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We recommenanakingsomesimply-
INng assumptionshe rst time through.
At varioustimeswe will assume:

2 G Issemisimple
2 G Is simplyconnected

2 G Isadjoirt
20ut(G) =1
2 0 —
2x2=1

2 All of the above

Forexamplef G issemisimpl®©ut(G)
Isasubgroupmftheautomorphisngroup
ofthe Dynkindiagramandequalo it if
G Is adjoirt or simply connectedAlso
the space ;Y andZ areall nite.
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The maintopic of thesetalks is:
Problem: Computeheirreducibleep-
resemationsofarealreductivealgebraic
groupexplicitly.

This is in principledone,by work of
Langlandscompleteby Knapp, Zudk-
ermanandVogan.Evenfor the experts
thisisadizcult calculationn evensmall
groups,not to merion Eg.

Thesetalks report on work of Fokko
du Cloux.




Hiswork, andthesdalks,aredescriled
boxed:

math j ! |algorithms;j! |sofivare

The math involveswork of mary peo-
ple,mostrecetly Adams Barbash and
Vogan. The algorithmis largelydueto
Fokko du Cloux,basedncorversations
with Adamsand Vogan. The atlas
softvareis 100%dueto Fokko.



Example 1 ThecomplexgroupkEghas
threerealforms,whidh togetherhave

1+ 1+ 3,150+ 73410+ 73410+ 453010
= 603j 032
irreducibleepresetationswith in nites-

Imal charactef/{the sameaasthat ofthe
trivial represetation).

Of these3; 733,0r :62%,are unitary
(this wascomputedoy Scott Crofts).

The number of irredsliciblerepreseta-
tionsis closerto the  jWj than jwWj,
whidisverygood news:jW| = 696 729600,
whidh would be too mary represeta-
tionsto handleeasilyevenby computer.

TheAtlas of Lie Groups and Rep-
resentations Is a projectto compute
the unitary dual of real groups. One
of the main goalsof the project is to
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make informationavailableto the gen-
eral mathematicalaudiencemua like
the Atlas of Finite Groups.

An early versionof the atlas soft-
ware is availabe on the atlas web site,
www.liegroups.orgWe encourageou
to downloadt andtry it yourself.These
talks will outline the algorithmbehind
the softvare. In someaccompaying
ewveningtalks! will demonstratéhe soft-
wareitself.

Note: a windaws versionof the soft-
wareis now available.
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Hereisanexamplaeofthe kind of com-
binatorial object we will be discussing.

Theorem 2Let G = Sp(2n; C) and

G- = SO(2n + 1, C).
Theirreduciblaepresetationsof Sp(2n; R)

with in nitesimalcharactef/zareparametrized

by:

f(X;yg=GE£ G-
where
X 2 Normg(H); x“=j |
(3)  y2Normg (H-) y°=
Hon = 1 Hyn
HereH %2 G Is a Cartan subgroup,
Ie:n(X) = Ad(x)(X) for X 2 h. Sim-
larly H- %2 G- and,.,_. Thereisa
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natural duality betweenh and h-, and
W, 2 End(h-).

For examplefor Sp(4) the setunder
discussiomasl18elemets.
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The basicsettingis a connectede-
ductive algebraioggroupG. This is de-
‘ned by its root data (X ;¢ ; X—; ¢ -)
where

(1) H isa Cartansubgroup
(2) X = X ®(H) is the characterlattice
(3) ¢ isthe setof roots
(4) X - = Xo(H) istheco-haractelat-
tice

(5) ¢ — Isthe setof co-rats

Therels a standardexactsequence
1! Int(G)! Aut(G)! Out(G)! 1

A splittingdatumisaset(H; B; f X @Q)
whereH is a Cartan subgroupB is a
Borelsubgroupand X Is a setof sim-
pleroot vectors.Givensud a splitting
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datum we obtain a splitting of the ex-
act sequenceaaking Out(G) to the sta-
bilizer of the splitting.

A real form of G is the xed points
G(R) = G(C)”*of an arti-holomorphic
Involution % or the involution %itself.
Insteadof arti-holomorphianvolutions
we preferto work with holomorphiones.

Lemma 4 Givenan anti-holomorphic
Involution % there is a holomorphic
involution p satis ng w4 = 3% and
G(R)"is a maximal compact sulgroup
of G(R).

