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Outlineof Lectures

Lecture1:

² Root dataandreductive groups

² Automorphismsandinnerclasses

² Realformsandinvolutions

² BasicData

² Extendedgroups

² Stronginvolutions
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Lecture2:

² Representationsofstronginvolutions

² Translationfamilies

² L-homomorphisms

² L-data

² Parametrizationofrepresentationsin
termsof L-data

3



Lecture3:

² The °ag variety K nG=B

² The one-sidedparameterspaceX

² Structureof X

² Twistedinvolutionsin theWeylgroup
andI W

² Fibersof the mapX ! I W
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Lecture4:

² W actionon X

² Cartansubgroupsandstrongrealforms

² Cayley transforms

² TheparameterspaceZ andtheparametriza-
tion of representations
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We recommendmakingsomesimply-
ing assumptionsthe ¯rst time through.
At varioustimeswe will assume:

² G is semisimple

² G is simplyconnected

² G is adjoint

² Out(G) = 1

² ° = 1

² x2 = 1

² All of the above

Forexampleif G issemisimpleOut(G)
isasubgroupoftheautomorphismgroup
of theDynkindiagram,andequalto it if
G is adjoint or simplyconnected.Also
the spacesX ; Y andZ areall ¯nite.
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The main topic of thesetalks is:
Problem: Computetheirreduciblerep-
resentationsofarealreductivealgebraic
groupexplicitly.

This is in principledone,by work of
Langlands,completeby Knapp, Zuck-
ermanandVogan.Evenfor theexperts
this isadi±cult calculationin evensmall
groups,not to mention E8.

Thesetalks report on work of Fokko
du Cloux.
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Hiswork,andthesetalks,aredescribed
boxed:

math ¡ ! algorithms¡ ! software

Themath involveswork of many peo-
ple,mostrecently Adams,Barbasch and
Vogan.The algorithmis largelydueto
FokkoduCloux,basedonconversations
with Adamsand Vogan. The atlas
softwareis 100%dueto Fokko.
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Example 1 ThecomplexgroupE8 has
threereal forms,which togetherhave
1+ 1+ 3; 150+ 73; 410+ 73; 410+ 453; 010

= 603¡ 032
irreduciblerepresentationswith in¯nites-
imalcharacter½(thesameasthat of the
trivial representation).

Of these3; 733,or :62%,are unitary
(this wascomputedby ScottCrofts).

Thenumberof irreduciblerepresenta-
tions is closerto the

p
jWj than jWj,

which isverygood news:jWj = 696; 729; 600,
which would be too many representa-
tionsto handleeasily, evenby computer.

TheA tlas of Lie Groups and Rep-
resentations is a project to compute
the unitary dual of real groups. One
of the main goalsof the project is to
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make informationavailableto the gen-
eral mathematicalaudience,much like
the Atlas of Finite Groups.

An early versionof the atlas soft-
ware is availabe on the atlas web site,
www.liegroups.org.We encourageyou
to downloadit andtry it yourself.These
talks will outline the algorithmbehind
the software. In someaccompanying
eveningtalksI will demonstratethesoft-
wareitself.

Note: a windows versionof the soft-
wareis now available.
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Hereisanexampleof thekind ofcom-
binatorialobject we will be discussing.

Theorem 2 Let G = Sp(2n; C) and
G_ = SO(2n + 1; C).

TheirreduciblerepresentationsofSp(2n; R)
with in¯nitesimalcharacter½areparametrized
by:

f (x; yg=G£ G_

where

(3)

x 2 NormG(H ); x2 = ¡ I

y 2 NormG_ (H _ ) y2 = I

µt
x;h = ¡ µy;h_

Here H ½ G is a Cartan subgroup,
µx;h(X ) = Ad(x)(X ) for X 2 h. Sim-
ilarly H _ ½ G_ and µy;h_ . Thereis a
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natural duality betweenh andh_ , and
µt
x;h 2 End(h_ ).

