D Avr“f‘\w‘s Conlegtutes ‘QOT’"
unitary ¢ esentaty on s

Tdm'v WORK WITH
-Jeft Adams

efeconces, A3/~ “The Langlanke

classification ond icr crars Tor real

\"QAut.h‘\n. am'*P’ ¥ Birchiduser 1Y%
V- "The loced Loanglonds conjecture
in Repn thegry of growps ¢ olggloms , AMS o

Oéten;ib'e 3°°~\'- formulate cleacly ond
complebely’ Acthur's conjectures

(descri’bm% Mi’c'wy veps whidh can
conteibute to the residuld spectrum of
LE- dutomorp\'\ic Foems) |

Pr?e,\cmim\/ gonls: — recall Longlands’ p\‘ﬂos‘
~recall whet phflosop\uy Says obout local regs.

- interweave with “steong ratl Sorms *
Whet: €0 remember from poge 1: spelling of “ostens



X\ bit about Golois growps
o»@ \ecal &ields

Re,c.m\\ that o place of @ (or o glbal
gield) is on inclusien of @ ina locally
compact (Held with dense imoge:

v will

@ — Q\I ,\.nm“y

loc. ept. ve & P‘MC
The ‘vosst\n\tbfes are Qw R ond @‘: %MY

Prime numper p
V}ane U for on a\gebm\o closure ,

ix & pue V, ond pick on o ooty grove®

olq Qoswc. @ e QWP‘R ob Bimve' \0\!
o Tu = G (QV/Q) | @xkensions
C gﬁ ONn ‘ﬂd\l&\m | S
@&, (:..";::‘,m-":.

CIET AN INCLWUS !Ol\l (umqu wp o “"5"
v r 'MAG‘E IS

CLOSED,



D) What do O lbarl subgrowps |y &

tell yeu about T 7
Answer - raore o less e.vu'yﬁm‘«, e o
The Su.baﬂ?“fb rv med o dﬂ\l& 5!.'& 09- awq

wgwawj classes tn r,' S0 OWN icr rep ey
? of U (s determined by knowing allats

restevetions 0, = @,
¢V°c ‘—V > ] the

G'lwn o collectton of reps bad
& fon't easy to say when thay're the | hew:
restnchons of o commen @@ J

Model peodlem : classi fy readuskive groups
D Fix o govp & over & (= rodk datun ! )
Fix on taner class 09_. Q-cpms

i

_ ° homomorphive ¥+ T2 Ot (G)
Form Gl= Gl .

poets
1« 1 Rationad forms ot G in iener
class Y &) homomorpis WS

¥:r-—s G C=ni(6)




’9Lou\\ ¥ Ta0utlC) restrich bo )
? xvt rv-ﬂ OUk(G') ahﬂﬁ} Gr'v

P_r_o_L Q\I‘ Ms oc G \nim\ﬂ‘d&” XV
hams. -x-v . T:' - Grv‘

B A CTLY THE-AME THINGA

~ cow-'-v D

\o dcm‘y rduﬁ« %(N over @. ‘C& ”‘e\‘
two pro\oh.ms' —
locat : For eadh place v, g\ussﬁy

CO\\u—hon of one xy Pur endn v dd:u-mu\es

a5 most 6ne Z [ modulo con —
lM which iw'ﬂ Can be assmw b X

—_—




<  U\IGRESSIDN' hint oF how
b s&lxﬁe @c&\q- #abdi priblems above

e R
\ \e /
| Ty ‘—{
| Obs'cfwktm b existence ot Ay s
PR e (T, 2(6)

gri\adszs !(‘xv) Clﬂ-SSlgy Ry Forms 7\0

\v\ Q*GA-IC- case, (Ne¥ cburous.
Various %, Mt tgethar (0 sons. %

lh owtractons  P(%,) Qit wgpther i

o Qglobol cohom clas
"3 e e W, z(®)

