geodesic polar coordinates:

This identity also holds at the origin of the coordinate system, in the sense
that lim,_o(—£3) = K(0).
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Proof. The formula away from the origin is clear. At the origin, even though

the coordinates become singular, the expansion (7.47): f(r,0) = r—@r?’—i—
O(r*) = r + O(r?) gives
frr —K(@O)r +0(r?)
T poTE =—-K(0)+O0O(r) - —K(0) as r — 0.
U

8.2.2. Definition of Gaussian Curvature for any Riemannian Metric. Hav-
ing proved that K is intrinsic for surfaces in R3, it is reasonable to say that
K can be defined for any Riemannian metric. It is enough to define it for
metrics (U, g) on open subsets of R? in a manner invariant under isometries.
The favorite definition at present is to start from formula (8.11). Take as
ususal coordinates uj,ug on U and consider a vector field V (uq,ug) on U.
Then one has to prove that

D DV D DV
8.15 - =K \/detg V*
( ) DUQ DU1 Du1 D’LL2 ¢ g

for some smooth function K, where V= is the tangent vector to U at u
that is perpendicular to V' and obtained by counterclockwise rotation. (The
problem is to show that the right hand side is of the form f V= for some
smooth function f, then we can divide this function by the positive function
V/det g and call the result K). This is the fact and can be derived from the
equations (7.42), (7.43) and (7.44).) Once this fact is verified, we can define
K by (8.15) and all intrinsic formulas involving K that we have derived so
far are valid in any Riemannian metric.

We will adopt this definition, and observe that the formula of Corollary 8.4
remains valid, in paarticular, we also have K (0) = lim,_,o(— f/f) that we
used in [12].

8.2.3. Metrics of Constant Curvature. We can view Corollary 8.3 as a method
of constructing a Riemannian metric with prescribed curvature. This is very
practical in case that K is a constant. It is convenient to normalize to three
values of this constant: K =0, 1, —1. We obtain the following:

(1) K = 0: We need to solve f,, = 0 with initial conditions f(0) =0
and f.(0) = 1. The solution is f(r) = r and the expression for the
metric is

(8.16) dr? +r* do?,
which is valid in all of R? and is the familiar expression for the
Euclidean metric dz? + dy? in polar coordinates.

(2) K =1: We need to solve f,,+ f = 0 with initial conditions f(0) =0
and f,(0) = 1. The solution is f(r) = sinr and the expression for
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the metric is
(8.17) dr® 4 sin’ r df?

which gives a positive definite metric only on the disk {r < 7} and
is the familiar expression for the metric of the unit sphere S? in
spherical coordinates, as in Section 7.1 above, or, in more detail, in
Example (6.6) of [12] (see formula (6.7)), where r is the angle from
the north pole, which is the same as arclength on the great circles
through the north pole.

This metric is isometric to the spherical metric gg of (7.12). In
fact, writing gs in polar coordinates p, 6, where u; = pcosf and
ug = psin@, then gg becomes

_ A(dp? + p* d6?)

SN E
and the maps ¢(p,0) = (2arctanp,d) and ¢(r,0) = (tang,0) are
isometries and inverses to each other. (These computations are

equivalent to the computations in homework problems of radii and
circumferences in gg of circles centered at 0.)

(3) K = —1: We need to solve f,,—f = 0 with initial conditions f(0) =0
and f.(0) = 1. The solution is f(r) = sinhr and the expression for
the metric is

(8.18) dr® 4 sinh? r df?,

which is valid in all of R? and is isometric to the Poincaré metric
gp of Example 7.4. To see an explicit isometry, introduce polar
coordinates p, 6 in the unit disk: u; = pcosf and us = psinf as
above, then the formula (7.22) becomes

4(dp? + p* db?)
gP — 2 2 )
(1—=p?)

and we get inverse isometries ¢(p, §) = (In %Z, ) = (2tanh™1(p), )

and ¢ (r,0) = (tanh 5, 0), whose verification is equivalent to home-
work problems.

Remark 8.1. For arbitrary positive constants K, (8.17) would change to

dr? + <\/1R sin@/ﬁr))2 do?,

and, for a negative constant K,(8.18) would change to

sinh(\/jr)) ’ do?,

dr2+(\/i7K

which, in either case, are asymptotic to dr? + r? df? as |K| — oc.
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8.3. Total Curvature or Geodesic Triangles. We now prove Gauss’s
formula (8.4). We assume given a smooth surface S with a Riemannian
metric, but restrict ourselves to a geodesic triangle A lying in a small enough
open set U on which a system of geodesic polar coordinates r, 6, centered at
one of the vertices, is defined:

Theorem 8.2. Let S be a smooth surface with a Riemannian metric, let A
be a geodesic triangle with vertices P, Q, R, and assume that A is contained
in the domain of a geodesic polar coordinate system centered at P. Let a, 3,7y
be the interior angles of A at the points P, Q, R respectively. Then

(8.19) //A KdA=a+B+y—m

Proof. Using the definition (??) of dA, and observing that v/det g = f(r,0),

we get
02 ()
/ / K dA = / K(r,0)f(r,0) drdf,
A 61 0

where 6 = 61 and 6 = 02 are the equations of the geodesic rays containing
the sides PQ and PR of A, and (r(0),0), 01 <0 < 6>, is a parametrization
of the third side QR of A, see Figure 77.

