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Definition
F local field of characteristic 0.

G connected reductive group over F

(rather its F -rational points),

AG maximal F -split torus in center of G,

its Lie algebra aG for F = R.

G1 common kernel of all continuous homo-

morphisms G → R.

The latter are of the form g 7→ λ(H) with

λ ∈ a∗G, where g = g1 expH, g1 ∈ G1, H ∈ aG.

For general F , a∗G := Hom(G, R) with dual

space aG, characterize H = HG(g) by above

condition for all λ.

Action of ia∗G on unitary dual Π(G):

πλ(g) := eλ(HG(g))π(g).

Example: G = GL(n, F ), AG = F×, aG = R,

HG(g) = 1
n log |det g|.

Parabolic subgroup P has Levi decomposi-

tion P = MN . Fix special maximal subgroup

K, then G = PK = MNK,

write HP (mnk) := HM(m).
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P(M) set of parabolics P with given Levi
component M ;
is in bijection with set of chambers a

+
P in aM .

vM(x) := volaM/aG
conv{−HP (x) : P ∈ P(M)}.

Definition 1 If f ∈ C(G) and m ∈ M s. t.
Gm ⊂ M ,

JM(m, f) := |D(m)|1/2
∫

Gm\G
f(x−1mx)vM(x) dẋ,

where D(m) := detgs\g(Id − Ad(s)),
s semisimple component of m.

vM(x) = lim
λ→0

∑

P∈P(M)

e−λ(HP (x))

θP (λ)
,

θ−1
P Fourier transform of characteristic func-

tion of +aP .

For rkF G = 1, P(M) = {P, P̄},

JM(m, f) = −|DM(m)|1/2δP (m)×∫

K

∫

N
f(k−1mn′k)ρP (HP̄ (n)) dn′ dk,

where mn′ = n−1mn,
δP (m) = eρP (HM(m)) = det(Adn(m))1/2.

If G = GL(2, F ), M diagonal, then HP̄

(
1 x
0 1

)
=

− log ‖(1, x)‖ for K-invariant norm on F2.
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Invariant Fourier transform
f̂(π) := tr π̌(f) for f ∈ C(G) and π ∈ Πtemp(G),

where

π(f) =
∫

G
f(g)π(g) dg.

Then tr π(f) =
∫

G
Θπ(g)f(g) dg,

Θπ analytic on Greg := {g ∈ G : Gg is a torus},

Θπ̌ = Θ̄π.

Trace Paley-Wiener theorem: f 7→ f̂ is

open, continuous surjection of C(G) onto ex-

plicit “Schwarz space” I(G) of functions

φ : Πtemp(G) → C.

From π(f1∗f2) = π(f1)π(f2) we see

f̂1∗f2 = f̂2∗f1.

Definition 2 The tempered distribution

I : C(G) → C has the Fourier transform

Î : I(G) → C if Î(f̂) = I(f) for all f .

I necessarily invariant: I(f1∗f2) = I(f2∗f1).

Example 1: I(f) = JG(e, f) = f(e),

Î Plancherel measure.
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Tempered dual
All π ∈ Πtemp(G) are constituents of IndG

P σ

for some Levi L, σ ∈ Π2(L) (square integrable

mod AL) and P ∈ P(L).

For φ ∈ I(G), φ(IndG
P σλ) is Schwartz function

of λ ∈ ia∗L/Stabσ.

Compatibility for reducible IndG
P σλ.

For P ′ = LN ′ ∈ P(L), intertwining operator

JP ′|P (σλ) : IndG
P σλ Ã IndG

P ′ σλ, ψ 7→ ψ′,

ψ′(g) =
∫

N∩N ′\N ′
ψ(n′g) dn′

for ℜλ in some cone in a∗L.

Compact picture: ψ|K.

Meromorphic continuation for K-finite ψ.

Meromorphic normalizing factors rP ′|P , so that

JP ′|P (σλ) = rP ′|P (σλ)RP ′|P (σλ) with RP ′|P (σλ)

regular for λ = 0,

RP ′′|P ′(σ)RP ′|P (σ) = RP ′′|P (σ).

For w ∈ WL and generic σ,

IndG
P σ ∼ IndG

Pw σ ∼ IndG
P (wσ) =: σG.
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ΘσG vanishes on Gell (the set of g not con-

tained in any parabolic over F ).

Example 2: I(f) = JG(l, f), l ∈ L ∩ Greg,

suppφ ⊂ {σG : σ ∈ Π2(L)}.

Î(φ) = ĴG(l, φ) vanishes unless l ∈ Lell,

in which case it equals

|DL(l)|1/2
∑

σ∈Π2(L)/ia∗L

∫

ia∗L/Stabσ
Θσλ(l)φ(σG

λ ) dλ.

ĴG(g, φ) found for F = R and all g by Herb.

Arthur introduced set T (G) of virtual tem-

pered representations, so that φ ∈ I(G) is

determined by φ(τ), τ ∈ T (G).

Tell(G) = {τ ∈ T (G) : Θτ |Gell
6= 0}.

Any φ is determined by φ(τG) for τ ∈ Tell(L).

I(G) ∼=
⊕̂

[L]

C(Tell(L))WL.

Example: For SL(2, R), replace limits of

discrete series π1, π2 by τ± = π1 ± π2.

τ− ∈ Tell(G).
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Weighted characters
L Levi in G, σ ∈ Πtemp(L),

In compact picture of IndG
P σ:

RP (σ) := lim
λ→0

∑

P ′∈P(L)

RP ′|P (σ)−1RP ′|P (σλ)

θP (λ)
.