MORAL : Cerrect solutions to local pro‘olems

S —

tell you hew %0 piece them 'toatﬂ\fr to
Solve g lobul Droblems,




Uve reburn you now 0 our regularly scheduled
P“’%m

G’ ceductive over &2 V eny place of Q)
- GO < G(Q.)
hend of g

B (;(/A) : .r. (Q,,)

- DASCRETe
 SuBcRout,
LARGR

X GONG(A) Qe(m)«cts

by n*k\' mult
A u.‘l"o MGKP H)C, REP . TAT Lo

s om e r!p

7C of GCA) o '
A Mc.tms on ¥

Am, nece o(: G(A) |
4 TC = ® Tly Ny eec .!'- GC@!I)

v



?D Mem we con ldolk ot Gunctions on
GW\G CA) almost as (& they
-Qo«.w
. f( 0,92, In 97" -)
o $°°(3.°)g ( t).f (s‘) -cs-(’;) e -

£ actor (n V\M ) my{

i -

= desc@\\m &%’ﬂm@xfgki% = ok
) W\ seme WAN m%\\g\% ‘% G\ (& /G

éu(kéﬁﬁf\%\*?@ @,\\ reps ﬁ'v ég" \ém& gmwgs

Y

G’C @v) @\s{wa r Qm,\( Q. v ,




@ \ f hU\ \[6“‘ e a Mmm@g The w (w‘é
werld (ooks [ike a nail...

One possi™e [ thing ” that can be

\"Q.seﬂc.td to Subaroups TR mrvu\h&
H-e.rcfs the most naive version of the
La.n (ands Conjecture,

Lom hic n- dimd
r?lm':c"cr\.n =@My € complex

B of T
(certoin Swz;h‘ms(m> - _ ::' £ [ to

on GLULE\GL (A) GLA(C), el
N Ce njuauy /

. :f n- d.im.ﬁ
ver rep Ty o = Compler rep

A ; WS & are o.c.tuh“\/ supposed |
to :_:\':t (knewn for @)y, Net Qv‘z),

But M‘rg very Cal" £rom ON‘TO




YWarnt (locally) ~ some
\) Cytension o+ NG Ve id

A e

G vexXsyon ;2: G"Lv\ Nofue : veplace.
npedand reps ot T by SPLATTINGS
@: U =2 :’/G'r G comupte
\

S
L_jWWPOQ'G' \/G QGNV




19 CORRECTIONS femendations
(D Proct that on irc vep of GCA)
'S of the Socm & 7, i’u%é
v i Y
0. FLATH (vawt“l's velmcs)

() My growp G s o little differet
Coom Jebf Adams': [ actnen G
related to rotiond st‘mt'wg so 93_(:

6w algebruic actien; Tellls related to
Coctan (avolution, e S'eﬂ‘-, passege
Y-q Vx S & itHle skkbb'lf-, l‘ﬁ@b'ﬂfn’,
-Wo j b me t's Just nuerse trumspose

Tell's T(E/Q) —. 0w (G)

R)> Out(G)




4 {%N'«\.} beck fr clss T

to a "Weil group” W@ Wv Wan
“ WQ y Wy \oc.sz c.om@a.d' geovps
- hm. n..tml mhw.ous meps.




D | MPRCEVED LANGLANDS cen

duteqp T ob G P
' P
lt—»w T= @Ay \l;r '
e, b G(Gy)  drewed
NS w2

\ ¥

bersre o e, Vo 5o T
ovVe€ Wwacks o G
pectectly & G:GL,

WUsing his W', the local CoAjecCure

'S hmi Correct : core,
. /(s €

sTILL WANT To UNOERSTAND FIGERS !

