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Definition
F' local field of characteristic O.

(G connected reductive group over F
(rather its F-rational points),

A maximal F-split torus in center of G,
its Lie algebra ag for FF = R.

Gl common kernel of all continuous homo-
morphisms G — R.

The latter are of the form g — A(H) with
A€ aly, where g=glexpH, gt € G, H € ag.
For general F, a7, := Hom(G,R) with dual
space ag, characterize H = Hg(g) by above
condition for all A.

Action of iaf, on unitary dual M(G):
71')\(9) e eA(HG(g))ﬂ-(g)_

Example: G = GL(n,F), Ag = F*, ag =R,
Hg(g) = *log|det g].

Parabolic subgroup P has Levi decomposi-
tion P = MN. Fix special maximal subgroup
K, then G = PK = MNK,
write Hp(mnk) := Hy;(m).



P(M) set of parabolics P with given Levi
component M;
is in bijection with set of chambers a}'g' inaps.

vp(2) == voly, /q., conv{—Hp(z) : P € P(M)}.

Definition 1 If f € C(G) and m € M s. t.
Gm C M,

T, ) 1= (DY [ fa maoy () di
where D(m) := detgs\g(ld — Ad(s)),
s semisimple component of m.

e~ MHp ()

vp(z) = lim - )~

A—0 PEP(M) Qp()\)
9131 Fourier transform of characteristic func-
tion of Tap.
For rkp G =1, P(M) = {P, P},

Ta(m, ) = —| DM (m)|Y/26p(m) x

k™ imn'k)pp(Hp(n)) dn' dk,
[ [ FG ' k)pp(Hp(n)) dn
where mn/ = n_lmn,

§p(m) = ePP(HM(M)) = det(Adn(m))1/2.

If G = GL(2,F), M diagonal, then Hp (6 5{) =
—log ||(1, )] for K-invariant norm on F=2.

3



Invariant Fourier transform

f(m) :=trx(f) for f € C(G) and 7 € Miemp(G),
where

n() = [ F(9)n(g)dg.

Then tra(f) = | ©x(9)f(g)dg,

O analyticon Greg := {9 € G : G4 is a torus},
@7‘{- — C:)T('.
Trace Paley-Wiener theorem: f — f is

open, continuous surjection of C(G) onto ex-
plicit “Schwarz space” Z(G) of functions

¢ : Miemp(G) — C.
From w/(f\l*fz)/:\w(fl)w(fz) we see
fixfo = foxf1.
Definition 2 The tempered distribution
I :C(G) — C has the Fourier transform
[:Z(G) = Cif I(f)=I(f) forall f.
I necessarily invariant: I(fi1*xfo) = I(foxf1).

Example 1: I(f) = Jg(e, f) = f(e),
I Plancherel measure.



Tempered dual

All 7 € Miemp(G) are constituents of Indg o
for some Levi L, o € M>(L) (square integrable
mod A;) and P € P(L).

For ¢ € Z(G), $(Ind® o) is Schwartz function
of A € ia}/Stabo.
Compatibility for reducible Ind§ oy.
For PP = LN’ € P(L), intertwining operator
Jp/|P(a>\) : Indg o)\~ Indg, oN, Y,

¥(g) = /waw (n'g) dn’
for }X in some cone in aj.

Compact picture: ¥|x.
Meromorphic continuation for K-finite .

Meromorphic normalizing factors rps p, SO that

Jpp(or) = rpp(oa)Rpp(oy) with Rpp(oy)
regular for A =0,

RPIIIP/(O')RP/‘P(O') — Rp//‘p<0').

For w € Wy and generic o,
Indga ~ Indgw o~ Indg(wa) =: oC.



©_c vanishes on G (the set of g not con-
tained in any parabolic over F).

Example 2: I(f) = Jg(l,f), | € LN Greg,
supp ¢ C {oC 1 o € Mo(L)}.

I(¢) = Ja(l,¢) vanishes unless | € Lgy,

in which case it equals

DEOIY2 Y

O'EHQ(L)/ia

G
. /ia;/ stapo CoA(DLOX) dA.
L

Ja(g,¢) found for F =R and all g by Herb.

Arthur introduced set T(G) of virtual tem-
pered representations, so that ¢ € Z(G) is
determined by o¢(7), 7 € T(G).

Te(G) = {1 € T(G) : ©1|g,, # O}.

Any ¢ is determined by ¢(7¢) for € Ty (L).

(@) = P (T (LN,
[L]
Example: For SL(2,R), replace limits of
discrete series mq, M by 7+ = w1 £ mo.
T— € To(G).