The correspndene 3$ s a bi-
jection, between G(C) conjugacyclasses
of %s and U's.

De nition 5 We sayinvolutions |; uo
are inner Iif they havethe sameimage
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In Out(G).

Fix ° 2 Out(G), °2= 1. The inner
classof ° Is the set of involutions pu
mappingto °.

Letj = f1; 3g bethe Galoisgroupof
C=R.

De nition 6 Given (G;°) we let
G =Go

wheee the action of %2 | is by Ag(°)
for somesplitting As.

Recall
(G:i*). °%=1

Gl =Goj3*=1£ %
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1(g) = g
Suppse

W=; p(y)="° 2 Out(G)

Then

ug) = (hHghdi !t h2 G
= hu(g)h! *
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De nition 7

X = ht2 GinG;x%2 Z(G)

de ne
i (h) = xhxi 1
Example:G = GL(n; C)
X = diag(:ZL;}T:T |7 1; :}T: ¥ i)

G = GL(p;C) £ GL(q; C)
CorrespndingrealformisU(p;q), K =
U(p)£ U(q), K(C) = GL(p;C)E GL(q; C)
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De nition 8 A \str onginvolution” or
\str ongreal form" of G is x 2 Gi nG,
x22 Z(G)

| (G;°) = fstrongreal formsg=G
Prop osition 9
| (G;°)$ finvolutionsin inner class®g=G

This Is a bijection if G Is adjoint.
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Example:G = SL(2) (° = 1)

| =G=fI;j |;diadl; j 1)g
Thesamapto the (ordinary)realforms:
vl SU(2)
diagf; i 1)! SL(ZR)
It Is helpfulto think of thesestrong

realformsas:
| I SU(2 0)

i 1! SU(G;2)
diagf; i 1)! SU(1;1)
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Represen tations

A represetation of G = SL(2;R) is
an actionon a Hilbert space

Algebraioversion:a(g; K )-madulewhere

g = Liec(G) = sl(2; C)
K = SO(2,C)' Cf

HereK isthe complexi catiorof the
maximal compactsubgroupSO(2) of
SL(2; R). Therepresetationsof SO(2)
andthealgebraicepresetationsof SO(2; C)
arethe same.

A (g;K) module is a represetation
of g, andanalgebraiaepresetation of
K, with a compatibiliyy condition.
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De nition 10 A representationof a
strong real from x of G is a (g; K )-
module. We say (x;¥) ' (x84 if
there existsg 2 G(C) suchthat gxgi 1=
x019 14

RecallK y = Gt
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Key Example: G = SL(2)

Y2= Holomorphiaiscreteseries
with K | types2;4;6;:::

y2 = Anti-holomorphiadiscreteseries
with K | typesi 2,i 4,i 6;:::

f(x; ¥); (x; ¥4)g
IS a discreteseriesL-padket for X, I.e.
SL(2;R)
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Now let f
B H 01

i 10

Thenwxwi 1= x: 1V = 37 i.e.
CEZ M (&7

Sowe canwrite our L-paket

f(x;%3; (i X;%)9
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Translation

An in nitesimalcharacterfor G isgiven
by a semisimpleonjugacyclassin g°.
Write | for an in nitesimal character.
We say , isregularif h; ®-1 6 O for
all roots ®.

Let

M (Xx;,) = f(x; Y] Yshasin nitesimal character,

(up to equinalence).
Thisisa nite set.

Theorem 11 1f ; . Qareregular and
i 02 x=® (H)then

M(x,)" M(©xY,)
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Fix (G;°)
fGS$ (X;¢;X-;¢-), let G- be
thedualgroup:givenby root data(X —; ¢ —; Xx; ¢)
Thereis a natural de nition of °— =
i Wo°! 2 Out(G-)
De neGi = Go j andG-i = G-0
i
Remark 12 G-! isthe L-groupof G

(not obviousfrom this de nition)
For exampleaf ° Is the inner classof

the split realformof G, then°- =1

The Langlandsclassi catiorsgys:
Ass@iatedto anadmissibl&@omomor-
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phism
A:WR! G-I
andarealform G(R) of G in the given

Inner classis an L-padket, whidh is a
nite set; 4 ofrepresetationsof G(R)
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De nition 13 A one sidad L-datum
for (G;°) Isapair (y;Br) wheey is
a strong involution for (G-;°-) and
Bt Is a Borel sulgroup of G-.

