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> Zaeok(U) a,0 = Zaeok(U) b,o
= :

a, = b, forall o € Qc(U)
» > a,0+ > b,o=>(a,+ b,)o
» a(>°a,o) => (aa,)o.

» The elements of Sx(U) are called singular cubical
chains in U. —
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» id : IK — [Xis an element of Qk(/¥). o o’V(
» Faces of /¥ come in pairs: as subsets
/_I/?,e = {t1,....t,'_1,6, t,'+1,....tk) € /k} fore = %

> As singular k — 1— cubes in /* the maps ¢,
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cter) = (t @t by

t1 ’
IR
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» Define 9(/¥), the boundary of /¥, to be

@/k = (1, € Sea(r
7
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boundary to be
do =) (~1)*oodf

» If c =) a,ois asingular k-chain in U, define its
boundary to be

= 8(2 a,o) = Z a,oo

=0

» Check 92
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» If a € AK(U)is a k-formand ¢ = > a,o € Sk(U) is a
k-chain, define

/Ca:ZJ:ag/ga:ZJ:a‘,/Ika*a

» Theorem (Stokes’s Theorem)
For all o« € AK=1(U) and for all ¢ € Sx(U)
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Proof of Stokes’s Theorem

A

» Recall notation for faces of /X.

» Faces of /X come in pairs: as subsets
I ={t, ... tis1,e tipq, ... %) € "} fore = 0 or 1

» As singular k — 1—cubes in /¥ the maps ¢¥,

Of (b teq) = (t, . toge by te)
» Define 9(/¥), the boundary of /¥

(Strictly speaking, boundary of id : I — Ik € Qk(I¥))
to be

oI =) (—1)"¢f, € S1(1F)
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» Suffices to prove that for all n € A<=1(/¥)

/ n= [ dn
alk ik

» Every n € AK=1(/%) can be written as

for f € A°(I%), i=1,... k.
» Then

dn=> (-1)" ‘g:dt A A dty




» Thus

k

. of;
dn=> (1)~ gl dl
i=1 !

lk

» Now

of, B ' of —
/Ika_hdﬁ,,, dtk_/o,(/o 8—hdt,>dt1...dt,...dtk

with @, the (k — 1)-cube {(t;,...5,... ) : 0 < t; < 1}

>

1afl
Pt = f(ty, ... 1, t) — F(t, .., 0, B
o Ot



» Combine the last two equations
» We get [, gf at, ... dt is

/f(t1,...,1,...tk)dt(7)—/ f(t;,....0,... t) dt(i)
Ik, I

where di(i) = dt;...dt. .. di
> In terms of the maps ¢f, : /"1 — /" with image I,

//— aty .. dtk:/ ( f‘(,1)*77_/ (¢fo)*77
1k J Ik 01‘, Jk—1 k=1

R



» Combirining with the previous formula

k

of;
d’f] = Z(—1) p WdH d
i=1 !

Ik

get

dn =S ( [ @[ (ehorn)

» Recalling the definition and comparing

alk _ Z(_-I)Pre(lﬁﬁe — Z I+1¢ Z (blo

» Donel!

/k
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Cubes vs Simplices
-

» There are two standard ways to build chains on
U C R", or in more general spaces X
» Cubical chains, as we did
» Simplicial chains as in Rudin’s book.

» One way to define simplicial chains (not exactly as in
Rudin) :

» Define the standard k-simplex AK to be

{(ti,....tx) eRF - t;>0andt; +---+ tx < 1}

» Follow the same procedure replacing /¢ by A¥



Singular k-simplices in U are smooth maps

o: Ak U,

Simplicial k-chains are ) a,o in the R-vector space
Sk(U) with basis the collection of all o.

To define the boundary of A¥, observe that A is the
convex hull of the k + 1 points 0, ey, &5, . .. e in Rk,

Letep =0andlet < e....., &, ..., e > denote the
convex hull of the k pomts eo, .. e,, oo, k.

< €,...,6,...,6x > is the face of A¥ opposite the
vertex e;.

Choose a parametrlzatlon

ok AR < ey, ..., 6. .., 6 >

Define dAK = S (—1)'¢;



» Loosely, but suggestively,

P
00K =Y "(-1) < ep,....&,... 6>
i=0

»/Chose cubes rather than simplices for only one

reason
/ n= [ dn
alk Ik

» The proof
s much simpler, by the way the faces come in pairs,
than the proof of




» See Rudin for the proof of the second equation.
» For most purposes simplices are much nicer than

cubes.
» For example, triangulations of spaces.
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Classical Theorems
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Closed Forms, Exact Forms
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