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Abstract We compute the F-pure threshold of the affine cone over a Calabi—Yau
hypersurface, and relate it to the order of vanishing of the Hasse invariant on the
versal deformation space of the hypersurface.
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1 Introduction

The F-pure threshold was introduced by Mustatd, Takagi, and Watanabe [19,23]; itisa
positive characteristic invariant, analogous to log canonical thresholds in characteristic
zero. We calculate the possible values of the F-pure threshold of the affine cone over
a Calabi—Yau hypersurface, and relate the threshold to the order of vanishing of the
Hasse invariant, and to a numerical invariant introduced by van der Geer and Katsura
in [7].

Theorem 1.1 Suppose R = K|xo, ..., x,] is a polynomial ring over a field K of
characteristic p > n + 1, and f is a homogeneous polynomial defining a smooth
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Calabi-Yau hypersurface X = ProjR/f R. Then the F-pure threshold of f has
the form

fpt(f) =1—"h/p,

where h is an integer withQ < h < dm X. If p > n>—n—1, thenh equals the order
of vanishing of the Hasse invariant on the versal deformation space of X C P".

Hernindez has computed F-pure thresholds for binomial hypersurfaces [10] and
for diagonal hypersurfaces [11]. The F-pure threshold is computed for a number of
examples in [19, Section 4]. Example 4.6 of that paper computes the F-pure threshold
in the case of an ordinary elliptic curve, and raises the question for supersingular
elliptic curves; this is answered by the above theorem.

The theory of F-pure thresholds is motivated by connections to log canonical
thresholds; for simplicity, let f be a homogeneous polynomial with rational coeffi-
cients. Using f, for the corresponding prime characteristic model, one has

fpt(fp) < let(f) forall p>> 0,

where Ict( f) denotes the log canonical threshold of f, and
lim_fpt(f,) = let(f),
p—)OO

see [19, Theorems 3.3, 3.4]; this builds on the work of a number of authors, primarily
Hara and Yoshida [9]. It is conjectured that fpt(f,) and Ict( f) are equal for infinitely
many primes; see [18] for more in this direction.

The F-pure threshold is known to be rational in a number of cases, including for
principal ideals in an excellent regular local ring of prime characteristic [15]. Other
results on rationality include [2—4,8,22]. For more on F-pure thresholds, we mention
[1,12,16,17,20].

2 The F-pure threshold

In [23] the F-pure threshold is defined for a pair (R, a), where a is an ideal in an
F-pure ring of prime characteristic. The following special case is adequate for us:

Definition 2.1 Let (R, m) be a regular local ring of characteristic p > 0. For an
element f in m, and integer ¢ = p¢, we define

wr(g) == min {k eN| fke m[q]},
where ml9! denotes the ideal generated by elements 74 for » € m. Note that u (=1,

and that 1 < ur(g) < g. Moreover, fHr@ e mla) implies that fP*7@ e mlP9] and
it follows that i ¢ (pq) < puys(g). Thus,

(r*)
(1
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The F-pure threshold of a Calabi—Yau hypersurface 553

is a non-increasing sequence of positive rational numbers; its limit is the F-pure
threshold of f, denoted fpt(f).

By definition, f#*/@~1 ¢ ml9]. Taking p-th powers, and using that R is F-pure,

pus(@)—p [pq]
f ¢ m'Pd,

Combining with the observation above, one has

pif(q) = p+ 1< up(pg) < pry(q). 2.0
Note that this implies
wr(q) = [M—‘ for each ¢ = p°.
p
The definition is readily adapted to the graded case where R is a polynomial ring

with homogeneous maximal ideal m, and f is a homogeneous polynomial.

Remark 2.2 The numbers p r(p®) may be interpreted in terms of thickenings of the
hypersurface f as follows. Let K be a field of characteristic p > 0, and f a homoge-
neous polynomial of degree d in R = K[xo, ..., x,]. Fix integers ¢ = p® and t < q.
The Frobenius iterate F¢: R/fR —> R/fR lifts to a map R/fR — R/fIR;
composing this with the canonical surjection R/f9R —> R/f'R, we obtain a map

F’: R/fR — R/f'R.