Using Corollary 8.4 we get

02 r(0) 62
[ty drdo= [ £0r0).6) + £,0.0) ab.
01 0 61

Since Corollary 8.3 gives f,.(0,60) = 1, this becomes

02 02
[Cent@.0nd=a- [ 5000w

91 01
To evaluate this last integral we need the following lemma:

Lemma 8.1. Let (r(s),0(s)) be a geodesic, parametrized by arclength, in the
domain of the coordinate system used above, and suppose it does not pass
through the center (0 not constant). Let ¢(s) be the angle at (r(s),0(s)) that
its tangent vector (r'(s),8'(s)) makes with the forward tangent vector to the
ray 0 = 0(s) from the origin, see Figure ?7. Then

d

d—? = —fr(r(0),6).
Proof. Since the tangent vector to the geodesic is (r/,6’), the tangent vector
to the ray from the origin is (1,0) and the length squared 72 + f26"? =1 ,
we get

cos¢ =7 and sin¢g = f0',

the second resulting from sin ¢ being the cosine of the angle between (r’, ¢’)
and (0,1), and these vectors have inner product f26’ and magnitudes 1, f
respectively.
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Differentiating the first of these equations, then using the first differen-
tial equation r” — f£.(8")?> = 0 of (7.48) and the second of the above two
equations, we get

—sing ¢/ =" = [ 1,07 = —f0'¢,
and dividing the last equality by f#" (which is valid by the assumption that
the geodesic is not through the pole, therefore neither f nor 6" vanishes), we

get
dp ¢ _
aw ==
O
We can now resume the computation of the integral:
02
a— [ fr(r(0),0) db = a+ ¢(02) — $(61)
01
=aty-—(r—pf)=a+p+y-m,
see Figure 8.2. O

ol

Z

FIGURE 8.2. Angles of the Geodesic Triangle A = PQR.

8.4. The Gauss - Bonnet Theorem. Theorem 8.2 was stated and proved
for small geodesic triangles. But it holds for triangles of any size by sub-
dividing into small triangles to which Theorem 8.2 applies, and adding all
the contributions. The result is again the formula (8.4). A similar formula
holds for any geodesic n-gon P with interior angles aq, ..., ay,:

(8.20) //PKdA:ozl—i—-'-—i—ozn—(n—2)7r,

where the term (n — 2)m in the right hand side is the sum of interior angles
of a Euclidean n-gon. This formula also follows from Theorem 8.2 by subdi-
viding P into sufficiently small triangles and adding, using a variation of the
argument in the proof of Theorem 8.3 below. There are also formulas for
arbitrary regions, not necessarily with geodesic sides, involving extra terms
of integrals of the geodesic curvatures of the edges.
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We will not pursue these directions, but will prove another theorem,
promised in (1.2), and that follows from Theorem 8.2 by the method of
subdivision. This theorem relates topology and curvature of the compact
surfaces. For simplicity, we will state it only for orientable ones, but it also
holds for non-orientable surfaces.

Theorem 8.3. Let S be a compact oriented smooth surface with a Riemann-
ian metric, and let K : S — R be the Gaussian curvature of this metric.
Then

(8.21) //S K dA =27y (S) =4n(1 — g),

where x(S) is the Euler characteristic (see Definition 3.4 ) and g is the
genus of S (as in Theorem 1.1).

Remark 8.2. Strictly speaking, we should have written x(triangulation of .S)
in the right - hand side, rather than x(5). With enough care in the proof
(which we only hint at) this theorem could be used to prove that y is inde-
pendent of the triangulation (since the left-hand side is).

Proof. We will prove this theorem under the assumption that S has a trian-
gulation S = T1U---UT, (as in Definition 3.1), where all the T; are geodesic
triangles (meaning that the edges are geodesic). Also, assume that each T;
is contained in the domain of a geodesic polar coordinate system centered at
one vertex. This can actually be proved from the existence of triangulations,
with subdivision and approximation arguments, but we will not do this here.
We will just say that it is best to do this using Definition 3.3, in terms of
a simplicial complex C' with geometric realization |C| (see Definition 3.2)
and a homeomorphism ¢ : |C| — S. There is a process of subdviding a
complex C' to get a new complex C’, called its barycentric subdvision that
makes the simplices smaller. Using this process and approximations, one
can first assume that the map ¢ is smooth on each simplex, then subdivide
enough times to make the simplices small enough so they lie in the domain
of polar coordinate systems, and replace the simplices by geodesic one.

So write S = Ty U- - -UT,, where each T; is a geodesic triangle with interior
angles oy, 55, Vi, and each T; is small enough so that the proof of Theorem 8.2
is valid. Then

//S K dA = g//ﬂ KdA:é(ai+ﬁi+%_w)'

Writing, as in Chapter 3, V, E, I’ for the number of vertices, edges, triangles
(faces) in the triangulation, this is

(0 +Bi+v) — Fr

F
=1

(2
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since n = F. The first term can be reorganized as a sum over the vertices

p1,-..,py and gives

\%
(sum of the angles at p; of the triangles with vertex p;) = 27V

=1

J

because, for each j, these angles cover a neighborhood of p;, so their sum
is the same as the sum of the angles between their tangent vectors in the
Euclidean space of tangent vectors at p;, so this sum is 27. Therefore

// KdA:27TV—7TF:27T(V—%F+F):27T(V—E—|—F):27TX(S),
S

using the identity 2E = 3F of Corollary 3.1. Finally, x(S) = 2 — 2g is
Equation (3.4).

