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1 Introduction

Let Rbe a commutative Noetherian ring and a C Ranideal. In [15], Huneke asked whether
the number of associated prime ideals of a local cohomology module H['(R) is always

finite. In [29], the first author constructed an example of a hypersurface

_ Z[U-,V,W,X,y,l]
- (ux+vy +wz)

(1.1)

3
(x,y,z

integer p, and consequently has infinitely many associated prime ideals. However, this

for which the local cohomology module H ) (R) has a p-torsion element for every prime
example does not address Huneke's question for rings containing a field, nor does it yield
an example over a local ring. More recently, Katzman constructed the following example

in [19]: let K be an arbitrary field and consider the hypersurface

Kls,t
S — [S) ,u,V,X,y] ) (12)
(su?x? — (s + t)uxvy + tv2y?)
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Katzman showed that the local cohomology module fo‘w(S) has infinitely many asso-
ciated prime ideals. Since the defining equation of this hypersurface factors, the ring in
Katzman's example is not an integral domain. In this paper, we generalize Katzman's con-
struction and obtain families of examples which include examples over normal domains

and even over hypersurfaces with rational singularities.

Theorem 1.1. Let K be an arbitrary field. Then there exists a standard graded hypersur-
face R with [R]p = K, which is a unique factorization domain and contains an ideal a such
that a local cohomology module H}(R) has infinitely many associated prime ideals.

If K has characteristic zero, there exist such examples where, furthermore, R has
rational singularities. If K has positive characteristic, R may be chosen to be F-regular. If
m denotes the homogeneous maximal ideal of R, then HI'(R,,) has infinitely many associ-
ated prime ideals as well. O

There are affirmative answers to Huneke's question if the ring R is regular, but,
as our theorem indicates, the hypothesis of regularity cannot be weakened substantially.
The first results were obtained by Huneke and Sharp who proved that if R is a regular
ring containing a field of prime characteristic, then the set of associated prime ideals of
H7(R) is finite, [17, Corollary 2.3]. Lyubeznik established that H}'(R) has finitely many
associated prime ideals if R is a regular local ring containing a field of characteristic
zero, or an unramified regular local ring of mixed characteristic, see [21, Corollary 3.6(c)]
and [23, Theorem 1], respectively. Marley proved that if R is a local ring, then for any
finitely generated R-module M of dimension at most three, any local cohomology module
HI*(M) has finitely many associated primes, [24, Corollary 2.7]. If i is the smallest integer
for which H}(M) is not a finitely generated R-module, then the set Ass H}(M) is finite,
as proved in [3, 20]. For some of the other work on this question, we refer the reader to
4,5, 8,22, 25, 32].

In Section 2, we establish a relationship between the associated primes of Frobe-
nius powers of an ideal and the associated primes of a local cohomology module over
an auxiliary ring. Recall that for an ideal a in a ring R of prime characteristic p > 0,
the Frobenius powers of a are the ideals al?‘] = (x*° | x € a), where e € N. The finite-
ness of the associated primes of the ideals alP"/ is related to the localization problem in
tight closure theory discussed in Section 6. In [18], Katzman constructed the first exam-
ple where the set | J, AssR/alP"] is infinite. The question however remained whether the
set | J, Ass R/(alP"1)* is finite or if it has finitely many maximal elements—this has strong
implications for the localization problem, see [1, 9, 18, 28] or [16, Section 12]. As an ap-
plication of our results on local cohomology, we settle this question in Section 6 with the

following theorem.
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Theorem 1.2. There exists an F-regular unique factorization domain R of characteristic
p > 0, with an ideal a, for which the set

R R
UASS—C: UAss — (1.3)
ecN a[P ] ecN (a[p ])
has infinitely many maximal elements. O
2 General constructions
Leta = (x1,...,xn) beanideal of aring R. For an integer r > 0, the local cohomology mod-

ule H!(R) may be computed as the rth cohomology module of the extended Cech complex

0*>R—>EnBRXi —’EBRXW — - — Ry

. —0. (2.1)
i=1 i<j
For positive integers m; and an element f € R, we will use [f + (x]"',...,x'")] to denote
the cohomology class
f ] Ry ox
| EHf(R) = =————. (2.2)
|:X1 1 < Xn ZRXP")/(\{“'Xn
It is easily seen that [f + (x]"',...,xj'")] € HI(R) is zero if and only if there exist integers
ki > 0 such that
Xy xkn e (R xR R, (2.3)

Consequently, HT' (R) may also be computed as the direct limit

. R
lim en

mn
Ha(R) X (X?,...,XQ)R)

112

(2.4)

where the maps in the direct system are induced by multiplication by the element
X1---Xn. We may regard an element [f + (xI*,...,x]")] € HZI(R) as the class of f +
(xT, ..., xR in this direct limit.

We next record two results which illustrate the relationship between associated
primes of local cohomology modules and associated primes of generalized Frobenius

powers of ideals.
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Proposition 2.1. Let R be a Noetherian ring and {M,}ic1 a direct system of R-modules.
Then

Ass (li_r)nMi) C UASS M;. (2.5)
iel
In particular, if a = (x1,...,xn) is an ideal of R, then for any infinite set S of positive
integers,

AssHI'(R) C U Ass

a

__r (2.6)
e (XX ¥

Proof. Let p = annm for some element m € ll)n M;. If z € p, then zm = 0, and so there
exists i € [ such that mis the image of m; € M; and zm; = 0. Since p is finitely generated,

there exists j > i such that my — m; € M; and pm; = 0. Consequently,
pQO:ijQO:Rm:p, (27)

thatis, p = annm; € Ass M;. [ |

It immediately follows that whenever H]' (R) has infinitely many associated prime
ideals, the set | J,, AssR/(x",...,x]") is infinite as well. The converse is false, as we will
see in Remark 4.7.