Consider the commutative diagram with exact rows

0 — R(—d) — > R R/fR — 0
A
0 —— R(—d) —L > R R/fIR — 0,

and the induced diagram of local cohomology modules

0 —— H!(R/fR) —— HX''(R)(—d) _J HIFY(R) —— 0

lff lf"”Fe lFe

0 —— HI(R/f'R) —— HETY(R)(—dt) L HIFY(R) —— 0.
(2.2)

Since the vertical map on the right is injective, it follows that f’? is injective if and
only if the middle map is injective, i.e., if and only if the element
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L 1 [ g
fq tF (|:xOxni|)_|:xng:|

is nonzero, equivalently, f¢~ ¢ ml9). Hence F¢: HI(R/fR) — HI(R/f'R) is
injective if and only if ur(q) > g —t.

The generating function of the sequence {u r(p®)}e>1 is a rational function:

Theorem 2.3 Let (R, m) be a regular local ring of characteristic p > 0, and let f
be an element of m. Then the generating function

Gr(2) =D ur(p9z*
e>0

is a rational function of z with a simple pole at z = 1/ p; the F -pure threshold of f is
fpt(f) = lim (1 — p2)Gr(2).
—1/p

Proof Since the numbers w7 (p®) are unchanged when R is replaced by its m-adic
completion, there is no loss of generality in assuming that R is a complete regular
local ring; the rationality of fpt(f) now follows from [15, Theorems 3.1, 4.1]. Let
fpt(f) = a/b for integers a and b. By [19, Proposition 1.9], one has

e

wr(p) = [p°pt(f)1 = [ai 1 for each ¢ = p°.

Suppose ap®® = ap®t€l mod b for integers eg and e;. Then ap® = ap®tkel mod b
for each integer k > 0. Hence there exists an integer ¢ such that

apeo+kel
H(z) := Zulf(peo+ke1)zeo+kel — Z ’V —‘ Z£’0+kel

b
k>0 k=0

k
ape°+ l 4 ¢ Z€0+k€1

k=0

is a rational function of z with a simple pole at z = 1/p. Moreover,

a
li 1-— H(z)=—.
z—l>nll/p( pZ) (Z) bel

Partitioning the integers e > ¢ into the congruence classes module ey, it follows that
G 7(z) is the sum of a polynomial in z and e; rational functions of the form

Z /'Lf (pZ-FkE)ZZ-‘rke.
k>0

The assertions regarding the pole and the limit now follow. O

The theorem holds as well in the graded setting.
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3 Preliminary results

We record some elementary calculations that will be used later. Here, and in the fol-
lowing sections, R will denote a polynomial ring K[xo, ..., x,] over a field K of
characteristic p > 0, and m will denote its homogeneous maximal ideal. By the Jaco-
bian ideal of a polynomial f, we mean the ideal generated by the partial derivatives

S i=0f/0x; for0O<i<n.

If f is homogeneous of degree coprime to p, then the Euler identity ensures that f is
an element of the Jacobian ideal; this is then the defining ideal of the singular locus
of the ring R/fR.

Lemma 3.1 Let f be a homogeneous polynomial of degree d in K [xq, ..., x,] such
that the Jacobian ideal J of f is m-primary. Then

m(ﬂ+1)(d72)+1 g J
Proof Since J is m-primary, it is a complete intersection ideal. As it is generated by
forms of degree d — 1, the Hilbert—Poincaré series of R/J is

(1 _ td*])nJr]

W=(1+t+t2+...+td72)n+1.

P(R/J,t) =

It follows that R/J has no nonzero elements of degree greater than (n + 1)(d — 2).
m}

Lemma 3.2 Let R = K[xo, ..., x,] and ml9) = (x{, ..., x]). Then

mld! s mOFDE=D+1 © la] 4 (D g—d+1)

where m! = R fori < 0.

Proof We prove, more generally, that

k<nqg+q—n,
n

<
> nq+q —n.

g, [l metenk g
R if k

Suppose r is a homogeneous element of ml! :  m*. Computing the local cohomology
module H&H (R) viaa Cech complex on xg, ..., X,, the element

r
- EHn+l R
Eeitiat

is annihilated by m*, and hence lies in [H{%H (R)]>—n—k' If r ¢ ml9], then

degr —(n+ 1)q > —n —k,
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i.e., r € m"t4"=k The pigeonhole principle implies that m"¢T¢~" is contained in
ml9], which gives the rest. O

Lemma 3.3 Let f be a homogeneous polynomial of degree d in K [xq, ..., x,], such
that the Jacobian ideal of f is m-primary. If 1 ¢ (q) is not a multiple of p, then