O

9. THE GEOMETRIES OF CONSTANT CURVATURE

We look more closely at the Riemannian metrics of constant curvature.
We gave models for them in Section 8.2.3 by giving their geodesic polar
coordinate expressions. In all these formulas there is a distinguished point,
the pole, and the metric is rotationally symmetric around that point, and
also has reflectional symmetry about all the geodesics passing through the
pole. But we know, both in the case K = 0 of Euclidean geometry and
K =1 of spherical geometry, that there are more symmetries that are not
visible in the formulas of Section ?7. It is reasonable to expect the same to
be true of the case K = —1 of the Poincaré metric. This metric will also be
called the hyperbolic metric and its geometry hyperbolic geometry.

To discuss the symmetries more precisely, we have to consider more than
just the value of the curvature, since there can be several Riemannian metrics
with the same curvature. For example, a proper open subset of the Euclidean
plane R? has K = 0 but is not isometric to all of R? and it will not be
invariant by all translations of R?. One way of excluding these examples is
to talk about complete metrics, meaning either complete as a metric space
or, what turns out to be equivalent for Riemannian metrics, is the condition
of geodesic completeness, meaning thatall geodesics are defined for all time.
This excludes proper open subsets of R?, and similar examples.

Another situation of different spaces with the same curvature occurs, for
example, the torus T2 = R?/Z? and all of R? both have K = 0, the sphere
S? and the projective plane P? both have metrics with K = 1. What
distinguishes R? and S? in this situation is that they are simply connected.

The examples of Section 8.2.3 are complete, simply connected surfaces of
constant curvature. It can be proved that, up to isometry, they are the only
ones. In the case of K = 1, we have to interpret the formula (8.17) as
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defining a metric on S? by presenting S? as the quotient space of the disk
{r <} C R? by identifying its boundary to a point.

9.1. Groups of Isometries. We know from Section 2.1 of [12] that the
group of isometries of R? is the Euclidean group F(2) consisting of all affine
linear transformations z — Ax + b where A € O(2) is an orthogonal 2 x
2 matrix and b € R2. Recall the homeomorphism (Remark 2.6 of [12] )
of E(2) with the topological space R? x O(2), which has two connected
components, each homeomorphic to R? x S'. Thus the group E(2) is three-
dimensional. This is the largest possible dimension of the group of isometries
of a Riemannian metric on a surface. We do not want to make this precise,
but intuitively it can be seen as follows: If G is the group of isometries of
S, then for any p € S, the subgroup G, of isometries fixing the point p is at
most one-dimensional, because the differential at p gives a homomorphism
of this group to the group, isomorphic ot O(2), of linear isometries of the
tangent space T,S. By Corollary 7.2 this homomorphism is injective, hence
the dimension of G, is at most one. Since S is two dimensional, this leaves
at most two more possible dimensions for G, hence at most three dimensions
in total.

Similarly, the group of isometries of S? is the group O(3) of orthogonal
3 x 3 matrices, see Definition 2.4 of [12]. It is clear that any matrix A € O(3)
gives an isometry of R? fixing the origin, hence leaves S? invariant and if
gives an isometry of S2. This can be seen as follows. For any z € S2,
the tangent space 1,52 = z+ = {y € R?® : 2 -y = 0} the orthogonal
complement of x, and orthogonal matrices preserve orthogonality. Hence
Alyr ot =T,8? = (Az)t = T4, S? is an isometry.

Theorem 9.1. Let G be the group of isometries of S*. The restriction map
p:0(3) = G defined by p(A) = Alg2 is a group isomorphism.

Proof. We have just remarked that for all A € O(3), p(A) is an isometry of
S% 50 p:O(3) — G, and it is clear that p is homomorphism. If p(A) = id
then, since S? contains bases for R3, A = I, thus p is injective. So it is
harmless to simplify notation and not distinguish A and p(A). To prove
that p is surjective, fix a point zg € S2. Given any g € G, that is, given any
isometry g : S? — 52, there exists A € O(3) so that Arg = g(79). Then
f = A7lgis an isometry of S? fixing x9. Then dy, f is an isometry of T}, S?,
and (using an orthonormal basis for R® with x¢ as one of its members, the
other two then being an orthonormal basis for z7 = T},5%), we can find
B € O(3) with Bz = x¢ and B‘azé = dgof. Then B~lf is an isometry of
S? that fixed ¢ and is the identity on T},S?, hence, by Corollary 7.2 we
have that B~ f = —id, hence f = B, hence A~'g = B or g = AB € O(3)
and p is surjective. ([

Remark 9.1. It can be proved that O(3) has two connected components,
distinguished by the value £1 of the determinant. Composition with a
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fixed reflection gives a bijection between the subgroup SO(3) of rotations
(orthogonal matrices with det = 1) and the coset of orthogonal matrices
with det = —1. It is not hard to work out the topology of SO(3): it is
homeomorphic to the projective space P, defined to be P? = S3/(x ~ —x) =
B3/(z ~ —zifr € 0B®) (in analogy with the definition and alternative
description of P? in Example 1.1) This can be seen as follows: a rotation is
determined by its its axis, its angle of rotation, and the sense of rotation.
This can be encoded by a vector v € R? chosen to point along the axis and
related to the direction of rotation by the right-hand rule. The magnitude |v]|
is chosen to be the angle « of rotation, and can choose 0 < o« < 7 by choosing
the direction of v appropriately: a and v give the same rotation as 27—« and
—v. In this way we get a continuous, surjective map p : B(0,7) — SO(3),
that is injective on the open ball B(0, ) and identifies v and —v if |v| = 1.
This gives a homeomorphism between B(0,7)/(v ~ —v if |[v|] = 7) and
SO(3). In particular, we see that SO(3) is connected and that O(3) has two
connected components.

