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0. Introduction

Throughout this paper, by a Hankel matriz, we mean a matrix of the form

I T2 T3 L T
‘r2 xs PR e $S+1
H :: mS DR PR DY l‘8+2
Ty PN xs+7,_1
where 21, ...,Zs,—1 are indeterminates over a field F. By a Hankel determinantal ring

we mean a ring of the form

F[xla cee ‘Ts+7"71]/lt(H)7

where 1 < ¢t < min{r, s}, and I;(H) is the ideal generated by the size ¢ minors of H.
These rings arise as homogeneous coordinate rings of higher order secant varieties of
rational normal curves, see for example Room’s 1938 study [18, Chapter 11.7].

We prove that Hankel determinantal rings over fields of characteristic zero have ra-
tional singularities, Theorem 2.1. In particular, higher order secant varieties of rational
normal curves have rational singularities. Theorem 2.1 may be compared with corre-
sponding statements for generic determinantal rings, and those defined by minors of
symmetric matrices of indeterminates or by pfaffians of skew-symmetric matrices of in-
determinates: in characteristic zero, these are all invariant rings of linearly reductive
classical groups acting on polynomial rings, and hence are pure subrings of polynomial
rings. By Boutot’s theorem [1], it then follows that they have rational singularities. We
do not know if Hankel determinantal rings, in general, arise as invariant rings for group
actions on polynomial rings, or if they are pure subrings of polynomial rings. However,
for t > 3, we show that they are not pure subrings of the polynomial rings in which they
are naturally embedded, see Proposition 2.2. Our proof of rational singularities is via
reduction modulo p methods, using Smith’s theorem [21] that rings of F-rational type
have rational singularities.

We compute the divisor class groups of Hankel determinantal rings: the group is
finite cyclic, in particular, the rings are Q-Gorenstein, and we show that each divisor
class group element corresponds to a rank one maximal Cohen—Macaulay module, see
Theorem 3.1.

We also prove that Hankel determinantal rings over fields of positive characteristic
are F-pure, Theorem 4.1. Finally, for R a Hankel determinantal ring with homogeneous
maximal ideal mp, we compute the F-pure threshold of mp in R, and of its defining
ideal I;(H) in the ambient polynomial ring, see Theorems 4.5 and 4.6.
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1. Generalities

By a result of Gruson and Peskine, [9, Lemme 2.3], every Hankel determinantal ring
is isomorphic to one where the defining ideal I;(H) is generated by the maximal sized
minors of a Hankel matrix; alternatively see [25, Proposition 7] or [4, Corollary 2.2(b)].
In view of this, we will henceforth work with Hankel determinantal rings of the form

R = F[Q}l, ‘e ;xn—i-t—l]/lt(H)a

where H is a t x n Hankel matrix and t < n; except where stated otherwise, H will
denote such a matrix.
Consider the generic determinantal ring

B :=TF[Y]/L(Y),

where Y is a t X n matrix of indeterminates, and I(Y) the ideal generated by its size ¢
minors. The (¢t —1)(n—1) elements Y; ;11 —Y; 41 ; are readily seen to be part of a system
of parameters for B, and specializing these to 0 gives a ring isomorphic to R. Since B is
Cohen—Macaulay by [6,12], so is the ring R, and the Eagon—Northcott complex provides
a minimal free resolution of R. It follows as well that

dimR = 2t —2,
and hence that

height I;(H) = n—t+ 1.

The elements z1,...,2¢—1,Tn41,.--,Tntt—1 are a homogeneous system of parameters
for R, and the socle modulo this system of parameters is spanned by the degree t — 1
monomials in xy, ..., x,. In particular, the ring R has a-invariant

a(R) = 1—t.

The multiplicity of the ring R is

«w = ("))

as may be seen directly from the above discussion, or obtained using the multiplicity of
generic determinantal rings, e.g., [3, Proposition 2.15].

The ring R is a normal domain, see for example, [25, Proposition 8]; it is Gorenstein
precisely when ¢ = n. The ideal I,(H) is a set-theoretic complete intersection by [23].
The singular locus of R is defined by the image of I;_1(H), see [15, Theorem 1.56]. For
secant varieties of smooth curves in general, we mention [24] and the references therein.
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Notation. Given a matrix X, we use [a; ... a, | b1 ... b/] x to denote the determinant
of the submatrix of X with rows aq, ..., a, and columns b1, ..., b,.. We omit the subscript
whenever the matrix is clear from the context.