(n+D(g+1) —nd
nrlg) = y )

Proof Setk := uyr(q),i.e., k is the least integer such that
fk e mldl,
Applying the differential operators d/dx; to the above, we see that
kf*=!f.. € ml4) for each i,
since d/dx; maps elements of ml9! to elements of ml9!. As k is nonzero in K, one has
Ry ol
where J is the Jacobian ideal of f. Lemma 3.1 now implies that

FE L (D@24 i),

By Lemma 3.2, we then have

fk—l c m[q] +m(n+1)(q—d+1)'

But f%~1 ¢ ml9] by the minimality of k, so deg f*~! is at least (n + 1)(¢g —d + 1),
ie.,

dk—1) 2 mn+1)(g—d+1);
rearranging the terms, one obtains the desired inequality

k> (n+ 1)(61d+ D —nd

m}

Lemma 3.4 Let f be a homogeneous polynomial of degree d in K [xo, . .., Xn], such
that the Jacobian ideal of f is m-primary.

) Ifuf(q) L= 4L for some g = p¢, then pen-l tl

rg—1
_n Iqu(q) n+1

(2) Suppose p > nd — d for some q, then y(pq) = pur(q).
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The F-pure threshold of a Calabi—Yau hypersurface 557

Proof (1) Since f*/@~1 has degree (¢ — 1)(n + 1) and is not an element of m!7], it
must generate the socle in R/ml9]. But then

pg—1

(fuf(q)—l) T

generates the socle in R/mlP4], so

—1
wr(pg) — 1= (uys(g)—1) (1;61_1 )

For (2), suppose that u r(pq) < pur(q). Then ur(pq) is not a multiple of p by
(2.1). Lemma 3.3 thus implies that

(n+1D(pg +1) —nd < duy(pg).
Combining with i r(pg) < puy(g) —1andduyr(g) < g(n+1) — 1, we obtain
p<nd—d—n-—1,
which contradicts the assumption on p. O

We next prove a result on the injectivity of the Frobenius action on negatively
graded components of local cohomology modules:

Theorem 3.5 Let K be a field of characteristic p > 0. Let f be a homogeneous
polynomial of degree d in R = K|xo, ..., Xy, such that the Jacobian ideal of f is
primary to the homogeneous maximal ideal m of R.

If p > nd — d — n, then the Frobenius action below is injective:

F:[HLR/fR)]_y — [HRR/FR)] -

Proof Using (2.2) in the case t = 1 and e = 1, and restricting to the relevant graded
components, we have the diagram with exact rows

0 —— [HAR/fB]_ —— [HET'B®] oy —— -

I L

0 —— [HAR/fB] ., — [HE'®]_,_, — -

p

Thus, it suffices to prove the injectivity of the map

PE [H,';“(R)]

X

Hn+1R:|
1—)[ m ()g—d—p
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A homogeneous element of [H;’ﬁl (R)]g_ 4—1 may be written as

I
(x0 -+ x)4/P

for some g, where g € R is homogeneous of degree at most (n + 1)g/p —d — 1. If

-1 8 _
e ([ ) -

then it follows that f?~!gP € ml4]. Let k be the least integer with
fkgp e mle!,
and note that 0 < k£ < p — 1. If k is nonzero, then applying d/90x; we see that
fk—lgpj C mlel.
Lemmas 3.1 and 3.2 show that
Fhlgp ¢ lal 4 rHD@—d+D),
Since f*~!gP ¢ ml?], we must have
deg f*'g? > (n+ (g —d + 1).
Usingk < p — land degg” < g(n+ 1) — pd — p, this gives
nd—d—-—n—12p,

contradicting the assumption on p. It follows that k = 0, i.e., that g € ml4]. But then

o]
(xg -+ x,)4/P

in HF1(R), which proves the desired injectivity. |

Remark 3.6 Theorem 3.5 is equivalent to the following geometric statement: if X is
a smooth hypersurface of degree d in P", then the map

H" N (X, 6x(j) — H"'(X, Ox(jp)),
induced by Frobenius map on X, is injective for j < O and p > nd —d — n.
This statement indeed admits a geometric proof based on the Deligne—Illusie method

[6]. One views the de Rham complex Q*X /K as an Oy -complex, where X M is the
Frobenius twist of X over K, and twists it over the latter with Oy (j). For p > n—1,
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The F-pure threshold of a Calabi—Yau hypersurface 559

the Deligne-Illusie decomposition Q7% /K = ®i Q i], which is available as X

X<1>/K[
clearly lifts to W2 (K), reduces the above injectivity statement to proving that

H"'7N(X, QY )k (jp) =0

fori > 0and j < 0.If p > nd — d — n, this vanishing can be proven using standard
sequences (details omitted).