Proposition 2.2. Let A be an N-graded ring which is generated, as an Ay-algebra, by ele-

ments tq,...,t, of degree 1 which are nonzerodivisors in A. Let R be the extension ring
AW, .o, Un, X7,...,X
R = [ ! n ! TL} . (28)
(U]X] —t,.. ., Unxn — tn)
Letmy,..., m, bepositive integers and f € A a homogeneous element. Then, for arbitrary

integers k; > 0,

() A ia, F= (TR xR R g T (2.9)
Consequently, if we consider the elementn = [f + (x]*",...,x]*")] of the local cohomology
module H Xn)(R), then

(..t )Aa, f=annam. (2.10)
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Proof. The inclusion C is easily verified. For the other inclusion, let e; € Z™*' be the unit
vector with 1 as its ith entry, and consider the Z™*'-grading on R, where degx; = e; and
degu; = eny 1 —ejforalll <i<n.Iff € A, then, as an element of R, the degree of f is

Ten;1. The subring A is a direct summand of R since
Aj = R(O,...,O,j) fOI‘j > O, (2.11)

and A = ©j>0R0,...,0,j)- Now if h € A is an element such that

hixy!oxkn e (xR xR R (2.12)
then there exist homogeneous elements cy,...,c, € Rsuch that

hfxlf‘ cooxkn = cixj™ thg g Cpxn ke (2.13)
Comparing degrees, we must have degc; = (—my,k2,...,kn, 1), and so c; is an Ap-linear

combination of monomials u of the form

po=udr el bt (2.14)
where l; > 0and m; + 1 +--- + 1,, = . Consequently,
]. ]— 1'11
T = () () () R e 2.15)
— t%’*““ t;z .. .t}lnxllﬁ .. .th’
and so c;x™' "F € (x§' .- xk»t]*")R. Similar computations for c;, ..., c, show that
hexy! - oxkn e xS (Lt )R (2.16)
Multiplying by u‘f‘ ---ukn and using that A is a direct summand of R, we get
hfty! - the ety ot (Lt RNA
. (2.17)
=ty (AL
Since the elements t; € A are nonzerodivisors, the required result follows. [ |

We next record two results which will be used in the proof of Theorem 2.6.

Lemma 2.3. Let M be a square matrix with entries in a ring R. Then the minimal primes
of the ideal (det M)R are precisely the minimal primes of the cokernel of the matrix M.
O
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Proof. Let C denote the cokernel of M, that is, we have an exact sequence
R My R 5 Cc 0. (2.18)

For a prime ideal p € SpecR, note that C, = 0 if and only if R} M, R} is surjective or,
equivalently, is an isomorphism. This occurs if and only if det M is a unit in R, and so

we have

V(det M) = Supp C. (2.19)
|

Lemma 2.4. Let R be an N-graded ring and M a Z-graded R-module. For every integer r
and prime ideal p € Assg, M., there exists a homogeneous prime ideal 8 € Assg M such
that 8 N Ry = p. Consequently, if the set Assg, M is infinite, then so is the set Assg M. [

Proof. Let p = anng,m for some element m € M,. There is no loss of generality in replac-

ing M by the cyclic module R/a = mR, in which case p = a N Ry. The isomorphism

R Ry
_— = _— 2.20
(a+Ry) p (2.20)

shows that a + R, is a prime ideal of R. Let {8 be a minimal prime of a which is contained

ina+ R..Then P € Ming R/a C Assg R/a, and B N Ry = p since (a + Ry) N Ry = p. [ |
Definition 2.5. Let d be a positive even integer and vo,...,r4 elements of a ring Ay. The
nth multidiagonal matrix with respect to v, ..., rq will refer to the n x n matrix
-Td/Z e To i
.
M, =] ¢ , (2.21)
° . * . TO
L Ta e rd/z_
where the elements 1y, ...,14 occur along the d 4+ 1 central diagonals, and all the other

entries are zero. (These multidiagonal matrices are special cases of Toplitz matrices.)
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Theorem 2.6. Let d be an even positive integer, 1y, ..., Tq elements of a domain Ay, a > 0
an integer, and M,, the nth multidiagonal matrix with respect to vo,...,r4. Letu, v, x, y
be variables over Ay, and S C N a subset such that

U Min(det Mnfafd/Z) (222)
nes

is an infinite set. If

AO [va]
A= , 2.23
((xy)@(roxd +rixd~ Ty + -+ + rqy9)) ( )
then |J,.sAss A/(x™,y") is an infinite set.
Furthermore, if vy and r4 are nonzero elements of Ay, then for
A
R _ O[u,V,X,y} (224)

(To(ux)d +r(ux)d-T(vy) + -+ Td(VU)d) ’

the local cohomology module fo‘y) (R) has infinitely many associated primes.

If (Ao, m) is a local domain or if (Ay, m) is a graded domain and det M,, is a homo-
geneous element for all n > 0, then these issues are preserved under localizations of A
and R at the respective maximal ideals (m + (x,y))A and (m + (u,v,x,y))R. O

Proof. Consider the Ag-module [A/(Xx™,y™)|n_11a+a/2 forn > a+ d. A generating set for

this module is given by the n — a — d/2 monomials

xa+d/2 n=1 L a+d/2+1
)

y X YL X yetd/2 (2.25)

There are n — a — d/2 relations amongst these monomials, arising from the equations
(y)® (rox? + x4y + - rqy)xiyn et = o) (2.26)

where 0 <i<n-—1-a—d/2. Using this, it is easily checked that the presentation matrix
for [A/(x™,y™)|ln—1+a+a/2 is precisely the multidiagonal matrix M,,_4_4,2. By Lemma
2.3, whenever detM,,_,_q4/, is nonzero, its minimal primes are the minimal primes of

[A/(x™,y™)]n—11a+d/2, and so

U Assa,

L (2.27)
nes |:(Xn»yn):|n—1+a+d/2

is an infinite set. Using Lemma 2.4, the set | J,, . Ass A/(x™,y™) is infinite as well.

nes
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Note that xy is a nonzerodivisor in Ao [x, y]/(tox¢ +11x¢ Ty +- - - +13y?) whenever

ro and r4 are nonzero elements of Ap. The set Assa, fo Y

Since Ay = Ry, Lemma 2.4 implies that the set Assg fo v) (R) is infinite. [ |

>(R) is infinite by Proposition 2.2.

Remark 2.7. We demonstrate how Katzman's examples from [18, 19] follow from Theo-
rem 2.6. Let K be an arbitrary field and consider the polynomial ring Ay = K[t]. Let M,
be the nth multidiagonal matrix with respect to the elements ro = 1,7y = —(1 + t), and

12 = t. An inductive argument shows that

ntn+1 _ ‘I

detM,, = ()" (T +t+t> + - +t") = (=1) —

vyn>1. (2.28)
It is easily verified that |
p > 0, that the set |J

main results of [19]: the local cohomology module H(way)(R) has infinitely many associ-

nen Min(det M) is an infinite set and, if K has characteristic

ceny Min(det M,e ) is also infinite. Theorem 2.6 now gives us the

ated primes, where

K[t,u,v,x,y]
R = . 2.29
(u2x? — (T + thuxvy + tvy?) (229)

Similarly, graded or local examples may be obtained using (1.2), in which case H(ZX)U)(S)

and H(zX ) (Sw) have infinitely many associated primes.
If K has characteristic p > 0, consider the hypersurface
K[t x, y]

A (xy(x2 — (1 + t)xy + ty?))’ (2.30)

where a = 1 in the notation of Theorem 2.6. The theorem now implies that the Frobe-
nius powers of the ideal (x,y)A have infinitely many associated primes, as first proved
by Katzman in [18].