2. Rational singularities

In proving that Hankel determinantal rings of characteristic zero have rational singu-
larities, we will use the following description: A 2 x n Hankel determinantal ring over
a field F is readily seen to be isomorphic to the n-th Veronese subring of a polynomial
ring F[u, v], where the Hankel matrix maps entrywise to

u"™ T Y T T L
This is the homogeneous coordinate ring of the rational normal curve C,, in P"; as it is
a Veronese subring, it is a pure subring of F[u, v], independent of the characteristic of F.

A 3 x n Hankel determinantal ring is the homogeneous coordinate ring of the secant
variety of the rational normal curve C,, ;1 in P**!; it is isomorphic to the subring of the
polynomial ring Fluy, ug, v1, v2|, where the Hankel matrix maps entrywise to the matrix

n+1 n+1 n n n—1 2 n—1_2 2 n—1
+ uq ULV + Uy Vy Uy +uy " ws - wfuy” 4 u2112
-1 -1
ufvy + uzvy uy ot 4 uy s e e Uy VT + UyUy
n—1 2 n—1_2 n+1 n+1
ul +u2 U2 P e P vl _1_1}2

More generally, the Hankel determinantal ring R := Flxy,...,zp4—1]/I;(H) is the
homogeneous coordinate ring of the order ¢ — 2 secant variety of the rational normal
curve Cyqy—o in P"T1=2 see for example [7, Section 4]. Specifically, we claim that R is
isomorphic to the F-subalgebra of the polynomial ring

S i=TFug, ..., Up—1,01,. .., V1]
generated by the elements
hy = w2t TR PR for 0< 0 < ntt—2. (2.0.1)
To see this, consider the F-algebra homomorphism ¢: F[z1,...,z,1¢—1] — S defined

by ¢(x;) = h;—1 for each i. Note that ¢ maps the Hankel matrix of indeterminates H to
a matrix M that is Hankel in the elements h;. As M is the sum of ¢t — 1 matrices of the

form
un+t72 un+t73,v un+t74,v2 . utflvnfl
un+t73v un+t74,02 .. .. ut72vn
un+t—4v2 . . . ut—3,Un+1

nflvtfl n—t+2
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each having rank 1, it follows that the rank of M is at most ¢t — 1, i.e., that I;(M) = 0.
Hence ¢ induces a homomorphism ¢: R — S. Since R is a domain of dimension 2t — 2,
which is also the dimension of S, it follows that ¢ is injective.

Theorem 2.1. Let R = Flzy,...,xpyt—1]/I:(H), where F is a field, and H is a t x n
Hankel matriz. If F has characteristic zero, then R has rational singularities. If F is a
field of positive characteristic p, with p > t, then R is F-rational.

It follows that if F has characteristic p > ¢, then the ring R has rational singularities
in the sense of [17, Definition 1.3]; see [17, Corollary 1.12].

Proof. It suffices to prove the positive characteristic assertion in the theorem: it then
follows that R is of F-rational type for F of characteristic zero, and then by [21, Theo-
rem 4.3] that R has rational singularities.

Let F be a field of characteristic p > t, and assume ¢ > 2. Using [13, Theorem 4.7]
and the preceding remark in that paper, it suffices to prove that the ideal generated by
one choice of a homogeneous system of parameters for R is tightly closed. Set

S =TFu, ..., u—1,01,...,01),

i.e., S is a polynomial ring in 2¢ — 2 indeterminates, and identify R with the subring
generated by the elements hy, ..., hyit—2 as in (2.0.1). The elements

hOu ceey ht727 h’n7 .. '7hn+t72

form a homogeneous system of parameters for R. Let a be the ideal of R generated by
these elements; it suffices to show that a is tightly closed. Note that h; belongs to the
ideal (ul,uy,...,up_1)S for 0 <i < t—2,and to (v}, vy,..., v )S forn <i < n+t—2,
SO
ClS g (U/;Lauga s 7U?717’U{L,'Ug’, e ,’l)?;l)S.
The socle of R/a is the vector space spanned by the images of the elements
hiyhiy -+ h where t —1< i <ig <~ <1 <n—1.