4 Calabi-Yau hypersurfaces

We get to the main theorem; see below for the definition of the Hasse invariant.

Theorem 4.1 Let K be a field of characteristic p > 0, and n a positive integer. Let
f be a homogeneous polynomial of degree n + 1 in R = K{xo, ..., Xx,], such that
the Jacobian ideal of f, i.e., the ideal (fx,, ..., fx,), is primary to the homogeneous
maximal ideal of R. Then:

(1) wr(p) = p —h, where his an integerwithO <h<g<n-1,

() wy(pq) = puylq) forallq = p® withq = n — 1.

@) Ifpzn—1,then Gy(z) = 1_hz and fpt(f) =1— 2, where 0 < h <n— 1.

(4) Set X =Proj R/fR. If p > n*> —n — 1, then the znteger h in (1) is the order of
vanishing of the Hasse invariant on the versal deformation space of X C P".

The deformation space in (4) refers to embedded deformations of X C P”; if
n = 5, this coincides with the versal deformation space of X as an abstract variety
(see Remark 4.7). The following example from [11] shows that all possible values of
h from (1) above are indeed attained:

Example 4.2 Consider f = x; 4 x,’fill over a field of prime characteristic p
not dividing n + 1. Let 4 be an 1ntegerw1thp =h+1modn+land0O<h<n—1.
Then

fpt(f) = 1—h/p,
for a proof, see [11, Theorem 3.1].

Proof of Theorem 4.1 If pty(p) = p, then Lemma 3.4(1) shows that i r(g) = g for
all ¢, and assertions (1-3) follow.
Assume that u s (p) < p. Lemma 3.3 gives u¢(p) = p —n+ 1, which proves (1).
As uy(p) < p — 1, it follows that
nrlg) <q—gq/p foreachq = p°.
Ifur(pg) < puyr(q),then u(pg)isnotamultiple of p by (2.1). Lemma 3.3 implies
ny(pg) = pg —n+1,
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and combining with u ¢ (pq) < puyr(q) —1 < pg — g — 1, we see that
pqg—n+1<pqg—q-—1,

i.e., that ¢ < n — 2. This completes the proof of (2), and then (3) follows immediately.
The proof of (4) and the surrounding material occupy the rest of this section. O

The Hasse invariant. We briefly review the construction of the Hasse invariant for
suitable families of varieties in positive characteristic p.

Fix a proper flat morphism 7 : 2 — § of relative dimension N between
noetherian F),-schemes. Assume that the formation of Rim, 0 9 is compatible with
base change, and that w := wg /5 := RN 7,0 9 is a line bundle; the key example is
a family of degree (n + 1) hypersurfaces in P". The standard diagram of Frobenius
twists of 7 takes the shape

v

Frob g
wli” 00
Frob

) 228 o

T
\Ln(l) in
Frobg

S%Sa

where the square is Cartesian. Our assumption on 7 shows that
Wgyg = RNﬂ*ﬁ%(l) ~ FrOb?a) ~ w?.

Using this isomorphism, we define:

Definition 4.3 The Hasse invariant H of the family 7 is the element in
Hom(w 51 /5, ) 2~ Hom(Frob%w, ) ~ Hom(w”, ) ~ H(S, ' ™7),

defined by pullback along the relative Frobenius map Frob, : 2~ — 2" (D,

Remark 4.4 The formation of the relative Frobenius map Frob, : 2~ — 2 is
compatible with base change on S. It follows by our assumption on 7 that the forma-
tion of H is also compatible with base change. In particular, given a flat morphism
g: S" —> Sandapoint s’ € §, the order of vanishing of H at s’ coincides with that
at g(s”). Thus, in proving Theorem 4.1(4), we may assume that K is perfect.