A completeone sidad L-datum is a
triple (y;Br;,) with 4 = y2 2
Z(G-).

GivenS = (y;Br;, ) let

As:Wr! G-I
be de nedby
AS(Z) = 7> 17Ad(y)b 1
As(j)=¢ "y

Here
Wg = hCE:ji
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whergjzji 1= zandj4=j 1.
Note: we have chosem y-stableCar-
tan subgroupHy Y2 By, and chosen
g 2 G- sothat gH-g' 1 = H and
, 1= Ad(g), IsBy-dominam
De nition 14
P = fonesidal L-data (y; B1)g=G-
Pc = f completeone sided L-data (y; Br;, )g=C
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The nextresultfollovs easily

Theorem 15
Pc$ fL-packetsfor strongreal forms of G

with regular integral in nitesimal charact
$ fA:WR! G-lg=G-

and
Pc$ ftranslation families of

L-packetsfor strong real forms of G
with regular integral in nitesimal charact
Note: LetfxjjI 2 | g beasetofrep-
resetativesof | =G. By de nition an
\L-packet for strongrealformsof G" is
a unionof L-paketsasi 2 |.

Example 16 G = SL(2), for a cer-
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tain A,
©a=f(1;C); (i 1;C); (% %; (x;¥a) = (i X; %9
wherex = diag(; i 1).

Here
(I ; C) = trivial represetation of SU(:

(i 1;C) = trivial represetation of SU((

(X; ¥ = holomorphidiscreteserieo

(i X;¥) = (x; %) = holomorphidiscreteserie®
f(x;¥); (x; ¥a)g = L-padket for SU(Z; 1)
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Recall
(G;°), °%=1

Gl =Goj3*=1£ %

hs(g) = #g#!
Suppse

W=; p(y)="° 2 Out(G)

Then

ug) = (hHghdi !t h2 G
= hu(g)hi *
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De nition 17

X = ht2 GinG;x%2 Z(G)

de ne
i (h) = xhxi 1
Example:G = GL(n; C)
X = diag(:ZL;}T:T |7 1; :}T: ¥ i)

G = GL(p;C) £ GL(q; C)
CorrespndingrealformisU(p;q), K =
U(p)£ U(q), K(C) = GL(p;C)E GL(q; C)
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De nition 18 A \str onginvolution"
or \strong real form" of G is x 2
GinG, x22 Z(G)

| (G;°) = fstrongreal formsg=G
Prop osition 19
| (G;°)$ finvolutionsin inner class®g=G

This Is a bijection if G Is adjoint.
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Example:G = SL(2) (° = 1)

| =G=fI;j |;diadl; j 1)g
Thesamapto the (ordinary)realforms:
vl SU(2)
diagf; i 1)! SL(ZR)
It Is helpfulto think of thesestrong

realformsas:
| I SU(2 0)

i 1! SU(G;2)
diagf; i 1)! SU(1;1)
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Represen tations

A represetation of G = SL(2;R) is
an actionon a Hilbert space

Algebraioversion:a(g; K )-madulewhere

g = Liec(G) = sl(2; C)
K = SO(2,C)' Cf

HereK isthe complexi catiorof the
maximal compactsubgroupSO(2) of
SL(2; R). Therepresetationsof SO(2)
andthealgebraicepresetationsof SO(2; C)
arethe same.

A (g;K) module is a represetation
of g, andanalgebraiaepresetation of
K, with a compatibiliyy condition.
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De nition 20 A representationof a
strong real from x of G is a (g; K )-
module. We say (x;¥) ' (x84 if
there existsg 2 G(C) suchthat gxgi 1=
x019 14

RecallK y = Gt
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Key Example: G = SL(2)

Y2= Holomorphiaiscreteseries
with K | types2;4;6;:::

y2 = Anti-holomorphiadiscreteseries
with K | typesi 2,i 4,i 6;:::

f(x; ¥); (x; ¥4)g
IS a discreteseriesL-padket for X, I.e.
SL(2;R)
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Now let f
B H 01

i 10

Thenwxwi 1= x: 1V = 37 i.e.
CEZ M (&7

Sowe canwrite our L-paket

f(x;%3; (i X;%)9
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Translation

An in nitesimalcharacterfor G isgiven
by a semisimpleonjugacyclassin g°.
Write | for an in nitesimal character.
We say , isregularif h; ®-1 6 O for
all roots ®.