3 Tridiagonal matrices

The results of Section 2 demonstrate how multidiagonal matrices give rise to associ-
ated primes of local cohomology modules and of Frobenius powers of ideals. One of the
goals of this paper is to construct an integral domain A of characteristic p > 0, with an
ideal a, such that the set | J, Ass A/a/P"] is infinite. To obtain such examples directly from
Theorem 2.6, we need the set | J, Min(det M,._q4,,) to be infinite, since the domain hy-
pothesis forces a = 0 in the notation of the theorem. In Section 7, we show that
U, Min(det M,c_q4,,) can indeed be infinite when d = 4.
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In Proposition 3.1, we prove that [ J, Min(det M,,e_4,,) is finite whenever d = 2,
see also [18, Lemma 10]. Nevertheless, the main results of our paper rely heavily on an
analysis of multidiagonal matrices with d = 2, which we undertake next.

In the notation of Definition 2.5, multidiagonal matrices with d = 2 have the form

T To

T2 M To

T2 T1 To

T2 M

It is convenient to define det My = 1, and it is easily seen that
detM, ;2 =r7detM,, 1 —Tor2detM,, Vn >0. (3.2)

While we will not be using it here, we mention that

[n/2]

detM,, = Z (-1t <n 1_ i) AN (rorz)i. (3.3)

i=0
Consider the generating function for det M,:
G(x) =Y (detMy)x™ (3.4)
n>0
By the recursion formula,
Z (det My 2)x™ % =1 Z (det My i1)x™ 2 — 1012 Z (det My )x""2, (3.5)
n>0 n>0 n>0

and substituting G(x) and solving, we get

1

- 3.6
1 —T11%x + 1oT2X%2 (3.6)

G(x) =) (detMy)x™

n>0

Proposition 3.1. Let o, 17, and 2 be elements of a ring R of prime characteristic p > 0.
For each n € N, let M,, be the nth multidiagonal matrix with respect to o, 17, and r5.

Then, for any integere > 1,

e—1

detMpe 1 = (detM, )" PP (3.7)

Consequently, the set |, Min(det M. _1) is finite. O
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Proof. Let T — r1x 4+ 1o12x% = (1 — ax)(1 — Px) for some elements « and P in a suitable
extension of R. The generating function G(x) can be written as

1 S
G(x) = det M, )x™ = = ot BIxt, (3.8)
() nZzo< ) (1 —oax)(1— Px) iéo
and consequently,
p—1 pe—1
detM, 1 =) o'pP 't detMpe 1= ) o'p? 'L (3.9)
i=0 i=0

Using this,

L, el /pd p’
(det Mp71)1+r’+m+p _ H (Z Ociﬁpli>

j=0 \ i=0
e—1 p—1 _ )
- ( o&v]ﬁ@]i)vJ) (3.10)
j=0 \ i=0
pe-1
= ofBPITR = det Mye 1.
k=0 [ |

We next consider a special family of tridiagonal matrices: let K[s, t] be a polyno-

mial ring over a field K, and consider the n x n multidiagonal matrices

Mu=| o 0 o] (3.11)

In the notation of Definition 2.5, we have d = 2, r; = t, and rop = r, = s. Setting Q. (s,t) =

det M., we have

Q=1 Q=t  Qui2=1tQni1—s’Qn Vn>0. (3.12)

Note that the polynomials Q. (s, t) are relatively prime to s. Using the specialization Py, (t)

= Qn(1,t), we get polynomials P, (t) € K[t] satisfying the recursion

Po(t) =1,  Pi(t)=t,  Pria(t) =tPn1(t) —Pu(t) Vn >0. (3.13)
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Each P,(t) is a monic polynomial of degree n, and in Lemma 3.3, we establish that
the number of distinct irreducible factors of the polynomials {Py (t)}nen is infinite. As
Qn(s,t) = s™Py(t/s) for all n > 0, this also establishes that the number of distinct irre-

ducible factors of the polynomials {Q+, (s, t)}hen is infinite.

Lemma 3.2. Let K be an algebraically closed field and consider the polynomials P, (t) =
det M, € K[t] forn > 1 as above.
(1) If & is a nonzero element of K with & # +1, then P, (§ + £~') = 0 if and only if
g2 _q,
(2) The number of distinct roots of P,, which are different from 0 and +1 is half
the number of distinct (2n + 2)th roots of unity different from +1.
(3) If 2n + 2 is invertible in K, then P, (t) has n distinct roots of the form & + £,
where £2"2 =1 and & # +1.
(4) The elements 2 or —2 are roots of P, (t) if and only if the characteristic of K is
a positive prime p which divides n + 1.
(5) If the characteristic of Kis an odd prime p, then P,_,(t) has q—2 distinct roots
forall q = p®. If p = 2, then P4_>(t) has q/2 — 1 distinct roots. O

Proof. (1) Consider the generating function of the polynomials Py (t):

S ()] S —= 1} (3.14)

_ 2
= 1 —xt+x

If £ #£0and & # £1, then

-1 n o __ |
D Pn(E+e Xt =- ErE) R

n>0

1

£ _x) (& —
( )( g 1 (3.15)
( )( —x) (E E1)(E—x)
(&%) € K[x).
§ PN
Equating the coefficients of x™, we have
n+1 —(n+T1) 2n+2 1
Po(E+E&7") = S £ (3.16)

E—& 1 gn(g2-1)

and the assertion follows.
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(2) We observe that

£+]E—(n+%>— —n—z;nn—(ﬁ—n)o—;—n), (3.17)

andso &+ & ' =1 +n ' ifand only if £ equalsnorn .

(3) Since 2n + 2 is invertible in K, the polynomial X?"*? — 1 = 0 has 2n distinct
roots & with & # +1. These give the n distinct roots & + &' of the degree-n polynomial
Pn(t).

(4) Using the generating function above,

1

C2%) =1—5xa

=(1=x)2=1+22x+3x>+---, (3.18)

and so P (+2) =0if and onlyifn+1=0in K.

(5) The case when p is odd follows immediately from (2). If p = 2, the equation
X24=2_1 = (X971 -1)? = O has q—2 distinct roots & with & # 1, which ensures that P, 5(t)
has atleast q/2—1 distinct roots. It follows from (4) that 0 is not a root of P4_,(t), so these
must be all the roots. u

Lemma 3.3. Let K be an arbitrary field. Then the number of distinct irreducible factors
of the polynomials {P,, (t)}nen is infinite. If K has characteristic p > 0 and q = p® varies
over the powers of p, then the polynomials {Pq_2(t)}q—pc have infinitely many distinct
irreducible factors.