To study the group of isometries of the Poincaré metric, it is convenient
to have other models of hyperbolic geometry.

9.2. Moébius Transformations and Hyperbolic Geometry. Let a,b,c,d €
C with ad — bc # 0 and let f be the transformation

az—+b
(9.1) fle) =2

it is defiined for cz + d # 0, that is, z # —%, but it is harmless to say
that f(—4) = co and that f : C* = C U {oo} — C* and that f(co) =
2. We can identify C* with S? by stereographic projection, view these as
transformations of S2. These are conformal transformations of the spherical
metric and of the usual Euclidean metric of C, see ??7. The basic fact here is
that f is differentiable in the complex sense, that is, it is a complex analytic
function, and such functions are conformal. These are the basic facts we
need about Mobius transformations, see, for example, Section 3 of Chapter
3 of [1] for more details.

9.2.1. Basic Properties of Mobius Transformations. Let GG denote the group
GL(2,C) of invertible 2 x 2 complex matrices

d
Let fa be the transformation of C* given by formula (9.1). Then

(9.2) A:<Z b), a,b,e,d € C, det(A) =ad—bc# 0.

(1) For all A € Gy, fa is a conformal transformation of C* (it preserves
angles between curves). This is a consequence of the fact that it is a
complex analytic function, that is, it is differentiable in the complex
sense.
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(2) The derivative of f4 is
ad — bc
(9-3) fa(z) =

(cz+d)?

(3) Let G2 denote the group (under composition) of conformal trans-
formations of C*. Then, the map G; — G given by the assign-
ment A — fa is a group homomorphism : fap = fa o fg. Its
kernel is {A : A € C,\ # 0}, the group of non-zero multiples of
the unit matrix. In particular, for all A € Gy, f4 is invertible and

far=(fa)™"

(4) Let C C C* be either a circle or a straight line (= circle through
00). Then f4(C) is either a circle or a straight line. Briefly: fu
takes circles to circles. Warning: But they need not take centers of
circles to centers. We will see many examples later.

(5) Go is the group of all transformations of C* that take circles to
circles and preserve orientation.

9.2.2. Two Models of Hyperbolic Geometry. We have introduced the Poincaré
metric gp. Let us call it the disk model of hyperbolic geometry. We could
write D = {w € C: |w| < 1} where w = u + v and dw = du + idv. Then,
in complex notation,

4]dw|? 4(du® + dv?)

(9.4) gp = (1 — |w|?)? B (1= (u?+0v2))?

We want the upper half-plane model, defined as follows:

Definition 9.1. The upper half plane model of hyperbolic geometry is the
open set H = {z =z +iy € C:y > 0}, with Riemannian metric

_|dz|? dx? 4 dy?
y? y2

(9.5) 9H

To see that (D, gp) and (H, ggr) are isometric, we need to find a map. The
theory of Mé&bius transformations easily provides such maps. For example,
let ht — C* be defined by

z—1

(9.6) hz)= .

It is clear that h(i) = 0 and that, if z = x € R, |h(z)| = |(x—i0/(x+1i))| = 1,
so h(R) C St thus h(R) = S! (by invertibility and the circle-preserving
property), therefore the connected component H of C* \ {R} containing i
must be mapped to the component D of C*\ {S'} containing 0 = h(i), and
diffeomeorphically because of the invertibility of A. It remains to check:

Theorem 9.2. The transformation h : H — D defined in (9.6) is an isom-
etry: h*(gp) = gu.



108 TOLEDO

Proof. Let w = h(z). From Equation (9.3) dw = h/(z) dz = 2i(z + 1)72 dz,
w0 . 4 (2)]2|dz* 16|z +i|"Yd=z?  16|dz|?
9P = )RR (LB, — (42 I
|2 +i[?
the equality next to last being |z + i[> — |2 —i|? = (22 + (y + 1)?) — (2® +
(y—1)%) =4y. O

The value of this identification is that H has a visible set of isometries:

Theorem 9.3. Let a,b € R and a > 0. Then the transformation fqp : H —
H defined by fop(2) = az + b is an isometry of (H,gm). In particular, H
is homogeneous: given any two points z1,zo € H there exists an isometry
f+H — H with f(z1) = 2.

Proof. Let z = x+1iy with y > 0. then f,(2) = (ax+b)+i(ay) has positive
imaginary part since a > 0, so f,, : H — H. To show it is an isometry,
compute:

. d(axz +b)? +d(ay)?> a?(de?® +dy?)  do? + dy?
fa,b(gH) = == == =

(ay)? o a%y? y? -

Given any point zo = xg + iyo € H, fyo,z0(1) = Yoi + 2o = 2o, thus there is
a transformation taking i to any zg € H. To take z1 to zo, take z1 to ¢ and
i to 22, that is, use f = fy, 4, © il O

Y1,T1°

With this information we can find all the geodesics in hyperbolic geometry,
both in the H-model and the D-model.

Theorem 9.4. (1) The geodesics in H are the vertical lines and the
semi-circles with center on the real axis R.

(2) The geodesics in D are the straight lines through the origin and the
circle arcs perpendicular to the boundary circle S*.

(3) Given any two points P,QQ € H, there is a unique geodesic segment
from P to Q. The length of this segment is d(P,Q), the hyperbolic
distance between P and Q. (Therefore the same statement holds in
D).