Let

M (Xx;,) = f(x; Y] Yshasin nitesimal character,

(up to equinalence).
Thisisa nite set.

Theorem 21 1f ; . Qareregular and
i 02 x=® (H)then

M(x,)" M(©xY,)
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Fix (G;°)
fGS$ (X;¢;X-;¢-), let G- be
thedualgroup:givenby root data(X —; ¢ —; Xx; ¢)
Thereis a natural de nition of °— =
i Wo°! 2 Out(G-)
De neGi = Go j andG-i = G-0
i
Remark 22 G-! isthe L-groupof G

(not obviousfrom this de nition)
For exampleaf ° Is the inner classof

the split realformof G, then°- =1

The Langlandsclassi catiorsgys:
Ass@iatedto anadmissibl&@omomor-
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phism
A:WR! G-I
andarealform G(R) of G in the given

Inner classis an L-padket, whidh is a
nite set; 4 ofrepresetationsof G(R)
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De nition 23 A one sidad L-datum
for (G;°) Isapair (y;Br) wheey is
a strong involution for (G-;°-) and
Bt Is a Borel sulgroup of G-.

A completeone sidad L-datum is a
triple (y;Br;,) with 4 = y2 2
Z(G-).

GivenS = (y;Br;, ) let

As:Wr! G-I
be de nedby
AS(Z) = 7> 17Ad(y)b 1
As(j)=¢ "y

Here
Wg = hCE:ji
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whergjzji 1= zandj4=j 1.
Note: we have chosem y-stableCar-
tan subgroupHy Y2 By, and chosen
g 2 G- sothat gH-g' 1 = H and
, 1= Ad(g), IsBy-dominam
De nition 24
P = fonesidal L-data (y; B1)g=G-
Pc = f completeone sided L-data (y; Br;, )g=C
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The nextresultfollovs easily

Theorem 25
Pc$ fL-packetsfor strongreal forms of G

with regular integral in nitesimal charact
$ fA:WR! G-lg=G-

and
Pc$ ftranslation families of

L-packetsfor strong real forms of G
with regular integral in nitesimal charact
Note: LetfxjjI 2 | g beasetofrep-
resetativesof | =G. By de nition an
\L-packet for strongrealformsof G" is
a unionof L-paketsasi 2 |.

Example 26 G = SL(2), for a cer-
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tain A,
©a=f(1;C); (i 15C); (% %; (x; ¥4) = (i X; %39

wherex = diag(; i 1).

Here
(I ; C) = trivial represetation of SU(:

(i 1;C) = trivial represetation of SU((
(X; ¥ = holomorphidiscreteseried
(i X;¥) = (x; %) = holomorphidiscreteserie®
f(x;%); (x; ¥a)g = L-padket for SU(Z; 1)
Fix (G;°), gives(G—;°-)

G =Go
G-' =G-0 |
Recallone-sided.-data:
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P(G-;°-) = 1(y;B1)9=G-

y IS a stronginvolution
Bt %2 G- isaBorelsubgroup
and completeone-sided.-data:

Po(G—;°-) = f(y;Br;, )g=G-
, 2 h—;exp(#4, ) = y?2 Z(G-)
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Theorem 27
Po(G-;°-)$ fA:WR! G-lg=G-
$ fL-packetsfor strongreal forms of G,

regular integral in nitesimal characterg

P(G-;°-)$
f translation families of L-packets
for strongreal forms of G, with

regular integral in nitesimal characterg

First stepin our algorithm: conbina-
torial descriptionof P (G—; °-)
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By symmetry(andto avoid - clutter)
de ne

P(G;°) =1(x;B1)g=G

We may aswell conjugateB, to B:

g:(xB)! (x3B)
We can furthermoreconjugateby B
to take x to the normalizerof H:

b: xB)! (x°“B)
We canstill conjugateoy H.
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This givesthe primary conbinatorial
construction.