The 3,!0501 map s cony. to

exsT, bul NOT surjective




)

Y HENCEFORTH [GNORE the globel
CaSl-, except 1o ‘fdﬁ.p in mind that
Whatever we learm about the locol case
h“tp be ?estoretion "O’Q- SOMQﬂv\t‘na,

,a\bdgt' s'(‘b.l o5 .,

K-
a - = F\g on olg clo
___._../_z_—-——-—a-";’ F?” S’t

[, ? Pe Lserves

e Gl (@/,)-» Gt (Fee))




49 Ushine Lp= INERT\A GROWY
ke (T Z2)
= fe’c\—\; | ex=X mad F,a\\ xea:ﬁ




P comes from (= ¥t conbinuously &)

Gy = e

%wmc A P) C“‘e
DEF % ISLA_AM if-(“@“ C”\S)




o dea s beeeer o sepacate
Unipobenl” ¢2 % acy clash in & more

subtie woy Tordan decomy.
ced ol
G rd 3/6’ s sgm&stmp‘l

3‘0@0&“: %- S-\A W Mtpo(-w
S, mm.uﬂ

'ﬂ«en.s o cow\oma& &r %\Nt s .5

9?5 59'
gf\*ge = LL ( )%L’se) = \A?
| KOP CO'\j classes 1n G’ &
o) paies (5,w) 3 m;m& / G conl
: §=\ =
/————'—'—"___'——
" oairs (9 S s emit
b)‘ P (85w Ul\t{"he:rw / G M)

S u.s"‘ =



o o

Nevmod

Here IP oackls &ridl'amy on C ) and

ony Frovenivs elf Fe odk on €
4 riv

h‘f :ﬁm‘*\‘t . vy ?'_ . \‘\M Np’ -3 r; or @
A Deligne- me;:luds Emcw is
@' W = G SUBTECT
\s / TO
; U
o) Q' ‘ We consist> o} Sew;'(sé‘mpk
b) ?'\ C consists & wntpotent elts,




‘JP .0'P Thece's a |-\ corC
L o»ua,\uh pwﬂ Dq,lc?he- va(:-l!
@ We=6" | @' We= VG

- VG oy, L

(Fr-)- Y ¢ Q 2): W
Tm rovement Over JW‘U‘W,

¢£SM!$(MP(¢ Mdg- (PJ
ECM‘W“Q ss et relutel v
A= unipdredt pact of J

rOrL: describe (@)
“\ d@é&\!\ \J.ﬁ\,\s’ wwit\‘y



s - a.\\GL( Ueo ot
Pa.dczt'b wkgxd ' A
05L& mci\ﬂ'

Pamis
@
ve [E=/Xch

(
¢?) :"O\\\ %K{-Q\s

qﬂ '°"\S o-‘z
,P WG ")

X(CPQ) - iNe\f .
9\ X
(;*f! mggg%’ @Q -
@ (F-)) )

(:“ﬂw
subsprie



_ £ xg

’Q—:GL . 6= GL,Ca)
‘G'= 6L Co) |
% (i) = !xa) te L,

ﬂ (&) "< FM ?>~Fr‘~
(o s fee”




bo'_i;FAK : &~

- W&nt o parametrite ivr reps & locad
1”““\'5 G(Q,) by SOMCC‘\* lc

¢;Wv"" Gr

'TODF\‘( lat ¢ des eet ﬂ“
more debwl using 8m¢w relabes “?

M descrive geomebry Lor Acthur

P‘-d“bs/Arthur con_se.e.(-w-u



‘ i ? T AL TE,L O @ gﬁ»@m z,

Hewce sctivn . ?gé%%;g’
{;W,zgigi Alsconn.