ig " Tt—1

Suppose that a linear combination of the above elements, say
ri= Z)\ili’z"'it—lhilhiZ s hit71 where )\i1i2-~~if,71 eF,

belongs to a*, i.e., to the tight closure of a in R. Since R C S is an inclusion of domains,
it then follows from the definition of tight closure that r € (a.S)*. But (aS)* = aS since
S is regular, implying that r € a5, and hence that

n n n n n n
r o€ (ul,uy,...,ul 1,07,05, ..., 0 1)S.
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We claim that this occurs only when each coefficient A;,;,...;, , equals 0; it then follows
that r = 0, i.e., that a is tightly closed, as desired.

We first illustrate the proof of the claim when ¢ = 3. In this case, the ring R may be
identified with the F-subalgebra of S = Fluy, us, v1, v2] generated by the elements

h; = u?“ i z+u”+1 Zv% where 0 <i<n+1.

Suppose

n n n n
r = E Niyighiy hiy € (uf, uy, v, vy)S.

2<i1<ia<n—1

Fix k1, ko with 2 < k1 < k2 < n—1, and consider the coefficient ofu"+1 k1 lfl ntl—ks 52

in the expression above, i.e., i
n+1 A z n+l—iy, 17 n+l—is, 1 n+l—is 1
E )‘i1i2hi1hi2 E )‘1112 ! 11 + Uy 1’021)(11,1 2'012 + Uy 2”22)'

This coefficient is Ay, k, if k1 < k2, and it equals 2\, g, if k1 = k2. Since the characteristic
of Fisp > 3, and r € (uf,uf,v},v7)S, it follows that each coefficient must be 0 as
claimed.

We now turn to the general case: suppose

n n n n n n
r = E AiliZ”'it—lhilhiZ...hitfl S (ul,uQ,...,ut_l,vl,UQ,...,vt_l)S,

where the sum is over indices with ¢t — 1 <77 <io < -+ <ip1 <n—1. Let kq,..., k1
be integers with

t—1<k <k <~ <k <n—1

The coefficient of

n+t—2—ky k1 n+t—2—ko ko n+t 2—ki_q kt 1
Uy Uy Ug Vg™ rrr Uy Vy—1

in 7 is €Ak, ky---k,_, Where cis a product of positive integers, each less than ¢. Hence ¢ # 0
in F, and so it follows that each coefficient is 0. O

While the description in terms of higher secant varieties shows that every Hankel
determinantal ring is a subring of a polynomial ring, it is not in general a pure subring
of that polynomial ring, as we show next; recall that a ring homomorphism R — S is
pure if

R M — SQr M

is injective for each R-module M.
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Proposition 2.2. Let R be a t xn Hankel determinantal ring, regarded as the F-subalgebra
of the polynomial ring S = Fluy,...,ut—1,v1,...,v:—1], generated by the elements h; as
in (2.0.1). If t > 3, then R is not a pure subring of S.

Proof. Let mp denote the homogeneous maximal ideal of R. The expansion of this ideal
to S is contained in the height ¢ ideal

n+t—2 n+t—2
(U — 1, «ony Upo1 — Vp_1, V] + -4 vl

Since height mpS <t < 2t — 2 = dim S, the Hartshorne-Lichtenbaum Vanishing Theo-
rem, for example [16, Theorem 14.1], implies that

HZ2-2(S) = HZ-2(S) = 0.

mRS
If R — S is pure, the injectivity of HY2(R) — H2~2(S) implies that HX~2(R) = 0,

which is a contradiction since dim R =2t —2. O

Remark 2.3. Being a pure subring of a polynomial ring is a stronger property than
having rational singularities, or even having F-regular type; the hypersurface in [19,
Theorem 5.1] has F-regular type, but is not a pure subring of a polynomial ring.