De nition 28 Fix (G;°) and there-
fore(G—;°-) De ne X = X(G-;°-):
X =(\ Ni)=H
= fx 2 Normg; ,o(H)jx*2 Z(G)g=H
For exampleif °~ = 1 this can be

idertied with
X =(\ N)=H

= fg2 Normg(H)| 922 Zg=H

Note: W actson X by conjugation
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Prop osition 29 There is a natural
bijection
X(G-°-)$ P(G-°-)

so X parametrizestranslation fami-
lies of mapsof the Weil group.
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Example:G = SL(2)

M 0 Z‘IT
N = fdiage;1=2)g[ f 4
i 7 0
M )l
. . 0 z
I\ N = f§ | ;8diag(; i 1)9[f 1
i 7 O
H actson the seconderm by z !

zilso

—fI|Ithtwg
1
01

(t = diagf; j 1), w = 10 )
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SupppseG = PGL(2) and G- =
SL(2)
ThenP (G-; 1) givestranslationfam-
liesof mapsA:Wgr! SL(2).
Take, 2 Z + 5 with #7% = y?
Dy=2;y?=1;, =n:
A(z) = diag(zj”";jzj' *")
AG) =23 1)
R)y=2%y*=i 1L, =n+3
A(z) = diagjzj*"**;jzji i b
AG) =23 1)
B)Yy=w;y?=i 1, =n+3
A(z) = diad(z=2)""*': (z=2)! ™" 1)
Aj)=w
(1), (2) $ principalseries
(3) $ discreteseries
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(Dy=2;y*=1;, =n:
Az) = diag(jz?"; jzji 2")
AG)=2¢ 1)
Qy=2y?=iL, =n+3%
Az) = diagfzj”";jzj! " Y
AGy=2(G1)"
B)y=wy?=i L, =n+3
/5,\(2) — diag(Q:Z)2”+1;(Z=7)i 2Nj 1)
AG)=w
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Relationwith K -orbitsonthe °ag va-
riety

Recalweconjugatedx; B1) to (x° B)
to get X. Insteadwe now conjugatex
to a xed setofrepresetativesof| =G.

Choose
fxiji21g% | =G

If G is semisimpl¢hisisa nite set.
Fori 2 | lety = int(x;);:K; = GH
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P(G;®) = 1(x;B1)g=G

We may conjugatex to somex;:

g:(x;B)! (xj;B2)

We are still alloved to conjugateby
K: on the BS, i.e. the °ag variely
G=B:

This gives:
X(G;°)=P(G;°)=[iKinG=B
the union of the °ag varietiesof the
strongrealformsof G.
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Symmetrizeéhe picture:

De nition 30 An L-datum for (G; °)
IS:

(x; B1;y; B1)
whee
(1) x Is a strong real form of G,
(2) B4 i1s a Borel sulgroup of G,
(3) y Is a strong real form of G-,

(4) Br is a Borel sulgroup of G-
(5) (“X;h)t = py;h_

L =fL | datag=GE£ G-
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(Note:chooseg:H! Hq;B! Bj.
Thenpy.n = Yk 2 Aut(hy) carriedover
to H by g, and Hy:h_ similarly)
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Theorem 31

L $ ftranslation families of irr educible
representationsof strong real forms of G
with regular integral in nitesimal characterg

Note: de ne
Lc=1XByy;Br;, )9=GE G-

similarly resultingtheorenmwithout the
\translation families".
Sketch:

(y;Br;,)! Al |4
an L-padket of represetationsof strong
realformsof G
Theelemenx givesastrongrealform,
and the choiceof B4 is what is needed

to pick out asinglerepresetation ofthe
strongrealform x in this L-padet.
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A bit moreprecisely:
A:WR! Hgl ] G-

AssumeG Is semisimpleand simply
connected.Then H Is isomorphico
the L-groupofH 1. Thisisomorphisnms
not canonicalit dependsonthe choice
of B1. This choicethen givesa charac-
ter of H1(R), andthis givesa represen-
tation of the strongreal form x of G.
|Generakase:algebraiacoveringgroup
of H1 playsarole.]
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Our parameteisetis

L Y2P(G;°) £ P(G-;°-)
= X(G;?) £ X(G-;°-)

We warnt to study it in more detalil.
This really only involves X (G; °) and
X (G—; °-) separately

ConsideiX (G; °).