{DL pmm mm-b\t:oe “H on ’X(;p) ]
' ToJe of two categer

Odm reps ¢e seme
tok! Pcrm. G(Gf




2l © P- oA \ocal ng(ws
Co v\_‘\e,obuﬂ- C\De,\csme- wtmts -

L uwsz by )

Fix @ Wy = ‘G claical Largfands
EARCES parmmeter Cremisir
e YH = centrlizer o im ? in Ve
S KLP) = o)l exbensins o e
S PlwWy =G iy,




a\ \C) E & 2 Y »;%y L
G = PeL(3D,)

(sp\ib Taner closs)
rotl Gowms:

TRl (@p): GRSy [ trn @l

~ X % -dinl A
. op/'%_ o Dpr et dy \ PCTe) = 4

R “’ A f c by !dcag
5 TEY & 1o

su"‘-&» @?L




@ Ter sor (G(Qe:

Langlonds 00 Fom Sempered,

Strietd ConRnue usg
po-rwlo‘::r

BAS\C PROBLEM: decempose wg\m o, groy)
sordard copn Mg, P) into ires:

[M(q, 75} Zm.(!’ f)l[-(% ')]

E'xé%* N
nw\ -n 64 e by, o B r%ow
M"‘&"' ! 2
g = 4 Ebinh
. . -moad -
ire H-equt O e *u-egt-

«wse
£(¢'?) Riomann - ‘{vﬂﬁﬂ\ G\W
e Y S

Zm@‘ e.;: bi ‘“’1

f M:;?:‘r‘ﬁ. f‘s 2
602 e b

% JEV ] £ ;{ ) ‘. .
T L R




L3) p-adic KL m-AuM(Zz(eus?g‘«%B
cotim (€ w§’) \ gonthv,
m(§1 ) =8 my (5, 97 )R

\-’N \ /
mwlt ot cep. c““ op std ,M_.f ,

core &0 §7 i in (er pecverse shen
Core. To g’
skd core. B 3 ,

S wf 23—

Two wawd-.'uk %rau'&«-a - b Cor

e C¢) < Gre.gp ne,9) K)(¢) m%&'ﬂ()

besis sM(¢/ ?)X best> i g\
Free Z-modules o

® @) @ |8 fee
(ﬂl@
Ku WSQGM Soy5

- o ,. 2

CoNT  Thee's perkect poiming

sabisbylng b.."_'f-"-<w¢ ¢) ¢/ > = (n & ¢
din§

= Qe HD QT B

T rtuap Odugra- borglands’
wy st bormda, Thon 2RO

& ST

LN

-




w Thg, btac ch,hme. (WJ%W’@&W ok 15)0

2 com‘o & \ee rqs
in L-packes relaeld on G‘NM““W

aﬁ ieuﬁ sf:\‘ﬁ 3‘&&5*

o h\:iwv & thase) | _ —
Altmt’e. Fomu,\..hm d‘[yj Cv'm;.' c_h?
= f‘\ extu“'” b ,
W- Wy "VG‘. o"
7?’60(90) 3

eqvt U-modules vi-eaqvt 0- moddles
&;h t\1/1‘:(m) = H q V (D)




y*= e(d)_ [A,X]=0

7¢0%lem with [witak

p*-ad.ic, Case . euarythi here ( - .A'
(s semisimgple , Vo 0""\';‘?’09 such e )‘) exgén‘

? ore closed ; fean't detect velakions
etween reps by closure re.(ouh'ons.
SO ... @lea of Mortin A ndler)
REPLACE L onglands pavameters b

Tkis s QA 20 th am'l‘u d W‘leﬁ'y. WMt to c‘ W




@ Heal locel Lang(Mb Conjectu.m

O = v% sw\stmple G oroit

infh char focreps

,?(O) < Ct gemisimple Conjugasy clasy

e,?ea;(n Hz Cont (3)

POSS \ \nf ds s:omwgéu(

uctwf. aia Qﬂwf
G {2 Ole®=e3)- one Vi cung
C‘GS’ n Vs'

NOTE ACO 7 g(od’ A(A) CO
. REAL GEOMETRL PAR AM.

is o paic ;ﬁ ‘«', ctslt'corft-a '
(%A) 9 e(AC)m o o
NcO « c_on;utd
X[O) 9 eom P*nm Lot