Question 2.4. Is every Hankel determinantal ring a pure subring of a polynomial ring?
3. The divisor class group
Consider the Hankel determinantal ring R = Flz1,...,2Znyt—1]/I:(H), where F is a

field. To avoid some trivialities, we assume throughout this section that n >t > 2. Set
p to be the ideal of R generated by the maximal minors of the first ¢ — 1 rows of H, i.e.,

L1 T2 T3 o Tn
1'2 x3 “ee “ .. xn+1

p = It_l xS e “ee o .. -rn+2 ) (30.1)
xt—l “ee “ee o x'fb-‘rt—Q

The ring R/p may be identified with the polynomial ring in the indeterminate a, 1+ 1
over a size (t—1) x n Hankel determinantal ring; it follows that R/p is an integral domain
of dimension 2t — 3, and hence that p is a prime ideal of height 1.

For each integer k with 1 < k < n —t + 2, set p'¥) to be the ideal of R as below,

T T2 T3 Tn—k+1
X9 T3 xn_k+2
p(k) — It_l xg P P e xn_k+3

Ti—1 PN PN e xTL*kthfl
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Note that p{*» = p, and that the ideal p®~**2) is principal. With this notation, we
prove:

Theorem 3.1. Consider the Hankel determinantal ring R = Flxy, ..., xpie—1]/I:(H),
for F a field, and t > 2. Then the divisor class group of R is cyclic of order n —t + 2,
generated by the ideal p as in (3.0.1). The symbolic powers of p are

p® =pR for 1<k<n—t+2.
Moreover, each of these is a maximal Cohen—Macaulay R-module.
We need a number of preliminary results.

Lemma 3.2. Let Y be an m X n matrix with entries in a commutative ring. Assume that
Y has rank less than t.

(1) For every choice of row and column indices, one has
[a1 A | | b1 . bt—l] X [Cl N o | ‘ d1 . dt—l}
= [al cee Qp—q | d1 e dtfl] X [Cl cew Cp—1 ‘ b1 Ce bt,ﬂ.

(2) Let Y(a,b) denote the submatriz of Y with row indices < a, and column indices < b.
Then, for all a < m and b < n, one has

L1(Y(a,b+1) 1 (Y(a+1,b)) = L1(Y(a,b) Loy (Y(a+1,b+1)).

Proof. First note that (2) follows immediately from (1). To prove (1), we may assume
right away that the underlying ring is B := Z[X]/(X), with X an m X n matrix of
indeterminates, and that Y is the image of X in B. Since B is a domain, it suffices to
verify the displayed identity in the fraction field K of B. Consider the linear map

p: K" — K"
given by the image of Y. The map ¢ has rank less than ¢, so the exterior power
At_lsﬁi At—le N At—lKn

is a linear map of rank at most 1. For rows 41,...,4;—1 and columns ji,...,j:—1 of ¢,
the corresponding matrix entry of A*~!¢ is the determinant

liv oo dea | G1 e Jieily-

The required identity is now immediate from the fact that the size 2 minors of the matrix
for At=1yp are zero. O
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Lemma 3.3. Let p be as in (3.0.1), and let v denote the valuation of the discrete valuation
ring Ry. Then, for integers 1 < i1 < i < --- <441 < n, the minors of H satisfy

o([L ..t =114 ... 1)) = n+1—ip_.
Consequently for p'*) as defined earlier, and k with 1 <k < n —t+ 2, one has
p® Cp®  and p<k>Rp = p(k)Rp.
Proof. Set m:=[1 ... t—1|n—t+2 ... n]. We will prove inductively that
o([1 ... t=1]d1 ... it—1]) = (n+1—d_1)v(n), (3.3.1)

with the base case for the induction being i;—1 = n. By Lemma 3.2 (1) one has

1 ...t=1]d1 ... G| X[2 ... t|n—t+2 ...n] = ax[2 ... ¢|d1 ... i—1]. (3.3.2)
We work in the ring RR,, where the minor

2...tln—t+2 ...n]

is a unit. If 41 = n, then [2 ... t | i ... &;_1] is a unit in R, as well, and it follows
that

U([l t—l"tl Zt—lD = U(TI’),

which proves the base case. For the inductive step, assume that i;—; < n and that (3.3.1)
holds for larger values of i;_;. Since

2 . t]ir e dpa] = (1o t—1]i 1 o dg 1],
the inductive hypothesis gives
o([2 ...t oo dim]) = (n—dimq)v(7).
Combining this with (3.3.2), it follows that
o([1 .. t=11d1 ... 4-1]) = v(m)+ (n—d)v(m) = (n+1—i_1)v(m),

which completes the proof of (3.3.1).