For simplicity assumeé = 1

Recall

X =((\ N)=H
:fx2N;x22 Zg=H
Let
lw = fw2 Wjw?= 1g
ThemapN ! W induces

0 X T Tw
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Example:SL(2)
X=11 1567 twg

;i t! 1
w! S
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Xw= beroverw 2 I

X(z):fx2ij2: 22 Zg

RecallW actson X by conjugation

weXy = X

wvwi 1
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Prop osition 32

(1) X $ [iKinG=B

(2) I =W $ fCartan sulgroupsin Ggsg
() X=W $ [ f Cartan sulgroupsin Gy;g

(4) Xw(z) " FH(R)=H-(R)%}-
(5) X1=W $ fstrongreal formsg

Some loose ends

1) Someof the conbinatoricsrelatedto
K nG=B may befoundin The Bruhard
order on symmetric varieties, R. W.
RichardsorandT. A. SpringerGeome-
triae Dedicata,1990.
2) The most completeversionof this
pictureisthe book by Adams,Barbash
andVVogan.Howne\er:

a) In ABV G! isde nedto be G o
i wherej actsby anani-holomorphic

63



iInvolution
b) Youwon't nd theparameteréx; B1;y; B),

or X (G; °) there. Sed.ifting of Char-

acters BirkhauserlO1(Proceeding®f

the Bowdoin confererence),991. This

IS a more friendly introduction to the
program,only consideringegularinte-

gralin nitesimal character.
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Theseslides,and revisedversionsof
the noteswill appearat www.liegroups.org

(andthe conferenceebsite)
Recallsomeconstructions:

(G;°);G! =Go i

X = fx 2 Normg; ,o(H)jx*2 Z(G)g=H
= fx 2 Normg(H)jx?2 Z(G)g=H (° = 1)

lw = fw2 Winwjw?= 1g
=fw2 Wjw?=1g (° = 1)
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DX 1 1w
A:X 3x! x227Zi
X;=p He) 621w
X(z)=Az) z2 27

X(J(Z) — Xc\ X(Z)
W actson X andl y by conjugation
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Prop osition 33

()X =1iX;$ [iKinG=B

(2) w=W $ fCartan sulgroupsin Ggsg

(8) X=W $ [ f Cartan sulgroupsin Gyx.g

(4) X4(2) " [FH(R)=H-(R)°}-

(5) X;=W $ fstrongreal forms containing Cart
(6) X;.=W $ fall strongreal formsg

(7) W(Ky;H) " Staby (x)

(8) W¢ actson X,

In particularjX ;(z)j = 2

68



Sp(2; 0) 2

Sp(0; 2) 2

8,

Sp(L; 1):

2 2 2
2 2 2 2 2 2
lw: 1 Se, Se, S, S, i1
Cartan: T Ct S'£ RE A

Figure 1. X for G = Sp(4)

(Thanks to Les Saper for this slide)




Returnto the symmetricsetting:
(G;°); (G-;°-); X = X(G;°); X- = X(G-;°-)
De nition 34
Z =XEgX-
=f(x;y) 2 X £ X-jlhn =i WO=GE G-
Note:
Z =] iKinG:BEO[J-Kj—nG—B—

Theorem 35 Thereis a natural bijectionbe-
tweenZ and the set of translationfamiliesof
irreduciblerepresetations of strongreal forms
of G with regularintegralin nitesimal charac-
ter.
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Corollary 36
(1) Fix a seta %2 P,y Of represetatives of

P=X"(H). Then thereis a natural bijection
betweenZ andthe union,over, 2 o, ofirre-
duciblerepresetations of strongreal forms of
G, with in nitesimal character, .

(2) SupmseG is semisimpleand simply con-
nected. Then thereis a natural bijection be-
tweenZ andthe irreduciblerepresetations of
strongreal formsof G with in nitesimal char-
acteryz

(3) SupwseG isadjoirt, and x aseta Y2 Pg
ofrepresetativesof P=R. Thenthereisanatu-
ral bijectionbetweenZ andtheirreduciblerep-
resemtions of real formsof G, with in nitesi-
mal characterin ©.
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Example:

SL(2)=PGL(2)

Orbit | x | x? Gy .|l rep Orbit Y2 | Wy | Gy . | rep
Oz20 |1 |1 SU(2;0) | 2| C 09 | | -1]S0(2;1) | 2%| PS¢
Ooz2 |-l |1 SU(0;2) | ¥ C o)y | | -1 | SO(2;1) | 2%| P Ssgn
O- t |-l SU(1;1) | %|| DS, | O9 | | -1]S0(2;1)|% |C

o} -t | -l SU(1;1) | ¥2|| DS o) | | -1|S0(2;1) | % | sgn
Oa w| -l SU(1;1) | % C 09 | | -1]S0(2;1) |+ | DS
Ox w |l SU(1;1) | ¥2|| PSogd | 0% | |1 | SO®3) Y% | C
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De nition 37 A black ofrepresetationsisthe
Z-spanof irreduciblerepresetations given by
the equinalenceaelationExt(X;Y) 6 0.