Proof. We know that the geodesics through the origin in D are the straight
line segments through the origin. Since these meet the boundary at right
angles, the isometry h~!: D — H takes these segments to circles through i
perpendicular to the real axis. These are exactly the semicircles with center
on the real axis, including the imaginary axis (which is A~!(D NR)). Since
the transformations f,; take i to any other point b+ ai € H, and they take
the geodesics through i to those through ai + b, we see that we get all the
vertical lines and all the semicircles centered in the real axis in this way.
Since we have found geodesics through every point and every direction, we
have found all geodesics.
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F1GURE 9.1. Geodesics in Both Models, Their Correspondence

This proves part (1). Part (3) is then checked by elementary geometry:
if P and ) are on the same vertical line, then the vertical segment between
them is the unique geodesic connecting them, which therefore must realize
the distance. Otherwise, there is a unique semi-circle centered on the real
axis connecting P and @, thus we reach the same conclusion.

Finally, the images by h of all the geodesics we have found in H gives us
all geodesics in D. These must be circle arcs perpendicular to the boundary
circle, since all the geodesics in H have the similar property. See Figure 9.1.
There are several beautiful renderings by Escher of the Poincaré disk model
that show geodesics and some of the isometries of D, for example Figure 9.2.

O

We have, in the Poincaré model D, the isometries fy defined by fp(z) =
ez, rotations about the origin, and now in the upper half plane model
H we have the fq just defined (fixing co). So we have transformations
depending on the three parameters a, b, 8, and we expect a three-dimensional
group of symmetries, so it is reasonable to expect that we have found all
isometries (by composing the above). The only problem is that we have
them in different models. To bring them to one model, in H we could use
the f,p and the h™lo fyoh, or, in D, the fg and the ho fap© h~1, with h
as in (9.6).

0

Theorem 9.5. Let A be as in (9.2) with a,b,c,d € R and det(A) = ad—bc >
0. Then fa : H — H 1is an isometry, and every orientation preserving
isometry of (H,gp) is obtained this way.

Proof. Let A have real coefficients. Then f4(R) C R, so fa(H) the con-
nected component of C*\ R containing 7, which is either H or the lower half
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FIGURE 9.2. Escher’s Circle Limit 1.

plane L = {y < 0}. Now

. ai+b (ai+b)(—ci+d) (ac+bd)+i(ad — bc)
O =Ga™ evae et ’
which has positive imaginary part if and only if ad—bc > 0. Thus fa(i) € H,
so fa(H)=H.

To check that f4 is an isometry of gp is a computation along the lines of
Theorem 9.2. An alternative proof is given in a homework problem.

Suppose fa(i) = i. This means a +bi = i(ci+d) = d — ci, thus a = d and
b = —c, in other words

(9.7) A:(Ccl _dc>,

in particular det A = ¢ + d? and, using the formula (9.3), we have

2, g2
)= ——5=c¢€ where cosf = ——, _—.
Jat) (ci+ d)? 2+ d2 2+ d?
This implies that we can get every rotation of T;H, the space of tangent
vectors to H at ¢ by a suitable fa, for instance, to get rotation by a we

sinf =
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can take § = —a/2. Therefore we get every rotation about the origin in
T;H from a suitable f4 fixing ¢. then, exactly the same argument as in the
proof of the corresponding theorem for S?, Theorem 9.1, we get that every
orientation-preserving isometry of H is obtained in this way.

O

Remark 9.2. (1) If we know all the orientation preserving isometries,
then all isometries are obtained by composing these with one fixed
orientation-reversing isometry, for instance, reflection in the y-axis:
r+1iy — x —iy. Or, noting that both z — Z and f4 for a,b,c,d € R
but det A = ad — bc < 0 interchange the upper and lower half-
planes, we see that z — fa(Z) = fa(z) preserves H and is orientation
reversing, and we obtain them all this way. Thus all isometries of
H are either of the form z — f4(z) for real A with det A > 0 or
z — fa(z) for real A with det A < 0.

(2) Just as in the case of isometries of S? we get a map H x S' to
the group of orientation preserving isometries of H by sending (b, a)
with @ > 0 and 6 € [0,7] to the composition f,;fa where A is
as in (9.7), normalizing ¢? + d> = 1 and choosing 6 as indicated
there. Since fg4 = f_4, there is a choice of 6 in [0, 7] that gives
us fa, and we get a map {(b,a) : a > 0} x ([0,7]/0 ~ 7) to the
group of orientation preserving isometries is a bijection (actually a
homeomorphism). In particular, this group is homotopy equivalent
to S', therefore connected. Thus the full group of isometries has
two connected components, as in the case of R? and S?, and, as is
the case for R? (but not for S?), each component is homeomorphic
to the cartesian product of the space with S?.

(3) There are two standard notations for the group of orientation pre-
serving isometries of H. One is PGL"(2,R), meaning: take the
group 2x 2 real matrices with positive determinant, denoted GL* (2, R),
and take the quotient by the normal subgroup of scalar matrices The
letter “P” stands for “projective”, meaning that you only look at how
the group acts on lines through the origin (projective space), where
the scalar matrices act trivially. The other is PSL(2,R), meaning:
take the group of 2 x 2 real matrices A with det A = 1, usually de-
noted SL(2,R), the special linear group, and take the quotient by
the normal subgroup 4I. This subgroup is the intersection with
SL(2,R) of the subgroup of scalar matrices in GL*(2,R).

One common feature of the three geometries of constant curvature is the
following property, sometimes called two point homogeneity.