Consequently the number of distinct irreducible factors of the homogeneous

polynomials {Qn (s, t)lnen as well as {Qq—_2(s, t)}q=pe is also infinite. O

Proof. It follows from Lemma 3.2 that {P,(t)}, as well as {Pq_2(t)}q—pe have infinitely
many distinct irreducible factors in K[t]. [ |

4 Examples over integral domains

We can now construct a domain which has a local cohomology module with infinitely

many associated primes.

Theorem 4.1. Let K be an arbitrary field and consider the integral domain

Kls, t
R = [S) ,U,V,X,y] ) (41)
(su?x? + tuxvy + sv2y?)

Then the local cohomology module waJ> (R) has infinitely many associated prime ideals.
Also, H(zx‘y)(Rm) has infinitely many associated primes for the local domain R,,, where

m = (s,t,u,v,x,y)R.
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If S is any infinite set of positive integers, then the set | J, . AssR/(x™,y™) is
cen Ass R/(xP",yP") is infinite.

The same conclusions hold if the hypersurface R is replaced by its specialization R/(s—1)

infinite; in particular, if K has characteristic p > 0, then |

or by the localization R,;. O

Proof. The assertions regarding local cohomology follow from Theorem 2.6 and Lemma
3.3. These, along with Proposition 2.1, imply the results for generalized Frobenius pow-
ers of ideals; see also the remark below. [ |

Remark 4.2. Specializing s = 1 and working with the hypersurface

R K[t,u,v,x,y]
S _ , 42
(s—=1)  (u?x? + tuxvy +v?y?) (42)

similar arguments show that foyw (S) has infinitely many associated primes. This gives
an example of a four-dimensional integral domain S for which H(ZX)H)(S) has infinitely
many associated prime ideals. However, it remains an open question whether a local co-
homology module Hi(T) has infinitely many associated primes, where T is a local ring
of dimension four. This is of interest in view of Marley's results that the local cohomol-
ogy of a Noetherian local ring of dimension less than four has finitely many associated

primes [24].

For the assertion regarding the associated primes of generalized Frobenius pow-
ers of an ideal, the hypersurface R of Theorem 4.1 can be modified to obtain a three-

dimensional local domain or a two-dimensional nonlocal domain.

Theorem 4.3. Let K be an arbitrary field and consider the integral domain

Kls,t
A=— [stxul (4.3)
(sx2 + txy + sy?)

Then the set | J, .y Ass A/(x™,y") is infinite. The same conclusion holds if A is replaced

by the specialization A/(s — 1) or by the localization A ¢ ). O

The proof of the theorem is again an immediate consequence of Theorem 2.6
and Lemma 3.3, but we feel it is of interest to explicitly determine the infinite set
UnenAss A/(x™,y™) at least in this one example, and we record the result as Theorem 4.6.
cen Ass A/(xP" yP")is
finite. We next record some preliminary computations which will be needed in determin-

If K has characteristicp > 0, this theorem also shows that the set |

ing the associated primes of the ideals (x™,y™)A, and will also be used later in Section 5.
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Lemma 4.4. Consider the polynomial ring K[s, t, x,y] and integers m,n > 1. Then
(1) xy™'Qn_1 € (x™,y™, sx? + txy + sy?),
(2) (x™ Y™ s + ey +sy?) = (s™xy™ 1) = (x, 1, Qn1),
(3) (x™y™x* +txy +y?) : (y™ ") = (x,y, Pu1). O

Proof. (1) The case n = 1 holds trivially. Using the equation tQ; = Qi1 + s2Q;_7 for
1<i<n-—2 weget
(sx? + txy + sy?) (sx)" 2 'yt Qs
_ Sni]iixniiyiQi + sn717ixn7271yi+2 Qi (4.4)
+ Snfzfixnf1fiyi+1 Qi+1 + Snfixnflfiyﬂr] Qi71
and taking an alternating sum gives us
n-2

g(—l)i(sx2 +txy + sy?) (sx)" Yt Qy 45)

_ SnflanO + (71)“72)(1;“71 Qn71 + (7])n728ynQn72'

This shows that xy™ 'Qn_71 € (x™,y™, sx? + txy + sy?).
(2) If n = 1, we have the unit ideal on each side of the asserted equality, so we

may assume that n > 2 for the rest of this proof. It is easy to verify that

sxy™ ! (x,y) C (x™, Y™, sx? + txy + sy?). (4.6)
Let h € KJs, t] be an element such that

hs™xy™ ! e (x™,y™, sx? + txy + sy?). (4.7)

Using the grading where degs = degt = 0 and degx = degy = 1, there exist elements «,
B,and do,...,dn_2 in K[S, t] with

hsmxynf1

= ox™ + By + (dox™F — dix" Py + -+ (1) 2dn Y™ ) (% + txy + sy?).

(4.8)
Comparing coefficients of x™ 'y, x"2y?,... ,xy™ ', we get

sdy —tdp =0,

sdiy2 —tdi;1+sdi=0 V0<i<n—4 (4.9)

(-1 )niz (tdn—z - Sdn_3) =hs™.
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In particular,

t t
d = <S>do, dio = <S) di;1—di vV0O<i<n-—4, (4.10)

and consequently, d; = doPi(t/s) for 0 < i < n — 2, where the P; are the polynomials

defined recursively in Section 3. This gives us

™ — (_1)1172 (tdoPn—z (:) —sdoPn_3 <z))

— (=1)" 2sdoPy G) (4.11)

and so hs™*"~2 = (~1)"2d,Q,_1. Since s and Q,,_; are relatively prime in K[s, t], we see
that his a multiple of Q,, 1.

(3) This case is the inhomogeneous case of (2) and is left to the reader. [ |

Lemma 4.5. Let A = K[s, t,x,y]/(sx? + txy + sy?) and let n > 1 be an arbitrary integer.

(1) st "xiyn—t e (x™,y",xy™ ") forall 1 <1i < n.In particular,
sV C (XYt ™), sty S (XN yt st ). (412)

(2) Also, t"(x,y)™ C (x™,y", sxy™ ).
(3) Ifn > 2, theideal (x™,y™, sxy™ ') has a primary decomposition

(Xn)yn) Sxyn_1) = (X)y)n m (Xn’yn’ Sxyn_1 ) Sn)tn)' (4'13)
U

Proof. For (1), we use induction on i to show that s~ 'x'y™* € (x™,y™,xy™~'). This is

certainly true if i = 1 and, assuming the result for integers less than i, observe that

sty = st A2y (1 o+ sy?)
(4.14)

n—i+l _ A-1,i-2 n—i+2

= s txi Ty st IxtTAy e (x™y™,xy™ ).

Next, the equation txy = —(sx* + sy?) gives us

toy)™ € (XM y") +s(x,y)", (4.15)
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and using this inductively, we get
t 06 u)"™ C (XYM 8T )" C (Y syt ), (4.16)

which proves (2).