To analyze H, fix a point s in § and an integer ¢ > 0. Write ¢[s] C S for the order
t neighbourhood of s, and let £2; ¢ 2" and 12, ¢ 2 be the corresponding
neighbourhoods of the fibres of 7 and 7 (1. The map Frob,, induces maps £.2; —>
t%(l), and hence maps

b2 BVGZD, 0,0) — HY (5, 05).
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The F-pure threshold of a Calabi—Yau hypersurface 561

The order of vanishing of H at s is, by definition, the maximal # such that this map is
zero. In favourable situations, one can give a slightly better description of this integer:

Lemma 4.5 If the map
Vi HY (25, Ox,) — HY (125, O.9;)

induced by Frob g9~ is nonzero for some t < p, then the minimal such t is ordg H + 1.

Proof Fort < p, by the base change assumption on RV 7, & -, one has
N ~ N 1
HY (25, Ox,) ®«s) Oiis) ~ H (l%( ), ﬁt%(w),

where 0[] is viewed as « (s)-algebra via the composite

Frobg
K(s) ? ﬁFrobgl [s]

s Olis),

and the isomorphism is induced by the base change 2" () — 2" of Frobg: § —> S.
Hence, for such #, by adjunction, the map ¢; induced by Frob,, is nonzero if and only
the map v, induced by Frob ¢ is nonzero. But ord; H is the maximal integer ¢ with
¢t == 0 O

It is typically hard to calculate H, or even bound its order of vanishing. However,
for families of Calabi—Yau hypersurfaces, we have the following remarkable theorem
due to Deuring and Igusa; see [13] for n = 2, and Ogus [21, Corollary 3] in general:

Theorem 4.6 Let w: 2" — Hyp, | be the universal family of Calabi—Yau hyper-
surfaces in P". For any point [Y]| € Hyp,, | (K) corresponding to a smooth hypersur-
faceY C P", we have ordjy|(H) <n —1ifn < p.

Ogus’s proof relies on crystalline techniques: he relates ord[y(H) to the relative
position of the conjugate and Hodge filtrations on a crystalline cohomology group
of Y (following an idea of Katz), and then exploits the natural relation between the
Hodge filtration and deformation theory of Y. His result will not be used in proving
Theorem 4.1; in fact, our methods yield an alternative proof of Theorem 4.6 avoiding
crystalline methods under a mild additional constraint on the prime characteristic p,
see Remark 4.9.

Remark 4.7 Theuniversal family v : 2~ — Hyp, 4 11s,infact, versal at [X]ifn > 5
so ord[x](H), i.e., the order of vanishing of H at [X] € Hyp,(K), is completely
intrinsic to X. To see versatility, it suffices to show that the map

Hom(Ix /I3, Ox) — H'(X, Tx)

obtained from the adjunction sequence

0 —— Ix/Iy —— Qbalx QL 0

@ Springer



562 B. Bhatt, A. K. Singh

is surjective, and that H(X, Tx) = 0. By the long exact sequence, it suffices to show
the vanishing of H 1 (X, Tpr|x) and H 2(X , Tx). The Euler sequence

0 Opn Opn (1)1 1 Tpn 0

restricted to X immediately shows that H'! (X, Tpn|x) = 0fori = 1,21ifn > 5;
here we use that H' (X, Ox(j)) = 0for0 < i < n — 1 and all j. The cohomology
sequence for the dual of the adjunction sequence then shows that H(X, Tx) = 0.

The universal family. Fix notation as in Theorem 4.1, with K a perfect field. Let
Hyp,.1 := P(H°(P", Opr(n + 1))Y)

be the space of hypersurfaces of degree (n + 1) in P"; we follow Grothendieck’s
conventions regarding projective bundles. Let w: 2~ — Hyp,; be the universal
family, and let ev: 2~ —> P” be the evaluation map. Informally, 2~ parametrizes
pairs (x, Y) wherex € P"and Y € Hyp,, | | is adegree (n+ 1) hypersurface containing
x. This description shows that ev: 2~ — P" is a projective bundle, and we can
formally write it as P(J#"Y) —> P", where .# € Vect(P") is defined as

H = ker (H'(P", Opn(n + 1)) ® Opn —> Opn(n + 1)),
and the map is the evident one. The resulting map
2 — P(H'(P", Opr(n +1))Y)

is identified with 7r. Our chosen hypersurface X € P" gives a point [X] € Hyp,, {(K)
with X’ := 7~!([X]) mapping isomorphically to X via ev. For an integer > 1, let
tX C P"and tX' C 2 be the order ¢ neighbourhoods of X C P" and X’ C 2~
respectively.