For examplefor Sp(4) the set under
discussionhas18elements.
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The basicsetting is a connectedre-
ductive algebraicgroupG. This is de-
¯ned by its root data (X ; ¢ ; X _ ; ¢ _ )
where

(1) H is a Cartansubgroup

(2) X = X ¤(H ) is the characterlattice

(3) ¢ is the setof roots

(4) X _ = X ¤(H ) istheco-characterlat-
tice

(5) ¢ _ is the setof co-roots

Thereis a standardexactsequence

1 ! Int(G) ! Aut(G) ! Out(G) ! 1

A splittingdatumisaset(H; B ; f X ®g)
whereH is a Cartan subgroup,B is a
Borelsubgroup,andX® is a setof sim-
ple root vectors.Givensuch a splitting
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datum we obtain a splitting of the ex-
act sequence,takingOut(G) to the sta-
bilizerof the splitting.

A real form of G is the ¯xed points
G(R) = G(C)¾ of an anti-holomorphic
involution ¾, or the involution ¾itself.
Insteadof anti-holomorphicinvolutions
wepreferto workwith holomorphicones.

Lemma 4 Given an anti-holomorphic
involution ¾ there is a holomorphic
involution µ satis¯ng µ¾ = ¾µ and
G(R)µ is a maximalcompact subgroup
of G(R).

The correspondence ¾$ µ is a bi-
jection, betweenG(C) conjugacyclasses
of ¾'s and µ's.

De¯nition 5 We sayinvolutions µ; µ0

are inner if theyhavethe sameimage
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in Out(G).
Fix ° 2 Out(G), ° 2 = 1. The inner

classof ° is the set of involutions µ
mappingto ° .

Let ¡ = f 1; ¾g betheGaloisgroupof
C=R.

De¯nition 6 Given (G; ° ) we let

G¡ = G o ¡

where the action of ¾2 ¡ is by ÁS(° )
for somesplitting ÁS.

Recall

(G; ° ), ° 2 = 1

G¡ = G o ¡ 3 ± = 1£ ¾
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µ±(g) = ±g±¡ 1

Suppose

µ2 = ; p(µ) = ° 2 Out(G)

Then

µ(g) = (h±)g(h±)¡ 1 h 2 G

= hµ±(g)h¡ 1
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De¯nition 7

x = h± 2 G¡ nG; x2 2 Z(G)

de¯ne

µx(h) = xhx ¡ 1

Example:G = GL(n; C)

x = diag(
pz }| {

1; : : : ; 1;
qz }| {

¡ 1; : : : ; ¡ 1)

Gµx = GL(p;C) £ GL(q; C)

CorrespondingrealformisU(p;q), K =

U(p)£ U(q), K (C) = GL(p;C)£ GL(q; C)
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De¯nition 8 A \str onginvolution" or

\str ongreal form" of G is x 2 G¡ nG,

x2 2 Z(G)

I (G; ° ) = f strong real formsg=G

Prop osition 9

I (G; ° ) $ f involutions in inner class° g=G

This is a bijection if G is adjoint.
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Example:G = SL(2) (° = 1)

I =G = f I ; ¡ I ; diag(i; ¡ i )g

Thesemapto the(ordinary)realforms:

¼I ! SU(2)

diag(i; ¡ i ) ! SL(2; R)

It is helpful to think of thesestrong

real formsas:
I ! SU(2; 0)

¡ I ! SU(0; 2)

diag(i; ¡ i ) ! SU(1; 1)
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Represen tations

A representation of G = SL(2; R) is

an actionon a Hilbert space

Algebraicversion:a(g; K )-modulewhere

g = LieC(G) = sl(2; C)

K = SO(2; C) ' C£

HereK is the complexi¯cationof the

maximal compactsubgroupSO(2) of

SL(2; R). TherepresentationsofSO(2)

andthealgebraicrepresentationsofSO(2; C)

arethe same.

A (g; K ) module is a representation

of g, andan algebraicrepresentation of

K , with a compatibility condition.
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De¯nition 10 A representationof a

strong real from x of G is a (g; K )-

module. We say (x; ¼) ' (x0; ¼0) if

there existsg 2 G(C) suchthat gxg¡ 1 =

x0; ¼g ' ¼0.