We next use the grading on the hypersurface A, where degs = degt = 0 and
degx = degy = 1. If « and 3 are nonzero homogeneous elements of A with as™ + t" €
(x,uy)™, then « and 3 must have degree at least n, and therefore belong to the ideal (x,y)™.
This shows that

(s™t") N (xy)" = (™) ()", (4.17)
and using (1) and (2), we get
(s™t™) N (x,y)™ C (x™,y™, sxy™ ). (4.18)

The intersection asserted in (3) follows immediately from this, and it remains
to verify that the ideals q; = (x,y)™ and q2 = (x™,y™, sxy™ ' s", t") are indeed primary
ideals. The radical of q; is the maximal ideal (s, t,x,y), so g2 is a primary ideal. Using the
earlier grading, any homogeneous zerodivisor in the ring A /q; must have positive degree,

and hence must be nilpotent. Consequently, q; is a primary ideal as well. [ |

Theorem 4.6. Let A = K[s, t,x,y]/(sx?+txy+sy?), where K is a field. Then Ass A/(x2,y2) =
{(X>y)) (t, ny)} and
A

Ass ——— ={(x,y),(s,t,x,y)} UAss (

A
—— forn >3. 4.19
(Xn’yn) Xayaan1> o ( )

In particular, |J
let

nenAss A/(x™,y™) is an infinite set. If K is an algebraically closed field,

8:{(x,y,t—s£—s£’1)A\£€K, g =1forsomen > 1, & #£1}. (4.20)

In the case that K has characteristic zero,

U Ass ﬁ ={(x,v), (t,x,y), (s, t,x,y) } US, (4.21)
n>1 x5

and if K has positive characteristic, then

A
U Ass Tom i = {(x,y),(t,x,y),(s,t,x,y), (t—Zs,x,y), (t-l-ZS,X,y)} us. (422)
= (emu) 4

1T0Z ‘Zz 1snBny uo yein Jo Ausianiun e B1o's[euInolpiojxo’uiwi woly papeojumoq


http://imrn.oxfordjournals.org/

Associated Primes 1719

Proof. Itis easily checked that (x,y)?N(x?,y?,t) is a primary decomposition of (x?,y?), so

we need to compute Ass A/(x™,y™) forn > 3. By Lemma 4.4(2), we have an exact sequence

A ~sxy“7] A A
00— — — 0, 4.23
(vainf1) (Xn»yn) (Xnvyn»SXyn71) ( )
and consequently,
A A A A
Ass C Ass C Ass U Ass .
(Xayaan1) N (Xnayn) B (Xayaan1) (Xn)ynvSXynil)

(4.24)

By Lemma 4.5, Ass A/(x™,y™, sxy™ ') = {(x,v), (s,t,%,1)}, and so it suffices to verify that
the prime ideals p; = (x,y) and p, = (s, t,x,y) are indeed associated primes of A/(x™,y™).

This follows since p; is a minimal prime of (x™,y™) and

pa = (x"y") : ()™ (4.25)

If K is an algebraically closed field, the polynomials Q;(s,t) split into linear fac-

tors determined by the roots of P;(t), which are computed in Lemma 3.2. [ |

Remark 4.7. If K is a field of characteristic p > 0 and A is the hypersurface (4.3), we
proved that the set [ J,, .y Ass A/(x™,y™) is infinite. However, the set | J, . Ass A/(xP° yP")

is finite since, by Theorem 4.6,

Ass A) ={(x,v),(s,t,x,y)} UAss (

— —— forp® >3, (4.26)
(Xp ,yb X’nyer])

and Qp._; is a power of Q,_; by Proposition 3.1. The set Ass H(zxyy)(R) is finite as well by

using Proposition 2.1. Consequently, we have a strict inclusion

R
AssH?, (R)C | | Ass ————. (4.27)
(x,y) nLeJN (Xn,yn)R
The set J,,.yAss A/(x™,y™) has been explicitly computed in Theorem 4.6, and we next
observe that the only associated prime of H(zx‘y)(R) is the maximal ideal m = (s,t,x,y).
The module H(zx‘y)(R) is generated over R by the elements ng = [1 + (x9,y9)] for q = p°®,
and it suffices to show that 14 is killed by a power of m. It is immediately seen that x4 and

y9 kill n4, and for the remaining cases, note that

sIng = [s9%?9 + (x*9,y9)] =0, ting = [tIx%9y9 + (x*9,y?9)] =0. (4.28)
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5 F-regular and unique factorization domain examples

In Theorem 4.1, we proved that for the hypersurface (4.1), the local cohomology module
H(zw>(R) has infinitely many associated prime ideals. This ring R, while being a domain,
is not normal. In Theorem 5.1, we construct examples over normal hypersurfaces, in fact
over hypersurfaces of characteristic zero with rational singularities, as well as over F-
regular hypersurfaces of positive characteristic. F-regularity is a notion arising from the
theory of tight closure developed by Hochster and Huneke in [10]. A brief discussion may
be found in Section 6, though for details of the theory and its applications, we refer the
reader to [10, 11, 12, 16].

Theorem 5.1. Let K be an arbitrary field, and consider the hypersurface

K[S»tyuN)W»X,U»Z]

S = .
(su2x? 4 sv2y? + tuxvy + tw?z?)

(5.1)

Then S is a normal domain for which the local cohomology module foyy‘z)(S) has infin-
itely many associated prime ideals. This is preserved if we replace Sby S/(s—1) or by the
localization S5 ¢ v, v,w,x,y,z)- If Khas characteristic zero, then S has rational singularities,

and if K has characteristic p > 0, then S is F-regular. O

Proof. We defer the proof that S has rational singularities or is F-regular, see Lemma 5.3.
Normality follows from this or may be proved directly using the Jacobian criterion. Let
B be the subring of S generated, as a K-algebra, by the elements s,t,a = ux, b = vy, and

¢ = wz, that is,

KIs,t,a,b,c]
B = . 5.2
(sa? + sb? + tab + tc?) (5.2)
For integersn > 1, let
M = [s(ux)(vy)™ ' + (x™,y",2)] € foyy‘z)(S). (5.3)

Using So = K[s, t] as the subring of S of elements of degree zero, Proposition 2.2 implies
that

anns,nn = (a™,b™,¢)B s, sab™ ', (5.4)
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and then Lemma 4.4(2) give us

(an,bn,C)B S, sab™ ! = (Qn,1)50, (5.5)

where the Q; are the polynomials defined recursively in Section 3. Using Lemmas 2.4 and

3.3, it follows that H3

u.2) (S) has infinitely many associated prime ideals. [ |

It remains to prove that the hypersurface S in Theorem 5.1 has rational singular-
ities or is F-regular, depending on the characteristic. The results of [30] provide a direct
proof that the hypersurface S has rational singularities in characteristic zero. However,
instead of relying on this, we prove here that if K has positive characteristic, then S is
F-regular. Using [31, Theorem 4.3], it then follows that S has rational singularities when

K has characteristic zero. We first record an elementary lemma.