Lemma 4.8 The map H"~'(tX, O,x) — H" ' (tX', O,x) is injective for all t.

Proof Let V.= H(P", Opr (1)), so P" = P(V) and Hyp, .| = P(Sym""!(V)").
For each ¢, the sheaf 0y admits a filtration defined by powers of the ideal defining

X C tX, and similarly for 7 X’. The map X’ —> ¢ X is compatible with this filtration

asitsends X’ C tX'to X C tX. Hence, it suffices to check that the induced map

¢;: H VX, /1T — BN X 10

is injective for each j > 0. Fix an isomorphism det(V) >~ K and f € R, defining

X. These choices determine isomorphisms Iy >~ &prn(—n — 1) >~ Kpn, and hence an

isomorphism

H" (X, Ox) =~ H"(P", Ix) ~ H"(P", Kpn) ~ K
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The F-pure threshold of a Calabi—Yau hypersurface 563

Tensoring the exact sequence 0 —> Ix —> Opn —> Ox —> 0 with Ijé and using
Serre duality shows that

H' (X 1) = ke (HY (P, 1Y) — 17 (P 1Y)

_ coker(HO(P”, Gpr ((j — D+ 1)) —> HO(P", Gpn (j(n + 1))))V
\Y

= coker(Sym(j_l)("H)(V) N Symj(”H)(V))

As X' C % is a fibre of , one has X’ = 7~ (t[X]), where t[X] C Hyp,
is the order ¢ neighbourhood of [X] € Hyp,,(K). Using flatness of = and the
aforementioned isomorphism H "_I(X , Ox) ~ K, we get

H' VX, 1,/ 157 = (Sym? (Sym™ ! (v) /().
One can check that the pullback ¢ above is dual to the map induced by the composition
map Sym/ (Sym" 1 (V)) — Sym/"*+D (V) by passage to the appropriate quotients.
In particular, the dual map is surjective, so ¢; is injective. O

Proof of Theorem 4.1(4) By Remark 4.4, we may assume that the field K is perfect.
Fix some 1 < ¢ < p. We get a commutative diagram

i J ¢

X' tX' pX' —“— Frob%- X' —— X'

Lo ! l l

X tX ¢ pX LN Frobs, X 4 x

Here all vertical maps are induced by ev: 2~ — P, the maps ¢ and d are induced by
the Frobenius maps on 2" and P” respectively, and i, j, k, £, a and b are the evident
closed immersions; the map b is an isomorphism as X C P” is a Cartier divisor. In
particular, the composite map X’ —> X’ and X —> X obtained from each row
are the Frobenius maps on X’ and X respectively. Passing to cohomology gives a
commutative diagram

H" (X, 0x) —— H" (X', Ox')

Ja, Jht

H'"\(tX, Oix) —— H"'(tX', O,x)

where a; and b, are induced by the Frobenius maps on P and 2" respectively, while
¢; is injective by Lemma 4.8. To finish the proof, observe that Lemma 4.5 shows that
h + 1 is the minimal value of ¢ for which b, is injective. Since ¢; is injective as well,
this is also the minimal value of ¢ for which a; is injective. It follows by Remark 2.2
and Theorem 3.5that us(p) =p—(h+ 1) +1=p—h. O
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2

Remark 4.9 We recover Ogus’s result, Theorem 4.6, for primes p > n~ —n — 1; this

is immediate from Theorem 4.1(1) and (4).

We conclude by giving an interpretation for fpt( /) in terms of de Rham cohomology.
Write Filg™” and Fil$, for the increasing conjugate and decreasing Hodge filtrations
on Hip LX) respectively. Then:

Corollary 4.10 One has fpt(f) = 1 — a/p, where a is the largest i such that
Froby Hj ' (X) ~ Filg™ (Hjz ' (X)) C Filly (Hjz ' (X)).

Proof This follows from Theorem 4.1 and Ogus’s result [21, Theorem 1]. O

Note that the integer a appearing above is the @ number defined by van der Geer
and Katsura [7] for the special case of a Calabi—Yau family.

5 Quartic hypersurfaces in P2

Our techniques also yield substantive information for hypersurfaces other than Calabi—

Yau hypersurfaces; as an example, we include the case of quartic hypersurfaces in P2.
When f defines a Calabi—Yau hypersurface X, it is readily seen that the Frobenius

action on the HiMX (X 0y) is injective if and only if fpt(f) = 1, i.e., if and only

fpt(f) = let(f).