Since the valuation of each minor generating the ideal p is a positive integer multiple
of v(m), it follows that 7 generates the maximal ideal of Ry, and that v(m) = 1. Lastly,
note that the minors that generate the ideal p{*) are precisely those with valuation at
least k. O
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The following is a slight modification of [25, Lemma 4], adapted to our notation, and
with a shorter proof.

Lemma 3.4. Let R be a t x n Hankel determinantal ring over a field F. Set
A=l ... t—1]1...t—1],

viewed as an element of R. Then:

(1) the ideal AR has radical p, for p as in (3.0.1),

(2) Ra =Flz1, ..., ®or—2]a, and

(3) the elements x1, ..., xoi—2 of R are algebraically independent over F.

Proof. (1) In the notation of Lemma 3.2, the ideal p® is I, (Y (t — 1,n — k + 1)),
where Y is the image of the Hankel matrix H in R. Since

La(Y(t-1n—k+1)) = La(Y(t,n—k)),

Lemma 3.2 (2) gives

L (Yt—1,n—k+1)? = L (Y({t—1,n—k)) L_1(Y(t,n—k+1))
C L (Y(t—1,n—k))

ie.,
(p(k>)2 C p<k+1).

Since p{ = p and p"~t*2 = AR, we are done.
(2) For each a > t, wehave [1 ... t|1 ... t—1a]=0in R, so

$t+a—1A € F[xla cee axt+a—2]'
Since A € Flz1,...,%t1q—2], it follows that
}F[l’l,“-,l’t—l-a—l]A = F[.’ﬂl,...,.’[t_._a_Q]A.

Iterating the above display, one gets the desired result.
(3) The dimension of R is 2t — 2, hence dimF[z1, ..., xy—2] =2t —2. O

Lemma 3.5. For each k with 1 < k < n—t+2, the ring R/p““> is Cohen—Macaulay. Hence
the ideal p*) is a mazimal Cohen—Macaulay R-module; in particular, it is reflexive.
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Proof. Since R/p is a polynomial extension of a (¢ — 1) x n Hankel determinantal ring,
its multiplicity is

e(R/p) = (t " 2>.

Fix k with 1 < k <n —t+ 2. Since A € p*_ it follows from Lemma 3.4 that p¢*) has
radical p. The associativity formula for multiplicities, [2, Corollary 4.7.8], then gives the
first equality in

(e = ¢ (e )erm) = k(,").

while the second equality follows from Lemma 3.3.
Let A be the polynomial ring Flz1,...,2ntt—1], and let Py be the inverse image of
p*) under the canonical surjection A — R. The images of the indeterminates

L =Ty 3 Lt—2, L4155 Tntt—1
are a homogeneous system of parameters for A/P, = R/p'*). Set

Using, for example, [2, Corollary 4.7.11], one has

UAJT) = e(z, R/p™) > e(Rp™) = k(th). (3.5.1)

We claim that

WA < k( " )

t—2
Assuming the claim, all the terms in (3.5.1) are equal, but then R/p‘*) is Cohen—
Macaulay using, again, [2, Corollary 4.7.11].
To prove the claim, consider the degrevlex order on A induced by
T1 > T2 > > Tptt—1-
Then the initial ideal of J contains the ideal

@) + @itreee s @nis) ™+ (@)

so it suffices to verify that the length of
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Flzi,....2]
(./L'tfl, e 7xn7k+1)t_1 + (xh e 7xn)t

k(tv_g).

This is immediate from the following lemma. 0O

is at most

Lemma 3.6. Let F be a field, and consider integerst > 2 and 1 <r < s. Then

(o o) = e+ 57)

Proof. When r = 1, the length in question is that of

Flal | Flyas.oo o
(yi_l) (y27"°7ys)t’

s—14+t—-1 s+t—2
e-o(7 57 =057
so the asserted formula holds. Assume for the rest that » > 2.