RecallK x = Gµx
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Key Example: G = SL(2)

x =
µ

i 0
0 ¡ i

¶

¼= Holomorphicdiscreteseries

with K ¡ types2; 4; 6; : : :

¼¤ = Anti-holomorphicdiscreteseries

with K ¡ types ¡ 2; ¡ 4; ¡ 6; : : :

f (x; ¼); (x; ¼¤)g

is a discreteseriesL-packet for x, i.e.

SL(2; R)
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Now let

w =
µ

0 1
¡ 1 0

¶

Thenwxw¡ 1 = ¡ x; ¼w = ¼¤, i.e.

(x; ¼¤) ´ (¡ x; ¼)

Sowe canwrite our L-packet

f (x; ¼); (¡ x; ¼)g
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Translation

An in¯nitesimalcharacterforG isgiven

by a semisimpleconjugacyclassin g¤.

Write ¸ for an in¯nitesimal character.

We say ¸ is regularif ḩ ; ®_ i 6= 0 for

all roots ®.

Let

M (x; ¸ ) = f (x; ¼) j ¼hasin¯nitesimalcharacteŗ g

(up to equivalence).

This is a ¯nite set.

Theorem 11 If ¸; ¸ 0are regular and

¸ ¡ ¸ 02 X ¤(H ) then

M (x; ¸ ) ' M (x0; ¸ )
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Fix (G; ° )

If G $ (X ; ¢ ; X _ ; ¢ _ ), let G_ be

thedualgroup:givenby root data(X _ ; ¢ _ ; x; ¢)

Thereis a natural de¯nition of ° _ =

¡ w0° t 2 Out(G_ )

De¯neG¡ = Go ¡ andG_¡ = G_ o

¡

Remark 12 G_¡ is the L-groupof G

(not obviousfrom this de¯nition)

For exampleif ° is the inner classof

the split real form of G, then° _ = 1

The Langlandsclassi¯cationsays:

Associatedto anadmissiblehomomor-
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phism

Á : WR ! G_¡

anda realform G(R) of G in the given

inner classis an L-packet, which is a

¯nite set¦ Á of representationsof G(R)
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De¯nition 13 A one sided L-datum

for (G; ° ) is a pair (y; B _
1 ) where y is

a strong involution for (G_ ; ° _ ) and

B _
1 is a Borel subgroup of G_ .

A completeone sided L-datum is a

triple (y; B _
1 ; ¸ ) with e2¼i¸ = y2 2

Z(G_ ).

GivenS = (y; B _
1 ; ¸ ) let

ÁS : WR ! G_¡

be de¯nedby

ÁS(z) = z¸ 1zAd(y)¸ 1

ÁS(j ) = e¡ ¼i¸ y
Here

WR = hC£ ; j i
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wherej zj ¡ 1 = z andj 2 = ¡ 1.

Note: we have chosena y-stableCar-

tan subgroupH _
1 ½ B _

1 , and chosen

g 2 G_ so that gH _g¡ 1 = H _
1 and

¸ 1 = Ad(g)¸ is B _
1 -dominant.

De¯nition 14
P = f one sided L-data (y; B _

1 )g=G_

Pc = f completeone sided L-data (y; B _
1 ; ¸ )g=G_
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The next resultfollowseasily.

Theorem 15
Pc $ f L-packetsfor strong real forms of G

with regular integral in¯nitesimal characterg

$ f Á : WR ! G_¡ g=G_

and
Pc $ f translation families of

L-packetsfor strong real forms of G

with regular integral in¯nitesimal characterg

Note: Let f x i j i 2 I g bea setof rep-

resentativesof I =G. By de¯nition an

\L-packet for strongrealformsof G" is

a unionof L-packetsasi 2 I .

Example 16 G = SL(2), for a cer-
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tain Á,

©Á = f (I ; C); (¡ I ; C); (x; ¼); (x; ¼¤) = (¡ x; ¼)g

wherex = diag(i; ¡ i ).