If L maximal, then

RP (σ) = − 1
θP (λ)

RP̄ |P (σ)−1 d
dzRP̄ |P (σzλ)|z=0.

φL(f, σ) := tr(IndG
P (σ̌, f)RP (σ̌)) indep. of P .

Then φL : C(G) → I(L) (at least for F = R),

φG(f) = f̂ .

Replace RP ′|P by JP ′|P to get meromorphic

JP (σλ) and φP (f, σλ) for f ∈ H(G) (Hecke-

algebra).
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Invariant distributions
For maximal Levi M in G, write

JM(m, f) = IM(m, f) + ĴM
M (m, φM(f))

Then IM(m) is invariant. Explicit if M also

minimal, i. e., M/AM compact. Version for

f ∈ H(G):

JM(m, f) = IP (m, f)+

|DM(m)|1/2
∫

Πtemp(M)
Θσε(m)φP (f, σε) dσ,

where ε ∈ a
+
P s. t. φM(σλ, f) has no poles for

0 < ℜλ ≤ ε.

Theorem 1 (Arthur) There are invariant

distributions IL
M(m) on L for all Levi sub-

groups L ⊃ M s. t.

JM(m, f) =
∑

L⊃M

ÎL
M(m, φL(f))

= IM(m, f) +
∑

L⊃M
L6=G

ÎL
M(m, φL(f)).

8



Theorem 2 (Arthur) There exist smooth func-

tions

ΦM,L : (M ∩ Greg) × TG
disc(L) → C

such that

ÎM(m, φ) =
∑

[L]

∫

WL\T
G
disc(L)

ΦM,L(m, τ)φ(τG) dτ.

If π ∈ Π2(G) ⊂ Tell(G), then ΦM,G(m, π) van-

ishes unless m ∈ Gell, in which case it equals

(−1)dim aG
M |D(m)|1/2Θπ(m),

where aG
M = aM/aG.

Case M = G see above.

By descent, ΦM,L also known for

dim aG
M + dim aG

L ≤ dim aG
T , where T = Gm.
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Differential equations
Let F = R. π ∈ Π(G) has

infinitesimal character χπ : Z(g) → C.

Fix maximal torus T , Levi L, τ ∈ Tell(L).

Set χ = χτG, ΦM(t) = ΦM,L(t, τ) for M ⊃ T .

χτG(z) = χτ(zL).

Theorem 3 (Arthur) There exist smooth func-

tions

∂M ′

M : T ∩ Greg → Hom(Z(m′), U(t))

such that

χ(z)ΦM(t) =
∑

M ′⊃M

∂M ′

M (t, zM ′)ΦM ′(t)

for z ∈ Z(g). In particular, ∂G
G(t, z) = zT .
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For parabolic P = MPN ⊃ T ,

TP := {t ∈ T : |tα| > 1 ∀ roots α of T in N}.

Theorem 4 (W.H.) The system applied to

(ΦM)M⊃MP
is holonomic on TC ∩ GC,reg and

has a regular singularity at ∞ on TC,P .

For every λ ∈ t∗
C

with χλ = χ (where χλ(z) =

zT (λ)) there is a unique solution Ψ = ΨP,λ

on T̃C,P s. t.

• ΨG(expH) = eλ(H),

• ΨM(t) → 0 as t →
P

∞ if M 6= G.

For sufficiently regular χ, every solution is of

the form

ΦM(t) =
∑

χλ=χ

∑

M ′⊃M

cM ′(λ)Ψ
P∩M ′,λ
M (t).

Problems: Describe ΨM(t).

Find cM ′(λ) = cP
M ′,L(λ, τ) for ΦM(t) = ΦM,L(t, τ)

on TP .
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From a theorem of Arthur (2006) we get

Theorem 5 If L ⊂ P 6= G, then

ΦP,L(t, τ) → 0 as t →
P

∞.

The Fourier transforms ΦM,L(t, τ) satisfy jump

relations at singular t.

To determine cM ′,L(λ, τ), we need jump rela-

tions for ΨM(t).

Solved for rkR G = 1, G = GL(3, R).

Theorem 6 (W.H.) If G is arbitrary, T split,

P minimal and σ(t) = tλ sufficiently regular,

then

ΦP,T (t, σ) =
∑

λ′∈WTλ

Ψ
P,λ′

T (t).
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Explicit Fourier transforms
Theorem 7 (W.H.) If M is maximal, then

Ψ
P,λ
M (t) = tλ

∑

α
η(α̌)b(λ(α̌), t−α),

sum over roots α of tC s. t. gα ⊂ nC but

gα 6⊂ mC,

b(s, z) =
∞∑

n=1

zn

n + s
= z

∫ 1

0

xs

1 − zx
dx

(|z| < 1, ℜs > −1).

If G = GL(3, R), P upper triangular, M = T

diagonal, then

Ψ
P,λ
T (t) = tλ

(
b̃(λ23, λ13, t32, t21)+b̃(λ12, λ13, t21, t32)

+b(λ12, t31)b(λ23, t32)+b(λ12, t21)b(λ23, t31)
)
,

where tij = ti/tj, λij = λi − λj,

b̃(s1, s2, z1, z2) =
∞∑

n2=1

∞∑

n1=n2

z
n1
1 z

n2
2

(s1 + n1)(s2 + n2)

= z1z2

∫ 1

0

∫ 1

0

x
s1
1 x

s2
2

(1 − z1x1)(1 − z1z2x1x2)
dx1 dx2,

(|zi| < 1, ℜsi > −1).
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