The case when ¢t = 2 is readily checked as well; we proceed by induction on ¢ and s.
Set

which equals

V= F[yla tety y@] and [ := (yla tety yr)til + (yQa s 7ys)t7
and consider the exact sequence
0—V/(I:ys) —V/I—V/I+yV)—0.

Since (I:y2) = (Y1,---,¥r) "2+ (y2,...,ys) "1, the inductive hypothesis gives

LV/I) LV :y2)) + (VI +y2V))

G-ren (P ) -y -y (U PR

(s—r—i—l)(s—;ng).

Proof of Theorem 3.1. By Lemma 3.4, the ring Ra is a localization of a polynomial
ring, and hence a UFD. Nagata’s theorem, e.g., [2, page 315], then implies that CI(R) is
generated by the height 1 prime ideals of R that contain A, namely by the ideal p.
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Fix k with 1 < k < n—t+2. Then p‘* has radical p, and is unmixed by Lemma 3.5.
Thus, the primary decomposition of p{*) has the form p(® for some i. The integer i can
be computed after localization at p, but then Lemma 3.3 implies that p{* = p®*) as
claimed. Note that the ideal p{*) is principal precisely when k = n —t + 2. Lastly, each
p*) is a maximal Cohen-Macaulay module by Lemma 3.5. O

Remark 3.7. Let Y be a ¢t x n matrix of indeterminates over a field F, and consider the
generic determinantal ring

B :=TF[Y]/L(Y).

Set P to be the prime ideal of B generated by the size ¢ — 1 minors of the first t — 1 rows
of Y, and @ to be the prime generated by the size t — 1 minors of the first ¢t — 1 columns.
By [3, Example 9.27(d)], the following are maximal Cohen-Macaulay B-modules:

B’ P7 Q? Q27 M) Qn_t+17

and, in fact, the only rank one maximal Cohen—Macaulay B-modules up to isomorphism.
The canonical module of B is isomorphic to Q" ¢, see [3, Theorem 8.8].

Since the Hankel determinantal ring R may be obtained as the specialization of B
modulo a regular sequence, it follows that the images in R of the modules displayed
above are Cohen—Macaulay R-modules. Note that p = PR, and set q := QR, in which
case

R, p, g ¢ ..., g~ !

are Cohen—Macaulay R-modules. Due to the symmetry in a Hankel matrix, one has

q = p(n7t+1> — p(nftJrl).

Fix ¢ with 1 < i < n —t + 1. Since ¢ is a maximal Cohen-Macaulay R-module, and
hence a divisorial ideal, it follows that

qi — (p(n—t+l))i — p(i(n—t+1)) ~ p(n—t+2—i).

n—t+1 >~y and the n—t+3 rank one maximal Cohen-Macaulay B-modules

In particular, q
specialize to the n — ¢t + 2 elements of the divisor class group of R.

The canonical module Q"¢ of B specializes to the canonical module
q’nft o p(2)
of R. Since the a-invariant of the ring R is 1 —¢, and p(® is generated in degree ¢t — 1, it

follows that the graded canonical module of R is

WR 1= p(Q).
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Note that the number of generators of wr as an R-module is

n—1

t—1)
Since wg is a reflexive R-module of rank one, it corresponds to an element [wg] of CI(R).
The order of this element is

ord [wg] =

n—t+2 if n —t+ 2 is odd,
(n—t+2)/2 ifn—1t+2iseven.

4. F-purity and the F-pure threshold

Following [14, page 121], a ring R of positive prime characteristic is F-pure if the
Frobenius endomorphism F': R — R is pure. We prove:

Theorem 4.1. Let R be a Hankel determinantal ring over a field F. If F has positive
characteristic, then the ring R is F-pure. If F has characteristic zero, then R has log
canonical singularities.

The proof uses the graded version of Fedder’s criterion, [8, Theorem 1.12], and a result
from [4]; we record these below:

Theorem 4.2 (Fedder’s criterion). Let A be an N-graded polynomial ring, where Ay is a
field of characteristic p > 0. Let I be a homogeneous ideal of A, and set R := A/I. Let
m be the homogeneous maximal ideal of A. Then R is F-pure if and only if

(1P ., 1) ¢ mlP!