Here
(I ; C) = trivial representation of SU(2; 0)

(¡ I ; C) = trivial representation of SU(0; 2)

(x; ¼) = holomorphicdiscreteseriesof SU(1; 1)

(¡ x; ¼) = (x; ¼¤) = holomorphicdiscreteseriesof SU(1; 1)

f (x; ¼); (x; ¼¤)g = L-packet for SU(1; 1)
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Recall

(G; ° ), ° 2 = 1

G¡ = G o ¡ 3 ± = 1£ ¾

µ±(g) = ±g±¡ 1

Suppose

µ2 = ; p(µ) = ° 2 Out(G)

Then

µ(g) = (h±)g(h±)¡ 1 h 2 G

= hµ±(g)h¡ 1
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De¯nition 17

x = h± 2 G¡ nG; x2 2 Z(G)

de¯ne

µx(h) = xhx ¡ 1

Example:G = GL(n; C)

x = diag(
pz }| {

1; : : : ; 1;
qz }| {

¡ 1; : : : ; ¡ 1)

Gµx = GL(p;C) £ GL(q; C)

CorrespondingrealformisU(p;q), K =

U(p)£ U(q), K (C) = GL(p;C)£ GL(q; C)
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De¯nition 18 A \str ong involution"

or \str ong real form" of G is x 2

G¡ nG, x2 2 Z(G)

I (G; ° ) = f strong real formsg=G

Prop osition 19

I (G; ° ) $ f involutions in inner class° g=G

This is a bijection if G is adjoint.
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Example:G = SL(2) (° = 1)

I =G = f I ; ¡ I ; diag(i; ¡ i )g

Thesemapto the(ordinary)realforms:

¼I ! SU(2)

diag(i; ¡ i ) ! SL(2; R)

It is helpful to think of thesestrong

real formsas:
I ! SU(2; 0)

¡ I ! SU(0; 2)

diag(i; ¡ i ) ! SU(1; 1)
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Represen tations

A representation of G = SL(2; R) is

an actionon a Hilbert space

Algebraicversion:a(g; K )-modulewhere

g = LieC(G) = sl(2; C)

K = SO(2; C) ' C£

HereK is the complexi¯cationof the

maximal compactsubgroupSO(2) of

SL(2; R). TherepresentationsofSO(2)

andthealgebraicrepresentationsofSO(2; C)

arethe same.

A (g; K ) module is a representation

of g, andan algebraicrepresentation of

K , with a compatibility condition.
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De¯nition 20 A representationof a

strong real from x of G is a (g; K )-

module. We say (x; ¼) ' (x0; ¼0) if

there existsg 2 G(C) suchthat gxg¡ 1 =

x0; ¼g ' ¼0.

RecallK x = Gµx
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Key Example: G = SL(2)

x =
µ

i 0
0 ¡ i

¶

¼= Holomorphicdiscreteseries

with K ¡ types2; 4; 6; : : :

¼¤ = Anti-holomorphicdiscreteseries

with K ¡ types ¡ 2; ¡ 4; ¡ 6; : : :

f (x; ¼); (x; ¼¤)g

is a discreteseriesL-packet for x, i.e.

SL(2; R)
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Now let

w =
µ

0 1
¡ 1 0

¶

Thenwxw¡ 1 = ¡ x; ¼w = ¼¤, i.e.

(x; ¼¤) ´ (¡ x; ¼)

Sowe canwrite our L-packet

f (x; ¼); (¡ x; ¼)g
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Translation

An in¯nitesimalcharacterforG isgiven

by a semisimpleconjugacyclassin g¤.

Write ¸ for an in¯nitesimal character.

We say ¸ is regularif ḩ ; ®_ i 6= 0 for

all roots ®.

Let

M (x; ¸ ) = f (x; ¼) j ¼hasin¯nitesimalcharacteŗ g

(up to equivalence).

This is a ¯nite set.