For hypersurfaces X of general type, the injectivity of the Frobenius on H4™ X (X, 0y),
or even the ordinarity of X in the sense of Bloch and Kato [5, Definition 7.2]—a
stronger condition—does not imply the equality of the F-pure threshold and the log
canonical threshold: for example, for each f defining a quartic hypersurface in P2 over
afield of characteristic p = 3 mod 4, we shall see that fpt( /) < lct(f); we emphasize
that this includes the case of generic hypersurfaces, and that these are ordinary in the
sense of Bloch and Kato by a result of Deligne; see [14]. More generally:

Lemma 5.1 Let f be a homogeneous polynomial of degree d in K [xo, . . ., x,]. Then:
(1) For each g = p®, one has j¢(q) < f@%},

) +1

(2) Ifnqg+q is congruenttoany of 1,2, ..., n mod d for some q, then fpt(f) < "I~

For quartics in P> onehasn = 2,d = 4.1f p = 3 mod 4, thennp+ p = 1 mod d,
so the F-pure threshold is strictly smaller than the log canonical threshold by (2).

Proof The pigeonhole principle implies that f* € m!4] whenever
dk>m+1D(g—1)+1,

which proves (1). For (2), if ng + ¢q is congruent to any of 1,2, ..., n mod d. Then

ngtg—n| _ngtqg-—nt+m-1) ng+q-—1
d h d d ’
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and it follows using (1) that u r(g) < (ng + q)/d. Thus,

fpt(f) < wur(@)/g <+ 1)/d.
O

Theorem 5.2 Let K be a field of characteristic p > 2. Let f be a homogeneous
polynomial of degree 4 in K|[xo, X1, x2], such that the Jacobian ideal of f is m-
primary. Then the possible values for ¢ (q) and the F-pure threshold are:

1P forall g, fpt(f) = 242,
p=1lmod4: ur(g) = 3941 3
== forallg, fpt(f)=1,
3p—

p=3mod4: ur(g) %{5) forallgq, fpt(f):ﬁ’
= L ) = 2 ;
%pl) Jorallq, fpt(f) = —3ﬁp1.

Proof Lemma 3.3 and Lemma 5.1(1) provide the respective inequalities

3p—5 3p—2
[ y) —‘éuf(p)é[ , —‘

If p = 3 mod 4, this reads

3p—5 3p—1
< < ,
1 nr(p) )

so there are two possible values for the integer ¢ (p). The sequence { r(q)/q}q is
constant by Lemma 3.4(2), which completes the proof in this case.
If p = 1 mod 4, the inequalities read

3p-3 3p+1
< < .
) nr(p) 7

Again, there are two choices for u ¢ (p). If ws(p) = Bp —3)/4, then {1 r(q)/q}4 is
a constant sequence by Lemma 3.4(2). If us(p) = (3p + 1)/4, then Lemma 3.4(1)
implies that u r(g) = (3q + 1) /4. O

Remark 5.3 Similarly, for a quintic f in K[xo, x1, x2] with an m-primary Jacobian
ideal, the possibilities for fpt( /) are easily determined; we do not list the corresponding
wr(q) as these are dictated by fpt( f). We assume below that p > 5.

p=1modS5: fpt(f): Bp—3)/5p, ord/s,

p=2mod5: fpt(f): Bp—6)/5p, or Bp—1)/5p,

p=3mod5: fpt(f): Bp—4)/5p, or Bp> —7)/5p%, or 3p* —2)/5p>,
p=4mod5: fpt(f): Bp—7)/5p, or Bp—2)/5p.
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The log canonical threshold of a smooth quartic in P? is 3/4; except for the case
where it equals 3/4, the denominator of fpt(f) in Theorem 5.2 is p. For a quintic
as above, if fpt(f) # lct(f), then the denominator of fpt(f) is a power of p. More
generally, one has:

Proposition 5.4 Let K be a field of characteristic p > 0. Let f be a homogeneous
polynomial of degree d in K|xo, ..., x,] with an m-primary Jacobian ideal.
If p > nd — d — n, then either fpt(f) = (n + 1)/d, or else the denominator of

fpt(f) is a power of p.

Proof If fpt(f) < (n + 1)/d, then there exists an integer g such that

wr(@)/q < (n+1)/d.
But then fpt(f) = u(g)/q by Lemma 3.4(2). O
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