Lemma 5.2. Let (S,m) be an N-graded Gorenstein domain of dimension d, finitely gen-
erated over a field [S]o = K of characteristic p > 0, and let n € HY(S) denote a socle
generator. Let ¢ € R be a nonzero element such that S, is regular. Then S is F-regular if

and only if there exists an integer e > 1 such that n belongs to the S-span of cF¢(n). O

Proof. If S is F-regular, then the zero submodule of H4(S) is tightly closed, that is,
0?{;&(5) = 0, and so there exists a positive integer e such that cF¢(n) # 0. Since n gener-
ates the socle of H4(S), which is one-dimensional, n must belong to the S-span of cF¢(n).

Conversely, assume that 1 belongs to the S-span of cF¢(1) for some e > 1. Then
cFe¢(n) # 0, and so the Frobenius morphism F : H(S) — H4(S) is injective. It follows from
[14, Proposition 6.11] that the ring S is F-pure. By [11, Theorem 6.2], the element c has a
power which is a test element but then, since S is F-pure, c itself must be a test element.
The condition cF¢(n) # 0 implies thatn ¢ Oiﬂg‘(sy Consequently, OT{E‘(
that S is F-regular. |

s) = 0, and it follows

Lemma 5.3. Let K be a field and consider the hypersurface (5.1). If K has characteristic
p > 0, then S is F-regular. If K has characteristic zero, then S has rational singularities.
O

Proof. We first consider the case where K has characteristic p > 0. It is easily checked
that Sy, is a regular ring. We may compute H (S) using the Cech complex with respect
to the system of parameters s, u, x, v, y, w — t, z — t. The socle of H’ (S) is spanned by the

element

n=[t*+(s,u,x,v,y,w—t,z—t)] € H](S). (5.6)
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Since Sty is regular, it suffices, by Lemma 5.2, to show that 1 belongs to the S-span of
twzF¢ (1) for some e > 1, that is, that

t* (suxvy(w —t)(z — t))qf] € (twzt? 59 ud x9 vyl (w-1)9, (z-1)%)S (5.7
for some q = p¢. We will consider here the case p > 5, and the interested reader may

verify that (5.7) holds with ¢ = 23 and q = 3? in the remaining cases p = 2 and p = 3,
respectively. It suffices to show that

t(suxvy)P ! e (P13 sP uP xP VP yP w —t,z— 1)S. (5.8)

Working in the polynomial ring A =K[s, t,u, v, x, y], it is enough to check that t* (suxvy)P~!
€ a+ (77 1)A, where

a=(x",yP, su’x? + sviy? + tuxvy + t°)A. (5.9)
We observe that
P = 1 (su?x? + sviy? + tuxvy)V1 mod a

=t Z (p : ]) (p B ] B i) (suzxz)i(svzyz)j(tuxvy)pq’i’j mod a
i,

)

_ Z (D : 1) <P —; - i) §HHIP 1= ()P~ 1+ ()P 11 mod .
i,j

(5.10)
The only terms which contribute mod(xP,y?) are those for which i = j, and so
(p—1)/2 p—1\[p-1-i
Pl = ¢4 2igp—1-21 P~ moda. 5.11
Z ( i ) < : )s (uxvy)?~'moda ( )

i=0

When 2i < p — 1, the corresponding summand in the above expression is a multiple of

t>(uxvy)P~!, which is an element of a. Thus

er=e (@p_] ;/2> s*~" (wxvy)? " mod a. (5.12)

Since the binomial coefficient occurring above is a unit, t*(suxvy)?~' € a + (>~ 1A,

which completes the proof that S is F-regular.
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It remains to show that S has rational singularities in the case where K has char-
acteristic zero. By [31, Theorem 4.3], it suffices to show that S has F-rational type, that is,
that for all but finitely many prime integers p, the fiber over pZ of the map

Z[S’t? u’v’w’x)y)z]
(su?x? + sv2y? + tuxvy + tw?z?)

(5.13)

is an F-rational ring. While this is indeed true for all prime integers p, our earlier com-

putation for p > 5 certainly suffices. [ |
We next construct unique factorization domains with similar behavior.

Theorem 5.4. Let K be an arbitrary field, and consider the hypersurface

T_ Klr, s, t,u,v,w,x,y,2]

. 5.14
(su?x? + sv2y? + tuxvy + rw?z?) (5.14)

Then T is a unique factorization domain for which the local cohomology module
H3

(x,y,2)
by the localization at its homogeneous maximal ideal. The hypersurface T has rational

(T) has infinitely many associated prime ideals. This is preserved if T is replaced

singularities if K has characteristic zero, and is F-regular in the case of positive charac-
teristic. O

Proof. It is easily verified that T is a normal domain; in particular, the elementt —r € T
is a nonzerodivisor. Note that
T K[S,t,u,V,W,X,y,Z}

N 5.15
(t—7)  (su?x? + sv2y? + tuxvy + tw?z?) (5.15)

is F-regular or F-rational by Lemma 5.3. The rational singularity property deforms by [6],
and F-regularity deforms for Gorenstein rings by [11, Corollary 4.7]. It follows that T has
rational singularities if K has characteristic zero, and is F-regular in the case of positive
characteristic.

We next prove that T is a unique factorization domain. Consider the multiplica-
tive system W C T generated by the elements w and z. Since W is generated by prime
elements, by Nagata's theorem, it suffices to verify that W~ 'T is a unique factorization
domain, see [27, Theorem 6.3] or [7, Corollary 7.3]. But

1

W_1T:K[s,t,u,v,x,y,w,w_ ,Z,Z_w (5.16)

is a localization of a polynomial ring, and hence is a unique factorization domain.
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For integersn > 1, consider
Mn = [s(uwq)(vy)" " + (x",y™,2)] € H o (T). (5.17)

As in the proof of Theorem 5.1, we use Proposition 2.2 and Lemma 4.4(2) to compute

annt,Nn, where To = K][r, s, t]. Setting a = ux, b = vy, and ¢ = wz, we see that

annrt,Nn = (anl)TO‘ (518)

By Lemmas 2.4 and 3.3, it follows that H(3x,y,z

ideals. u

)(T) has infinitely many associated prime

6 An application to tight closure theory

Let R be a ring of characteristic p > 0 and let R° denote the complement of the minimal

primes of R. For an ideal a = (x1,...,xn) of R and a prime power q = p€, we use the
notation a9 = (x{,...,x11). The tight closure of a is the ideal a* = {z € R | there exists

¢ € R° for which cz9 € al9 for all q > 0}, see [10]. A ring R is F-regular if a* = a for all
ideals a of R and its localizations.