Theorem 21 If ¸; ¸ 0are regular and

¸ ¡ ¸ 02 X ¤(H ) then

M (x; ¸ ) ' M (x0; ¸ )
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Fix (G; ° )

If G $ (X ; ¢ ; X _ ; ¢ _ ), let G_ be

thedualgroup:givenby root data(X _ ; ¢ _ ; x; ¢)

Thereis a natural de¯nition of ° _ =

¡ w0° t 2 Out(G_ )

De¯neG¡ = Go ¡ andG_¡ = G_ o

¡

Remark 22 G_¡ is the L-groupof G

(not obviousfrom this de¯nition)

For exampleif ° is the inner classof

the split real form of G, then° _ = 1

The Langlandsclassi¯cationsays:

Associatedto anadmissiblehomomor-
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phism

Á : WR ! G_¡

anda realform G(R) of G in the given

inner classis an L-packet, which is a

¯nite set¦ Á of representationsof G(R)
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De¯nition 23 A one sided L-datum

for (G; ° ) is a pair (y; B _
1 ) where y is

a strong involution for (G_ ; ° _ ) and

B _
1 is a Borel subgroup of G_ .

A completeone sided L-datum is a

triple (y; B _
1 ; ¸ ) with e2¼i¸ = y2 2

Z(G_ ).

GivenS = (y; B _
1 ; ¸ ) let

ÁS : WR ! G_¡

be de¯nedby

ÁS(z) = z¸ 1zAd(y)¸ 1

ÁS(j ) = e¡ ¼i¸ y
Here

WR = hC£ ; j i
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wherej zj ¡ 1 = z andj 2 = ¡ 1.

Note: we have chosena y-stableCar-

tan subgroupH _
1 ½ B _

1 , and chosen

g 2 G_ so that gH _g¡ 1 = H _
1 and

¸ 1 = Ad(g)¸ is B _
1 -dominant.

De¯nition 24
P = f one sided L-data (y; B _

1 )g=G_

Pc = f completeone sided L-data (y; B _
1 ; ¸ )g=G_
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The next resultfollowseasily.

Theorem 25
Pc $ f L-packetsfor strong real forms of G

with regular integral in¯nitesimal characterg

$ f Á : WR ! G_¡ g=G_

and
Pc $ f translation families of

L-packetsfor strong real forms of G

with regular integral in¯nitesimal characterg

Note: Let f x i j i 2 I g bea setof rep-

resentativesof I =G. By de¯nition an

\L-packet for strongrealformsof G" is

a unionof L-packetsasi 2 I .

Example 26 G = SL(2), for a cer-
44



tain Á,

©Á = f (I ; C); (¡ I ; C); (x; ¼); (x; ¼¤) = (¡ x; ¼)g

wherex = diag(i; ¡ i ).

Here
(I ; C) = trivial representation of SU(2; 0)

(¡ I ; C) = trivial representation of SU(0; 2)

(x; ¼) = holomorphicdiscreteseriesof SU(1; 1)

(¡ x; ¼) = (x; ¼¤) = holomorphicdiscreteseriesof SU(1; 1)

f (x; ¼); (x; ¼¤)g = L-packet for SU(1; 1)

Fix (G; ° ), gives(G_ ; ° _ )

G¡ = G o ¡

G_¡ = G_ o ¡
Recallone-sidedL-data:
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P(G_ ; ° _ ) = f (y; B _
1 )g=G_

y is a stronginvolution

B _
1 ½ G_ is a Borelsubgroup

andcompleteone-sidedL-data:

Pc(G_ ; ° _ ) = f (y; B _
1 ; ¸ )g=G_

¸ 2 h_ ; exp(2¼i¸ ) = y2 2 Z(G_ )
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Theorem 27

Pc(G_ ; ° _ ) $ f Á : WR ! G_¡ g=G_

$ f L-packetsfor strong real forms of G,

regular integral in¯nitesimal characterg

P(G_ ; ° _ ) $

f translation families of L-packets

for strong real forms of G, with

regular integral in¯nitesimal characterg

First stepin our algorithm:combina-

torial descriptionof P(G_ ; ° _ )
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By symmetry(andto avoid _ clutter)

de¯ne

P(G; ° ) = f (x; B1)g=G

We may aswell conjugateB1 to B :

g : (x; B1) ! (x0; B )

We can furthermoreconjugateby B

to take x to the normalizerof H :

b : (x0; B ) ! (x00; B )

We canstill conjugateby H .
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This givesthe primary combinatorial

construction.