A block B iswherghe Kazhdan-Lusztigoly-
nomialslive: B hastwo bases:of irreducible
represetations, or of standardrepresetations.
TheKazhdan-Lusztigolynomialsomputesad
standardmodule asa sumof irreduciblemaod-
ules,andvice-ersa.

Theprogramcompute&azhdan-Lusztigoly-
nomials.We've computedhemfor every group
up to rank 8, with the exceptiorof the block of
size453 060
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Vogan dualit y

Theorem 38 Givena block B for a realform
G(R) of G, thereis a real form of G-, anda
block B- for G-(R) whid is\dual" to B.

Dual means:the Kazhdan-Lusztignatrices
for B and B- aretransposes.

Theorem 39 Voganduality is:
Gy) b (y;x)

74



Example: Sp(4)=S0(3;2)
Block of Sp(4; R):

0006): 12 (4, % (6 *% [Lil] o0

1( 16): 01 (4 % (* * [l O
2(26): 30 (5 % (6 % [l o0
3(036: 23 (5 % (* * [lic o0
40447 48 (* % (* % [rLc+ 1 1
5(54): 59 (* % (* % [1C+ 1 1
6( 65): 76 (* % (* ¥ [C+rl] 1 2
7(72): 67 (* % (1011) [C-i2] 2 121
8(83): 94 (10, ® (* * [LC] 2 212
9( 9,3: 85 (10, * ( * * [LC] 2 212
10(10,0:: 10 11( *, * ( * * [rLr2] 3 2121
11(10,1) 1110( * * ( * * [mnr2] 3 2121

Dual block of SO(3;2) = PGSp(4; R):

0(0,10: 10 (2, * (3, 4 [i1,2] 0
1(3,10: 01 ( 2, *) ( * * [il,c] 0

22, 7): 27 (* Y (* * [r1,C+y 1 1
33, 8: 54 (* *» (* * [C+r2] 1 2
43, 9): 63 (* * (* * [C+r2] 1 2
54, 4):. 35 (* * ( 810 [C-i2] 2 121
6(4, 5: 46 (* * (911 [C-i2] 2 121
705, 6): 72 (8 9 (* *» [2C] 2 212
86, 0): 910( * * (* * [r2,r2] 3 2121
96, 1): 811 ( * * ( * * [r2,r2] 3 2121
106, 2): 108 ( *x *» (* * [nr2] 3 2121
116, 3): 119 ( * * ( * *» [mn,r2] 3 2121
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Relation with Vogan's talks

M (g_ K : Local Langlands /p (G—:B—' K _)

) Localization
Vogan Duality ocallzatio

M (g-;K-;,-)

As discusseddy Vogan,the top line conjecturally exists over
any local eld. It takesthe

Kazhdan-Lusztigmatrix for M (g;K;, )

to the transposeof the

Kazhdan-Lusztigmatrix for P(G-=B-;K-) _

The right arrow only exists over R, and is what makes our
picture ertirely symmetricin G; G-
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What is left to do?

(1) Non-irtegralin nitesimal character, :
Replaces- with

G- = Cerig(, )
This hasroot system
h; ®-i
(2) Singularin nitesimal character,
Usetranslationprinciplefromregulann nites-

Imal character.This hasa big kernel,andthere
shouldbe a better way directly at |
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(3) K-typesandrepresetations of G
Implemen K, irreduciblerepresetations of

K, actualrepresetationsof G (ratherthantrans-

lationfamilies)andtheir K -types,includinglow-

estK -types

Note: K isnot necessarilthe realpoirts of a

connected algebraigroup. What doesit mean

to descrie K ?

David Voganand Alfred Noel are working on

this

(3) Compute the unitary dual

References
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