More generally, let F denote the Frobenius functor and F€ its eth iteration. If an R-
module M has presentation matrix (ay;), then F¢(M) has presentation matrix (af]. ), where
q = p€. For modules N C M, we use Nk}l] to denote the image of F¢(N) — F¢(M). We say
that an element m € M is in the tight closure of N in M, denoted N3, if there exists an el-
ement ¢ € R° such that cF¢(m) € Ng\‘jﬂ for all q > 0. While the theory has found several ap-
plications, the question whether tight closure commutes with localization remains open
even for finitely generated algebras over fields of positive characteristic.

Let W be a multiplicative system in R and N C M finitely generated R-modules.
Then

*

W TN €W IN) L (6.1)

where W~1(N%,) is identified with its image in W~' M. When this inclusion is an equality,
we say that tight closure commutes with localization at W for the pair N C M. It may be
checked that this occurs if and only if tight closure commutes with localization at W for
the pair 0 € M/N. Following [1], we set

Fe(M/N)

OFe(m/N)

Ge(M/N) = . (6.2)
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An element ¢ € R° is a weak test element if there exists qo = p¢° such that for every
pair of finitely generated modules N C M, an element m € M is in N}, if and only if
cFé(m) € NE&] forall g > qo. By [11, Theorem 6.1], if R is of finite type over an excellent

local ring, then R has a weak test element.

Proposition 6.1 [1, Lemma 3.5]. Let R be a ring of characteristicp > 0 and N C M finitely
generated R-modules. Then the tight closure of N C M commutes with localization at
v Ass Fe(M)/NI,

If R has a weak test element, then the tight closure of N C M also commutes with

any multiplicative system W which is disjoint from the set | J

localization at multiplicative systems W disjoint from the set [ J,. Ass G*(M/N). O

Consider a bounded complex P, of finitely generated projective R-modules:

0—Pn TP — - 25 Py —0. (6.3)
The complex P, is said to have phantom homology at the ith spot if

Kerd; C (Im d”]);i. (6.4)

The complex P, is stably phantom acyclic if F¢(P,) has phantom homology at the ith spot
foralli > 1, for all e > 1. An R-module M has finite phantom projective dimension if
there exists a bounded stably phantom acyclic complex P, of projective R-modules with
Ho(Ps) = M.

Theorem 6.2 [1, Theorem 8.1]. Let R be an equidimensional ring of positive characteris-
tic, which is of finite type over an excellent local ring. If N C M are finitely generated
R-modules such that M /N has finite phantom projective dimension, then the tight clo-
sure of N in M commutes with localization at W for every multiplicative system W of R.

O

The key points of the proof are that for M /N of finite phantom projective dimen-
sion, the set | J, Ass G(M/N) has finitely many maximal elements, and that if (R, m) is a
local ring, then there is a positive integer B such that for all ¢ = p€, the ideal m®9 kills

the local cohomology module

(e(3)

For more details on this approach to the localization problem, we refer the reader to the

papers [1, 9, 18, 28] and [16, Section 12]. Specializing to the case where M = Rand N =«
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is an ideal, we note that

This raises the following questions.

Question 6.3 [9, page 90]. Let R be a Noetherian ring of characteristicp > 0 and a an ideal
of R.

(1) Does the set |J, Ass R/al9 have finitely many maximal elements?

(2) Does U, Ass R/(al%)* have finitely many maximal elements?

(3) For a complete local domain (R,m) and an ideal a C R, is there a positive inte-

ger B such that

R
Bq 0 = = €2
m Hm((a[q])*> 0 Vq=p (6.7)

Katzman proved that affirmative answers to Question 6.3(2) and (3) imply that

tight closure commutes with localization.

Theorem 6.4 [18]. Assume that for every local ring (R, m) of characteristic p > 0 and ideal
a C R, thesetJ, Ass R/(al9))* has finitely many maximal elements. Also, if for every ideal

a C R there exists a positive integer B such that mB9 kills

HY ((aTR])*> Vg =p°, (6.8)

then tight closure commutes with localization for all ideals in Noetherian rings of char-

acteristicp > 0. O

These issues are, of course, the source of our interest in associated primes of
Frobenius powers of ideals. It should be mentioned that the situation for ordinary pow-
ers is well understood:  J,, Ass R/a™ is finite for any Noetherian ring R, see [2, 26]. How-
ever, for Frobenius powers, Katzman showed that the maximal elements of | J q Ass R/aldl
need not form a finite set, thereby settling Question 6.3(1). We recall the example from

[18], discussed earlier in Remark 2.7: if

Kt, x,y]
(y(x—y)(x—ty))’

(6.9)

then the set | J, Ass R/(x%,y9) is infinite. In this example (x9,y9)* = (x,y)9 for all q = p€,
and so, in contrast, [ J, Ass A/(x9,y9)" is finite.
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Remark 6.5. In Theorem 5.1, we constructed an F-regular ring S for which the set

Ass H3

(x.u.z)(S) is infinite. By Proposition 2.1, we have

S
3 __
AssH{, (S q peAss RTRDL (6.10)

and it follows that (J, AssS/(x9,y9,z9) must be infinite. Since S is F-regular, we have
(x4,y9,z9)* = (x9,y9,z9) forall ¢ = p¢, and so Uq AssS/(x9,y9,z9)* is infinite. The ques-
tion remains whether | J, Ass R/ (al9l)* has finitely many maximal elements for arbitrary
rings R of characteristic p > 0, and we next show that this has a negative answer as well,
thereby settling Question 6.3(2).

Theorem 6.6. Let K be a field of characteristic p > 0, and consider

K[t
R = [ ,U,V,W,X,U,Z] ) (611)
(u2x2 + v2y? + tuxvy + tw?z?)

Then R is an F-regular ring, and the set

R
U Ass # U Ass e e ¥ (612)
con (XP yp zpe ecN XP yp )ZP )
has infinitely many maximal elements. O

Proof. By Lemma 5.3, the hypersurface (5.1) is F-regular, and therefore so is its localiza-

tion
t 1
K {_)uy\%W»X»U»Z» S, _:|
S, — i - ts . (6.13)
<u2x2 +v2y2 + —uxvy + szz)
s s
The ring S has a Z-grading, where degs = 1, deg 1/s = —1, and the remaining generators

t/s, u, v, w, x, y, and z have degree 0. By [10, Proposition 4.12] a direct summand of an
F-regular ring is F-regular, and so R = [S¢], is F-regular.