Theorem 9.6. Let X be one of R?, S? or H with its metric of constant
curvature. Given any four points P,Q,P',Q" € X such that d(P,Q) =
d(P', Q") there exists an orientation preserving isometry f : X — X such
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that f(P) =P’ and f(Q) = Q'. The isometry f is unique except in the case
X = 52 and P,Q are antipodal points.

Proof. Let D = d(P,Q) and let v : [0, D] — X be the geodesic arc from P
to Q realizing the distance. This arc is unique except in the case X = S?
and P, @ are antipodal points. Let v, : [0, D] — X be the geodesic arc from
P’ to Q' realizing the distance. Then, as we have seen in each case, there
exists an orientation preserving isometry f : X — X so that f(P) = P’
and dpf(7/(0)) = ~4(0). Since geodesics are determined by these initial
conditions, must have foy = 1, which gives f(y(D)) = v1(D) or f(Q) = Q'.
The proof of the uniqueness statement is left as an exercise.

0

9.3. Existence of Metrics of Constant Curvature. Now comes the final
theorem:

Theorem 9.7. Let S be a compact, connected, orientable surface. Then S
has a Riemannian metric of constant Gaussian curvature.

Proof. Using the classification theorem for surfaces, Theorem 1.1, we only
need to consider S?(= %) and the surfaces Ygorg=1,2,3,....

Case 1 :The sphere S?: we know that it has a metric of constant curvature
1, so there is nothing to prove.

Case 2: The torus T2 = ¥;. We know from Example 7.7 that it has a
Riemannian metric. This metric was constructed to be dz? + dy? on each
coordinate chart , so it is locally isometric to the Euclidean plane R?. Since
K is invariant under isometries and K = 0 for the Euclidean plane R?, it
follows that this metric on 72 has K = 0.

In order to prepare for the more difficult proof of the theorem in the case of
Y, for g > 2, let us repeat the proof of Case 2 using the same considerations
as we will use in Case 3. Let us start with 7?2 defined as the unit square
[0,1] x [0,1] by the identifications (0,y) ~ (1,y) and (z,0) ~ (x,1). Let
us realize the unit square in the usual way as the subset {(z,y) : 0 < z <
1,0 < y < 1} of R?, with the metric of R?2. The identifications of opposite
edges can be realized by isometries of R?, because opposite edges have equal
length, and, by Theorem 9.6, there exists an isometry, say a, of R? with
a(0,0) = (1,0) and a(0,1) = (1,1), thus taking the left vertical edge to
the right one. Similarly there is an isometry b with 5(0,1) = (0,0) and
b(1,1) = (1,0), thus taking the upper horizontal edge to the bottom one.

We cover T? = [0,1] x [0, 1]/ ~ by the following open sets: (0,1) x (0,1),
then (H; U Hy)/ ~ where H; and Hs are the vertical half-disks as shown
in Figure 9.3, and (Hs U Hy)/ ~ the similar horizontal ones, finally by
(Q1UQ2UQ3UQyq)/ ~, where Qq,...,Q4 are the quarter disks shown in
the same Figure. It is clear that each of these sets has a natural metric that
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FiGURE 9.3. Charts on the Torus

is isometric to an open subset of R?, and that in each intersections these
metrics agree. The reason is that these sets are assembled from subsets of
R? that, by the very definition of the identifications, can be assembled into
disks.

Even though this is abstractly clear, also visually clear, we will give more
details for two reasons: to warm up to Case 3, and also to see more precisely
why this metric gives a tesselation of R%. Let us look make the metric explicit
in each chart:

(1) Clear for (0,1) x (0, 1), since it is already a subset of R.

(2) For (Hy U Hj)/ ~, note that it is isometric to aH; U Hy C R?. This
can be checked in the usual way: The map f : Hi U Hy — aH, U Hy
defined by

fla) = {a(az) it x € Hy,

T otherwise.

is constant on equivalence classes {z,a(z) : z € H; N (0 x [0,1]), so
it defines a map, still denoted f, f : ((H; U Hsy)/ ~) — aH; U Ho.
We define the Riemannian metric on (H; U Hy)/ ~ by declaring
that f is an isometry. This agrees with the metric already defined
on (0,1) x (0,1) on each connected component of their intersection,
namely, the interiors HY and H$ because they agree on H$ and
a: HY — a(HY) is an isometry, This is the same verification as in
Example 7.7 that the transition function is an isometry.

(3) Similarly (Hsz LI Hy)/ ~ is isometric to bH3 LI Hy C R2.
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(4) Finally we need to check that (Q U --- L Q4)/ ~ is isometric to a
disk. This can be done by matching edges: each (; has one vertex
and two edges, we need to match the edges in pairs to get a disk.
Concretely, start at any vertex, say 1 in Figure 77, and choose an
edge of )1, say the vertical one. Then a takes this vertical edge to
the vertical edge of Q4. The horizontal edge of Q4 is taken by b~! to
the horizontal edge of ()3, then the vertical edge of Q4 to the vertical
edge of Q2 by a~ !, finally the horizontal edge of Q5 to the horizontal
one of Q1 by b, thus getting back to ()1 by way of all the @);, thus
assembling a disk as shown in Figure 9.4.

FiGURE 9.4. Assembling Disks Around a Vertex

Otherwise said, there is a natural isometry Q1 Ll--- U Q4 — Q2 U
a 'Q3Ua b7 1QsUa" b taQ C R?, the latter being a disk centered
at the vertex 2. We could of course do this ii other ways, for instance
apply b to this and use the relation ba~'b~'a = e to move this disk to
vertex 1: b(Q2Ua Q3 Ua v 1QsUa 10 aQq) = bQa Uba~1Q3U
ba b 1Q4 U Q1, etc.