The following lemma can be seen as a special case of [4, Theorem 3.12] that express the
primary decomposition of a product of Hankel determinantal ideals in terms of symbolic
powers and the so-called gamma functions. We present here a direct argument that is
based only on [4, Lemma 3.7].

Lemma 4.3. Let A := Flz1,...,254r—1] be a polynomial ring over a field F, and let H
be the r x s Hankel matriz in the indeterminates x1,...,Zs1r—1. Set I := L;,(H), where
t is an integer with 1 <t < min{r, s}. Let d be a positive integer, and let 01, ...,0,, be
minors of H such that m < d and Zl degd; > td. Then

61---6m € I

Proof. By adding factors of degree 0 if needed, we may assume that m = d. For u an
integer, set I, := I,(H). If degd; >t for all i = 1,...,d, then the assertion is obvious.
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If degd; < t for some 7, say u = degdy < t, then, since ), degd; > td, there must be an
index j such that degd; > t, say v = degds > t. By [4, Lemma 3.7] one has

IuIv g Iu+11v—1

since u + 1 < v. Hence we may replace 6102 in the product with §;65, where degd] =
u+ 1 and degds = v — 1. Repeating the argument as needed, we obtain the desired
assertion. O

Proof of Theorem 4.1. The characteristic zero case follows from the positive characteris-
tic assertion by [10, Theorem 3.9]; in view of this, let F be a field of characteristic p > 0.
Set A := Flxy,...,2p4¢—1] and I := I;(H). By Fedder’s criterion, it suffices to verify
that

(][P] al) ¢ ml?),
where m is the homogeneous maximal ideal of A. We construct a polynomial f with
f e rin=ty (4.3.1)
such that, with respect to the lexicographic order x1 > x9 > -+ > X, 4¢—1, one has
inex (f) = 122 Tnge—1.

Since the initial term of f is squarefree, it follows that fP~1 ¢ mlPl. We claim that (4.3.1)
implies fP~1 € (IP) :4 1), i.e.,

P C 7Pl

By the flatness of the Frobenius endomorphism of A, the set of associated primes of
A/TP! equals that of A/I, so it suffices to verify that the containment displayed above
holds after localization at the prime ideal I. The ideal I has height n—t+1, so (A, IAy)
is a regular local ring of dimension n —t 4+ 1, and the pigeonhole principle gives

[t D=1+ 4, c [Pl A,
Using (4.3.1), it follows that
fpfl‘[AI C I(n7t+1)(P*1)+1AI,

which proves the claim. It remains to construct f with the properties asserted above;
the construction depends on whether n +¢ — 1 is odd or even:

Suppose n +t — 1 is odd, set k := (n +t)/2. Then I also equals the ideal generated
by the size ¢ minors of the k£ x & Hankel matrix
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X i) I3 s Tl
TG T2 Zs3 Ty Tk+1
xk xk}+1 “ e P "L.’nthfl

Let f be the product of 6y :=[1 ... k|1 ... k] and d2 :=1[1 ... k—11]2 ... k].
Then

inex (f) = (123 Tpye—1)(T2Ta - Tngy—2) = T1To- Tpgpo1
as claimed. Let d3,...,0,—¢+1 be size t — 1 minors of H'. Then Lemma 4.3 implies that
O1--- 6n—t+1 e it

Since [ is a prime ideal generated in degree ¢, and each of ds, ..., d,—;1+1 has degree t — 1,
it follows that f = ;02 belongs to the symbolic power I("~*+1) as claimed in (4.3.1).