Pﬂ VG o<t °~\ on X(O) wi bk Fw
vwm‘nr of or\mﬁs The wmep (s BJ‘S
(3.0 > (y, Am) AN

From Lomglords params to geem peroms’



"bﬂ The C.QM.OM'_C.A c(ﬂ* A(A) 'S
conkoined in the orbit O =YG ).
The e\cponenﬁai s constont on AQN):

eﬂ()f) ce(d), a\l 2eA(N)
explamil’) |
Ex. 6= SLU,C)




1Y) real locsd Langlands conjecture
(theorem of Longlonds, Knagp.- )

Oc "g semisimple VG orbit
X(0) = geomeric parwmeber Space

0?¢,é€'f~ul Corms
2‘- G %*=14 in ,
Je Adoms' settrng ffz
Note : to Dring in “non-pure ' ceal Forms, "\"""f
"y -equt locs systbem” oy G- et 'oc:l sysem,
whare G s A cerbouh covering of .

SEE ARV bedk
’____________._—_—d



) EXAMPLE

(r= pGL(2,R) VG = SLO,e T
(se\t inrer class) O = conj class of

("2

real forms:

- POl (R) = "‘-zc“"%z
- TV\&" % 50(3)

quaternions
PGL?.(\R) is dsconnected, ]
2 os - seli¥ y
brved’®,  sign ¢

A _sacd | NP
Lok <« REsT

| RES
\‘ Wﬂ' Iaui -



30 ANOERSTANDENG  GEom
DrRAmETE R SPACE

O c'g , ze (G cve  THEGmr )

( (At !
FIX ‘a: Vc,r, Complac <oy uukg ;ss&t"{;ﬂ’w
¢ =

we bo YHL e
VK"" Cent :

d’z‘-'-‘-iAeOl e()= 2% ‘;%,

F = c,o.r\oﬂ.ic_&ﬁ %in *é}
s po.f-b\‘oﬂ Q—loa van ety e “H

X( éz» 4) = {?Nﬂ (y.A) e X( 0)'} ~

G- @1:‘5 & -meduales __::-; ‘(L et ‘b_" nodoles
o X(6, ot yd = o X(G,y)




;‘D Real local Lwﬂiluuis
Recell b sutn*m

P(8)e Zamg(519) - Ms)- zw L

express st
M tems of imy

(in G-vm_\ 34;.)

EANEM (Kazhdea-Lustiy cmj boc reod 3«w-|rs
se2. M@\ k’5“) " ( MSIJ

me (51§06




axo-mples o\ {nteresti ng (3'9)

ZL - \{near G’\QS on (e g up

o gt Ormedies 'y (6).
o€ 7 X[d—)) E wler chor

Lake ¢
of sabn  Shesnes G porns .

Core vef o




32 Hocmeni onalysis for olgebearsts

-ﬂ (G )é'gg'é____y geome&f ¢ poroms
u g |
-‘-Tu ! .. N.M TQ"

‘ ‘ ¢ ) Complebe g oo
temp (G) por::gbm Coer. o
| Lo lands oM.S '
w\;\?-\oounim
ima.ae_,

"‘ ellighic tn ¢f |




Arthu_(- i.d“ek (gﬂx 6‘9 mﬁfld«-)
X : geom poroem syase _
-.:.._\_L"(',"Orh‘&s 2\‘“ ?n
é‘-’cr-e.qul" B madudes o )4
> coh shemss on conpcmdl 0

‘G _gstion’_C T* X _




Y
Obucens consequence;. _ b))

Ve D emedule I

U omaes®

| ‘ 27




Most inkeresting cas e
2 Aebthue porams § UN ST
( Weil grvp port By on C¥)
\/\_\ - C—U\'t/& ( tw_ﬂ- -\ (a <5\—('7-))
vV

6cbl foe Arthucs Vear,
CLOSED Y|4 ot 2Z2cf

T ¥ ot
— Richock son