Weighted characters

L Levi in G, o € Myemp(L),
In compact picture of Ind$§o:

Rp(o) = lim 3 Rpip(0) " Rpr p(oy)
e A0 piép (L) Op(A) |

If L maximal, then
Rp(0) = —gtyRpp(0) L Rp p(020)]:=0.

or.(f,0) = tr(IndB(5, f)Rp(5)) indep. of P.

Then ¢y : C(G) — Z(L) (at least for ' = R),
oa(f) =F.
Replace Rp/p by Jpp to get meromorphic

Jp(oy) and ¢p(f,oy) for f € H(G) (Hecke-
algebra).



Invariant distributions
For maximal Levi M in G, write

Tar(m, f) = Ing(m, £) + T (m, dpr ()

Then I,;(m) is invariant. Explicit if M also
minimal, i. e., M/A); compact. Version for
f e H(G):

Iy (m, f) = Ip(m, f)+

M 1/2
DM [ @alm)op(foe) do,

where € € a}'g' s. t. ¢ps(oy, f) has no poles for
0 < kX <e.

Theorem 1 (Arthur) There are invariant
distributions I¥,(m) on L for all Levi sub-
groups L DO M s. t.

Jy(m, £) = Y If(m,or(f))

LOM

= Iy (m, f) + X 5 (m, 61.(f)).
LOM
L#G



Theorem 2 (Arthur) There exist smooth func-
tions
(DM,L : (M M Greg) X Tg{SC(L) — C
such that
In(m,¢) =)
[L]

If m € Na(G) C T (G), then ®p g(m, ) van-
ishes unless m € G|, in which case it equals

® @) dr.
S iy SM2 TG dr

LG
(—1)9M N D(m) | 207 (m),

where a% = a,//aa.

Case M = G see above.

By descent, &, 1, also known for
dima§; + dima¥ < dima$%, where T = Gp,.



Differential equations

Let ' =R. 7w € N(G) has
infinitesimal character x» : Z(g) — C.

Fix maximal torus T, Levi L, 7 € Ty, (L).

Set x = x_.¢, Py(t) = Pprp(t,7) for M DOT.
XTG(Z) = xr(z1).

Theorem 3 (Arthur) There exist smooth func-
tions

oM T A Greg — Hom(Z(w'),U (1))
such that

X(DPu () = S OV (t, 2P (L)
M'D>M

for z € Z(g). In particular, 05(t,z) = zr.

10



For parabolic P = MpN D T,
Tp:={teT:|t¥>1 V roots a of T in N}.

Theorem 4 (W.H.) The system applied to
(Prr) oMy is holonomic on T N G reg and
has a regular singularity at oo on TQP.

For every A € t& with x) = x (where x)(z) =
z1(N\)) there is a unique solution W = WA
onTgp s. t.

e Wo(expH) = M),
o W,/ (t) —» 0 aSt?oo if M #= Q.

For sufficiently regular x, every solution is of
the form

oy = 2 epp)wiNMAG,
XA\=X M'HD>M

Problems: Describe W,,(t).
Find cyp(X\) = Cf\},’L(A,T) for d,,(t) = CDM,L(t,T)
on Tp.
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From a theorem of Arthur (2006) we get
Theorem 5 If L C P #+ (G, then

bpr(t,7) —0 ast - o°.

The Fourier transforms &, 1.(t, 7) satisfy jump
relations at singular t.

To determine CM/)L(A,T), we need jump rela-
tions for W ().

Solved for rkpe G =1, G = GL(3,R).

Theorem 6 (W.H.) IfG is arbitrary, T split,
P minimal and o(t) = t* sufficiently regular,
then

PN
Spr(t,o)= > W (t).
NEWA
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Explicit Fourier transforms
Theorem 7 (W.H.) If M is maximal, then

WA () =t n(@)b(A(&), t),

sum over roots a of t¢ s. t. ga C ng but
ga Z mc,

©@, n

z 1 s
b(s,z) = > =z/ dx
nzln—l—s 0 1—zx

(Jz] < 1, Rs > —1).

If G = GL(3,R), P upper triangular, M =T
diagonal, then

P\ - -
W7(t) = tA<b(>\23, A13,t32,t21)+b(A12,A13,t21,t32)
+b(A12,t31)b(A23, t32) +b(A12,t21)b(A23, t31) ),

where tij = ti/tjr >‘7lj = \; — >\j,

- ©.¢) o0 anznz
b(s1,82,21,22) = >, > 1 -2
no—=1n1=ny (51 +n1)(s2 +n2)
_ g o
B zle/O /0 (1 - z12)(1 — zpzowyan) o 2

(|Zz| <1, Rs; > —1).
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