When n +t — 1 is even, set k := (n+t¢ — 1)/2, and consider the k x (k + 1) Hankel
matrix

T T2 Tk Th+1
i T2 X3 v Tk41 Tk42
T 0 0 Tp4t—2 Tntt—1

Then I equals I;(H"). Take f to be the product of the minors 6; :=[1 ... k|1 ... k| .
and 0y :=[1 ... k|2 ... k+ 1], in which case

Nex (f) = (T123 - Tppt—2)(T2Tg - Tpyt-1) = T1T2 Tpyy1-
Choosing size ¢ — 1 minors d3,...,0,_ 411 of H”, Lemma 4.3 gives
§1- Opyn € I
and hence f € It ag in the previous case. O

The definition of F-pure thresholds is due to Takagi and Watanabe [22], and provides
a positive characteristic analogue of the log canonical threshold. We focus here on the
F-pure threshold of a homogeneous ideal in standard graded F-pure ring:

Definition 4.4. Let A be a polynomial ring over an F-finite field of characteristic p > 0,
and let I be a homogeneous ideal such that R := A/I is F-pure. Let a be a homogeneous
ideal of R, and let J be its preimage in A. Given e € N, set

ve(a) 1= max {r >0[ (190 1)J" ¢ m[Z]} :



A. Conca et al. / Advances in Mathematics 335 (2018) 111-129 127

where ¢ = p°. Then the F-pure threshold of a C R is

fpt(a) := Elim ve(a)/p°.

—> 00

Suppose, in addition, that R is normal; let wr be the graded canonical module of R.

Taking a to be mp in the above definition, [20, Theorem 4.1] implies that —v,.(mg) equals

)

the degree of a minimal generator of wgfq . Using this, we obtain:

Theorem 4.5. Let R = Flz1, ..., 41-1]/I:(H), where F is a field of characteristic p > 0,
and H is a t x n Hankel matriz. Then the F-pure threshold of mp C R is

2(t—1)
fpt = —=.
pt(mz) n—1t+2
Proof. Recall from Remark 3.7 that wgr = p(®). For an integer ¢ = p°, one then has

wg_‘” _ p(2(17q))'
Write
20— =i(n—t+2)+j, where 0<j<n—t+1
In view of the graded isomorphism
p = = R(—(t - 1)),
one then has
wg—‘ﬂ = pC0-a) — pi—t2)p(=0) >y (i(¢ — 1)).

Since 0 < j < n —t + 1, the module p(~7) has minimal generators in degree 0, which

then implies that wg_Q) has minimal generators in degree —i(¢t — 1), and hence that

Ve(mg) = i(t—1) = (t—1) {MJ

n—t+2

The calculation of fpt(mp) follows immediately from this. O

Using the general theory developed in [11], one can also compute the F-pure threshold
of the ideal I;(H) in the polynomial ring F[z1, ..., Zn1t—1]:

Theorem 4.6. Let H be a t X n Hankel matrix of indeterminates over a field F of positive
characteristic. Then the F-pure threshold of I.(H) C Flz1, ..., Tntt—1] 18
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n+t—2i+1

fpt([y(H)) = minq ——— |i=1,...,t;.

pelr() = min { "I i)

More precisely, if A € Rsq, the generalized test ideal T(\ o I,(H)) is

t
r(Ne I;(H)) = nIi(H)(\)\(t—H-l)J—n—t+2i).

i=1

Proof. The powers of the ideal I;(H) are integrally closed by [4, Theorem 4.5], and
using [4, Theorem 3.12] one has

U AssL(H) € {L(H), L(H), ..., L(H)}.

s>1

In the notation of [11, § 3], by [4, Theorem 3.12] we also infer that I;(H) satisfies condition
(0) and that

6[7(H)(It(H)) =t—1+4+1 for Z:1,,t

Recall that the polynomial f constructed in the proof of Theorem 4.1 has a squarefree
initial term. By an argument similar to the one used there for i = ¢, one sees that

f e LH)"24D for 4=1,...t

Since I;(H) is equal to the ideal generated by the size ¢ minors of an i x (¢4+n—i) Hankel
matrix, it follows that height I;(H) = n+t¢ — 2i + 1, and that the ideal I;(H) satisfies
the condition (0+). The assertion now follows by [11, Theorem 3.14]. O

Remark 4.7. A similar argument allows one to compute the F-pure threshold and the
generalized test ideals (in positive characteristic), as well as the log canonical threshold
and the multiplier ideals (in characteristic zero), of any product of ideals of minors of a
Hankel matrix in a polynomial ring.

We conclude with the following question; we prove in [5] that the answer is affirmative
in a number of cases.

Question 4.8. Is every Hankel determinantal ring over a field of positive characteristic
an F-regular ring?
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