De¯nition 28 Fix (G; ° ) and there-

fore (G_ ; ° _ ) De¯ne X = X (G_ ; ° _ ):

X = (I \ N ¡ )=H

= f x 2 NormG¡ nG(H ) j x2 2 Z(G)g=H

For exampleif ° _ = 1 this can be

identi¯ed with
X = (I \ N )=H

= f g 2 NormG(H ) j g2 2 Zg=H

Note: W actson X by conjugation
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Prop osition 29 There is a natural

bijection

X (G_ ; ° _ ) $ P(G_ ; ° _ )

so X parametrizes translation fami-

lies of mapsof the Weil group.
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Example:G = SL(2)

N = f diag(z; 1=z)g [ f
µ

0 z
¡ 1

z 0

¶

I \ N = f§ I ; § diag(i; ¡ i )g[f
µ

0 z
¡ 1

z 0

¶

H acts on the secondterm by z !

z¡ 1, so

X = f I ; ¡ I ; t; ¡ t; wg

(t = diag(i; ¡ i ), w =
µ

0 1
¡ 1 0

¶
)
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SupposeG = PGL(2) and G_ =

SL(2)

ThenP(G_ ; 1) givestranslationfam-

iliesof mapsÁ : WR ! SL(2).

Take ¸ 2 Z + 1
2 with e2¼i¸ = y2

(1) y = ²I ; y2 = I ; ¸ = n:

Á(z) = diag(jzj2n; jzj¡ 2n)
Á(j ) = ²(¡ I )n

(2 )y = ²t; y2 = ¡ 1; ¸ = n + 1
2:

Á(z) = diag(jzj2n+1 ; jzj¡ 2n¡ 1)
Á(j ) = ²(¡ I )n

(3) y = w; y2 = ¡ 1; ¸ = n + 1
2:

Á(z) = diag((z=z)2n+1 ; (z=z)¡ 2n¡ 1)
Á(j ) = w

(1), (2) $ principalseries
(3) $ discreteseries
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(1) y = ²I ; y2 = I ; ¸ = n:

Á(z) = diag(jzj2n; jzj¡ 2n)
Á(j ) = ²(¡ I )n

(2) y = ²t; y2 = ¡ 1; ¸ = n + 1
2:

Á(z) = diag(jzj2n+1; jzj¡ 2n¡ 1)
Á(j ) = ²(¡ I )n

(3) y = w; y2 = ¡ 1; ¸ = n + 1
2:

Á(z) = diag((z=z)2n+1; (z=z)¡ 2n¡ 1)
Á(j ) = w
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Relationwith K -orbitsonthe°ag va-
riety

Recallweconjugated(x; B1) to (x0; B )
to get X . Insteadwe now conjugatex
to a ¯xed setof representativesof I =G.

Choose

f x i j i 2 I g $ I =G

If G is semisimplethis is a ¯nite set.
For i 2 I let µi = int(x i ); K i = Gµi
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P(G; ° ) = f (x; B1)g=G

We may conjugatex to somex i :

g : (x; B1) ! (x i ; B2)

We are still allowed to conjugateby
K i on the B 0s, i.e. the °ag variety
G=B:

This gives:

X (G; ° ) = P(G; ° ) = [ iK inG=B

the union of the °ag varietiesof the
strongreal formsof G.
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Symmetrizethe picture:

De¯nition 30 An L-datum for (G; ° )
is:

(x; B1; y; B _
1 )

where

(1) x is a strong real form of G,

(2) B1 is a Borel subgroup of G,

(3) y is a strong real form of G_ ,

(4) B _
1 is a Borel subgroup of G_

(5) (µx;h)t = ¡ µy;h_

L = f L ¡ datag=G£ G_
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(Note: chooseg : H ! H1; B ! B1.
Thenµx;h = µx 2 Aut(h1) carriedover
to H by g, andµy;h_ similarly.)
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Theorem 31
L $ f translation families of irr educible

representationsof strong real forms of G
with regular integral in¯nitesimal characterg

Note: de¯ne

L c = f x; B1; y; B _
1 ; ¸ )g=G£ G_

similarly, resultingtheoremwithout the
\translation families".
Sketch:

(y; B _
1 ; ¸ ) ! Á ! ¦ Á

anL-packet of representationsof strong
real formsof G

Theelement x givesastrongrealform,
and the choiceof B1 is what is needed
to pick out asinglerepresentation of the
strongreal form x in this L-packet.