The most difficult part is checking that the four pieces fit around the vertex
to make a metric disk. Here it clearly works because the angles at each
vertex of the square is a right angle. The same argument would work more
generally using a parallelogram rather than a square, the sectors around the
four corners will still fit isometrically into a disk because the sum of the
angles is 2 (for any Euclidean quadrilateral, in particular, any Euclidean
parallelogram).

Case 3: The surfaces ¥, of higher genus g > 2. We will concentrate in the
case g = 2 that gives all the essential ideas.

First of all, we know, from the Gauss - Bonnet Theorem 8.3 that K < 0,
let us normalize the situation to K = —1. Recalling from (8) to (10) of
Example 1.1 the presentation of the surface 39 as a quotient of the octagon
by identifications on the boundary, see Figure 1.1, and the definition of
topological charts on the surface as in Figure 1.3 , it is not hard to see that
the identifications on the charts centered at the interior points of edges,as in
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the first part of Figure 1.3 can be done using Euclidean geometry. But the
identifications needed for the charts around a vertex, as in the second part
of Figure 1.3 cannot be done in Euclidean geometry, since the sum of the
angles of an octagon is 67, so the pieces cannot metrically fit into a disk.

This is where hyperbolic geometry is needed. Gauss - Bonnet not only
gives us a necessary condition, but the formula (8.20) tells us that for K =
—1 the sum of interior angles of a hyperbolic octagon is less than 67. We
need to find octagons whose interior angle sum is 27, in other words, by
(8.20), of area 47, compare also with Theorem 8.3, which would also give
area 4w to the quotient if g = 2.

The easiest way would be to use regular octagons. We want one with area
47 and interior angles all 7/4. That one exists follows from a continuity
argument: The maximum area is 67, which is not attained by any finite
octagon but is attained by the “asymptotic octagon” , shown in the left of

TS (T

LAOIE

FIGURE 9.5. Regular Octagons of Area 67, 4w, 27/3

There are also octagons of small area, whose angles are close to the Eu-
clidean angles, as in the right of Figure 9.5, where the angles are about
27 /3 = 120°, getting closer to the Euclidean angle of 37/4 = 145°. By
the intermediate value theorem there must be a regular octagon of area 4w,
therefore interior angles 7/4, as in the center of Figure 9.5.

Choose this regular octagon of area 4w. We want to make the identifica-
tions as in Figure 1.1. Since all the sides have equal lengths, by Theorem 9.6
we can make the identifications by hyperbolic isometries. Let us call these
isometries a1, b1, as, b, as in Figure 9.6. We could, as in Case 2 above, cover
the quotient space by open sets isometric to open sets in D (the disk model
of hyperbolic geometry as follows (see Figure 9.6):

(1) The interior O of the octagon.

(2) Half-disks H; centered at the midpoints of the edges. Pairs of such
half-disks assemble into disks in D just as was done in the corre-
sponding steps of Case 2. For example, (H; U H3)/ ~ is isometric
to a;(H1)UHs C D, (HyU Hy)/ ~ is isometric to b1 (Hs) UHy C D,
etc.
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FIGURE 9.6. Charts for Genus Two Surface

(3) An “octant” O;, or eighth of a disk, centered at the i-th vertex, as

shown in Figure ?7?. As with th @; in Case 2, the boundary of each
O; has a vertex and two edges. We carry out the same procedure for
pairing sides. To keep track of the identifications, call the two edges
of each O; the left and right edge according to their visual position if
you stand at the ith vertex and look into the interior of the polygon.
In Figure 77 we start at vertex 1, the isometry a; takes 1 to 4 and
the left edge of O; to the right edge of O4. Then bl_1 takesd to 3
and the left edge of Oy4 to the right edge of O3. Continue in this way
alternating right and left so that, for each i, you identify both edges
of O; in two successive moves. In summary, you go

(a) 1to4 by a;
(b) 4 to 3 by by!

(c) 3to2bya;!
(d) 2 to 5 by by
(e) 5 to 8 by as
(f) 8 to 7 by by

(2) 7106 by ay’
(h) 6 to 1 by by
thereby completing the circuit, and identifying the left edge of Og to
the right edge of O1, which were the only two edges still left to be
identified. Just as in Case 2 you can realize these identifications at
any vertex, for example, present

(01 L |_|Og)/ ~ = (a;l( (bl_l((alOl UO4)) UOg)) . )) U Og

which is a disk centered at vertex 6. See Figure 9.7 to see how the
octants can be assembled at each vertex.
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This completes the proof.

FIGURE 9.7

O

Remark 9.3. This proof can be carried further to show that the polygon we
start with (square in R? or octagon in D) tesselates the whole space. This is
very familiar in the case of the torus T2 as R?/Z?, where we see the square
being repeated, by translations, to as to exactly fill out all of RZ. This is
very familiar to us because we know Euclidean geometry so well. Even if
we were not familiar with the geometry of the integral lattice Z2 C R2, we
could derive it in the following way: Start from the square as we did in Case
2 of the proof, and the isometries a and b. Let G be the subgroup of the
group of isometries of R? generated by a and b. Then the elements of G
move the unit square all over R?, and the picture we worked out of how the
corners of the square can be assembled into a disk tells us how the images of
the unit square under elements of G fit around each corner of he translate
of the square, see Figure 9.8
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Ficure 9.8. Tiling the Plane

Similarly, for the octagon, we could let G be the subgroup of the group
of isometries of D generated by ai,b1,as,bs. The diagrams at the vertices
in Figure 77 tell us how the images of the original polygon under various
elements of G fi around each vertex.