For q = p°®, consider the ideals of R:

ag = (x4, 99, z9)R g tIuvd2x?ya-1z97 ", (6.14)
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Let Ry = KJt]. As in the proof of Theorem 5.1, we may use Proposition 2.2 and Lemma
4.4(3) to verify that
ag NRo = (x4, y9,z9)R g, t9(ux)(vy) 4 *xyz9 "
= (x4 Yy Z)R g, 9 (ux)(vy) 92 (6.15)

=Pq_2 R, t9,

where the P; are the polynomials defined recursively in Section 3. In particular, this
shows that aq # R for q > 0. It is immediately seen that x,y,z € /a4, and we claim
thatu,v,w € ,/aq. To see that u € a4, note that

u(t9uvd APy a1z = 9 (Ui )va 2y 129 e (y9,29). (6.16)

Next, observe that

(vy)? € ux(ux,vy)R + zR, (6.17)
and so

(vy)97" € (ux) 9% (ux, vy)R + zR. (6.18)
Using this,

v(t9Iuva A2y 1297 = t9(vy) T Tux?z9 T e (x9,29), (6.19)

and so v € aq. Finally, it is easily verified that w9~! € aq, that is,

wiaT (stuvd2x?yd1z977) € (x9,y9,29) (6.20)
since t9(wz)9~! € (x972,y). We have now established

Min (aq) = Min ((u,v, w,x,y,z)R + (Pq_2 g, t9)R), (6.21)
and so the minimal primes of a, are maximal ideals of R. By Lemma 3.3, the union

Min(ay) is an infinite set, and so we conclude that AssR/(x9,y9,z9) has infinitely
q q q

many maximal elements. |
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Remark 6.7. We would like to point out that the ring R in Theorem 6.6 is a unique fac-
torization domain if K = Z/pZ, where p is a prime with p = 3mod4 or, more generally,
if K does not contain a square root of —1. In this case, the polynomial u?x? + v?y? is ir-

reducible, so f = uxvy + w?z?

€ Ris a prime element. The ring R¢ is a localization of
Klu,v,w, x,y, z], hence is a unique factorization domain. By Nagata's theorem, it follows
that R is a unique factorization domain.

For examples which do not depend on the field K, the interested reader may verify

that
— K(T)[t’u)\})w7x)y)z’} (6 22)
(u2x2 + v2y? + tuxvy + rw?z?) '
is an F-regular unique factorization domain for which the set
S S
U Ass e e e\ — U Ass T e o (623)
= (L AR T AN - AR TLAN 0

has infinitely many maximal elements.

7 Examples of small dimension

We analyze multidiagonal matrices with d = 4 and use these computations to obtain low-
dimensional examples of integral domains of characteristic p > 0, where the set of as-
sociated primes of Frobenius powers of an ideal is infinite. The example in Theorem 4.1,
after specializing s = 1, is an integral domain of dimension four. We construct here a
hypersurface A of dimension two, which is an integral domain and has an ideal (x,y)A
for which | J, Ass A/(xP",yP") is infinite. In view of Proposition 3.1, to construct such an
example using Theorem 2.6, we need to consider multidiagonal matrices with d > 4.

We start with the polynomial ring Ay = K[t] over a field K. Let d = 4 and consider
the matrices M,, of multidiagonal form with respecttoro =14 =1,12 =t,andr; =13 =0,
that is,

Yo ]
0 0 1
0 t 0 1
M, = (7.1)
1 0 0 1
10 0
I 10 t
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We again use the convention det My = 1, and have detM; = t, detM,; = t?,
det M3 = t3 — t, and the recursion

detM, ;4 =tdetM, 3 —tdetM, 1 +detM,, Vn>0. (7.2)

Using this, the generating function for det M,, is easily computed to be

G(x) = Z (det My, )x™

n>0
1
Tl tx+ b3 — XA
1
(=)0 +x) (1 —tx+x2)

Set F(t) = det M, which is a monic polynomial of degree n. We need to analyze the
distinct irreducible factors of the polynomials {F (t)}.

Lemma 7.1. Let K be an algebraically closed field, and consider the polynomials F,,(t) =
det M, € K[t] as above.
(1) Let & be anonzero element of Kwith & # +1. If nis an odd integer, then

<£n+3 _ ])<£n+1 _ ])

1\
Fa(6+877) = 1)

(7.4)

andso F, (& + & ") =0ifand only if &3 =1 or En*! =1,

(2) If nis an odd integer and (n + 3)(n + 1) is invertible in K| then the polynomial
Fn(t) has n distinct roots of the form & + &' where & # +1, and either
g3 =lorgnt! =1.

(3) Ifthe characteristic of Kis an odd prime p, then F,_(t) has q—2 distinct roots
forall q = p°©. O

Proof. (1) Consider the generating function for the polynomials F,, (t):

1
(1=x)(1+x) (1 —tx+x2)

G(x) =) Fu(tx" =

n>0

e K[t][[x]]. (7.5)
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If £ € Kwith & # 0 and & # +1, then

ZFn(E,+<Z_, 1))( = (]—X)(]-I—X)(]*ax)(]*ai])()

n>0
2" > (o
:2(2_6_6,1)+2(2+a+£4) (7.6)

5'3 Z(Ex)n £—3 Z (E._]X)n
TEE—e) T EIT-nE T -

Comparing the coefficients of x™ and simplifying, we obtain the asserted formula for
Fa(E+&7T).

(2) As we observed earlier in the proof of Lemma 3.2(2), £ + &' =n +n~! if and
only if & equals 1 or n~'. The only common roots of the polynomials X**3 —1 = 0 and
X"+ —1 = 0 are £1. Since n + 3 is invertible in the field K, the polynomial X3 — 1 = 0
has n + 1 distinct roots & with & # +1. These give the (n + 1)/2 distinct roots & + &1 of
F.(t). Similarly, the roots of X™*! —1 = 0 contribute (n— 1)/2 other distinct roots of F,,(t).
But then we have (n+1)/2+ (n—1)/2 = n distinct roots of the degree-n polynomial F (t),
which, then, must be all its roots.

(3)Sincen = q—2isoddand (n+3)(n+1) = (q+ 1)(q — 1) is invertible in X, it
follows from (2) that F4_(t) has q — 2 distinct roots. [ |

As a consequence of Lemma 7.1, we immediately have the following lemma.

Lemma 7.2. Let K be an arbitrary field of characteristic p > 2. Then the polynomials

{Fq—2(t)}q=pe have infinitely many distinct irreducible factors. O

Theorem 7.3. Let K be an arbitrary field of characteristicp > 2, and consider the integral
domain

Kt, x,y]
A = . 7.7
(x* + tx2y? +y*) (7.7)

Then the set | J, . Ass A/(xP°,yP") is infinite. O

Proof. The hypersurface A arises from Theorem 2.6 using the matrices M,, of multidiag-
onal form with respecttory = r4 = 1,72 = t,and r; = r3 = 0. By Lemma 7.2, the set
U, Min(det M) is infinite, and so the result follows. |
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