In both these cases it turns out that the images under the relevant group
G of the relevant polygon fill out the entire space, without gaps and without
any intersections other than on the boundaries. Moreover, the original iden-
tification space is the quotient space of the whole space by the equivalence
relation given by G. In the case of the square in R? it is the familiar equiv-
alence relation R?/Z2. In the case of the octagon and the Poincaré disk D,
the surface of genus two is homeomorphic to D/ ~, where z ~ y if and only
if there exists g € G so that g(x) = y. The metric we constructed on the
surface S of genus two is obtained from the metric in D its invariance under
the equivalence relations, as in Remark 7.8.

In order to prove these assertions we need the theory of covering spaces
which we did not have time to develop. This theory is needed to explain the
notion of “universal covering surface” mentioned in the table of Section 1.1.

Remark 9.4. Theorem 9.7 also holds for non-orientable surfaces. The pro-
jective plane P? certainly has a metric of constant curvature 1 since the
antipodal map is an isometry of S2. In the homework we have seen how to
describe the Klein bottle by finding a group G of isometries of R? so that
K =R?/ ~ where x ~ y if and only if there is a g € G so that g(z) = y.

9.4. Two Interesting Facts. Finally two facts that may help put Theo-
rem 9.7 into some perspective.
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Theorem 9.8. Let S C R? be a compact, smooth surface, with the Rie-
mannian metric induced from R3. Then there exist points p € S where the
Gaussian curvature K(p) > 0.

Proof. Pick a point pg € R? and let f(p) = d(po,p). Since S is compact,
there exists a point ¢ € S where f|S has a maximum: f(p) < f(g) for all
p € S. Let B denote the ball of radius f(g) in R? centered at pg and S’
its boundary sphere. Then S C B and ¢ € SN S’ and finally S and S’
are tangent at q. Then, if we represent both surfaces as graphs over their
common tangent plane at ¢, it is not hard to prove that .S is more curved
than S’ at ¢, in particular Kg(q) > Kg/(q) = % > 0, where R = f(q), thus
K(q) > 0. See Figure 9.9 that suggests that the Gauss map of S spreads
out more than that of S’ O

FI1GURE 9.9. Finding Points of Positive Gauss Curvature

Corollary 9.1. None of the metrics of constant curvature on the surfaces
¥4, g > 1, can be realized by an embedding of X4 in R3.

Proof. Compact surfaces in R? with K = 0 or K = —1 are automatically
excluded by Theorem 9.8. O

Remark 9.5. In particular we see that the flat metric on the torus 72 =
R2 /72 cannot be realized in R3. but it can be realized in R*. Let f(z,y) =
(cos x,sinx, cosy, siny) = (u1, ug, us,us) € R Then f(x+2mm,y+27mn) =
f(z,y) for all (m,n) € Z2, so it defines an embedding of R?/((27Z)? in R*.
Moreover, du? + du? + du3 + du? = (—sinzdz)? + (cos :L‘dx)% — sinydy)? +
(cosydy)? = dx? + dy? is the flat metric. Note that the image of this torus
lies in the sphere u? + u2 + u2 + u? = 1. This is often called the Clifford
torus in S3.

Finally, we should remark that the metrics of constant curvature guaran-
teed by Theorem 9.7 are by no means unique, in the sense that there may
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be many metrics of constant curvature on the same surface S that are not
isometric.

Ezample 9.1. We have looked at two particular flat tori: the “square”
torus X = R?/Z? which we have used as the standard example, and the
“hexagonal’ torus Y = R2/L where L is the hexagonal lattice, which can

be described as the lattice generated by the vectors (1,0) and (%,@),

namely the vectors along the sides of an equilateral triangle. More precisely,
L={(m(1,0)+m(%, %) : m,n € 7}.

We would like to prove that X and Y are not isometric, but first we
have to make it a non-trivial statement, that they are not isometric even
after re-scaling the metrics. To this end, let us make the following general
observations. First, by a flat torus Z we mean a Riemannian surface Z =
R2/A where A is a lattice, meaning that there is a basis ey, e for R? so that
A = {me; +ney : m,n € Z}, and the Riemannian metric is dz? +dy?. Given
such Z, we can assign to it two isometry invariants:

(1) AM(Z) = the shortest length of a non-constant closed geodesic. Since
closed geodesics are translates of ones through [0] and closed geodesics
through [0] are the projections of straight line segments form o to a
point in A, A(Z) is also the shortest length of a non-zero vector in
A.

(2) The area A(Z). This is easily computed by parametrizing the torus
by a fundamental parallelogram P = {ze;+ye2 : 0 <2 < 1,0 <y <
1}, where ej, e is a basis for A. Then A(Z) = A(P) = det(ey, e2),
the determinant of the 2 x 2 matrix of the basis e, es with respect

o (1,0),(0,1).

Clearly, if we re-scale the metric on Z by multiplying the lattice by ¢ > 0
then \(cZ) = c\(Z) and A(cZ) = c2A(Z)

Back to the square torus X and the hexagonal torus Y. We have A\(X) =1
and A(X) =1, while A(Y) =1 and A(Y) = ? Any re-scaling of X would

give us invariants ¢, ¢?, which can never give 1, §
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