58



A bit moreprecisely:

Á : WR ! H _¡
1 ,! G_¡

AssumeG is semisimpleand simply
connected.Then H _

1 is isomorphicto
theL-groupof H1. This isomorphismis
not canonical:it dependson the choice
of B1. This choicethen givesa charac-
ter of H1(R), andthis givesa represen-
tation of the strongreal form x of G.
[Generalcase:algebraiccoveringgroup
of H1 plays a role.]
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Our parametersetis

L ½P(G; ° ) £ P(G_ ; ° _ )
= X (G; ° ) £ X (G_ ; ° _ )

We want to study it in moredetail.
This really only involvesX (G; ° ) and
X (G_ ; ° _ ) separately.

ConsiderX (G; ° ).
For simplicity assume° = 1
Recall

X = (I \ N )=H

= f x 2 N; x2 2 Zg=H
Let
I W = f w 2 W j w2 = 1g
The mapN ! W induces

p : X ! I W
60



Example:SL(2)

X = f I ; ¡ I ; t; ¡ t; wg

I ; ¡ I ; t; ¡ t ! 1
w ! s®
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Xw = ¯b er over w 2 I W

X (z) = f x 2 X j x2 = z 2 Zg

RecallW actson X by conjugation

w ¢Xv = Xwvw¡ 1
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Prop osition 32

(1) X $ [ iK inG=B

(2) I =W $ f Cartan subgroupsin Gqsg

(3) X =W $ [ i f Cartan subgroupsin Gx i g

(4) Xw(z) ' [_H (R)=H_ (R)0]_

(5) X1=W $ f strong real formsg

Some loose ends
1) Someof the combinatoricsrelatedto
K nG=B may befoundin The Bruhard
order on symmetric varieties, R. W.
RichardsonandT. A. Springer,Geome-
triae Dedicata,1990.
2) The most completeversionof this
pictureis thebookby Adams,Barbasch
andVogan.However:

a) In ABV G¡ is de¯nedto be G o
¡ where¡ actsby an anti-holomorphic
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involution
b) Youwon't ¯nd theparameters(x; B1; y; B _

1 ),
or X (G; ° ) there.SeeLifting of Char-
acters, Birkhauser101(Proceedingsof
the Bowdoinconfererence),1991.This
is a more friendly introduction to the
program,only consideringregularinte-
gral in¯nitesimalcharacter.
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4 PlaceGabrielP¶eri
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Bill Casselman
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Fokko du Cloux
TatianaHoward
Wai-LingLee
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AlessandraPantano
AnnegretPaul
SiddharthaSahi
SusanaSalamanca
JohnStembridge
PeterTrapa
David Vogan
Marc van Leeuwen
Jiu-KangYu
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Theseslides,and revisedversionsof
thenoteswill appearat www.liegroups.org
(and the conferencewebsite)

Recallsomeconstructions:

(G; ° ); G¡ = G o ¡

X = f x 2 NormG¡ nG(H ) j x2 2 Z(G)g=H

= f x 2 NormG(H ) j x2 2 Z(G)g=H (° = 1)

I W = f w 2 W ¡ nW j w2 = 1g

= f w 2 W j w2 = 1g (° = 1)
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p : X ! I W

Á : X 3 x ! x2 2 Z ¡

X¿ = p¡ 1(¿) ¿ 2 I W

X (z) = Á¡ 1(z) z 2 Z ¡

X¿(z) = X¿ \ X (z)

W actsonX andI W by conjugation
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Prop osition 33

(1) X = [ iXi $ [ iK inG=B

(2) I W=W $ f Cartan subgroupsin Gqsg

(3) X =W $ [ i f Cartan subgroupsin Gx i g

(4) X ¿(z) ' [_H (R)=H_ (R)0]_

(5) X¿=W $ f strong real forms containing Cartan ¿g

(6) X±=W $ f all strong real formsg

(7) W(K x; H ) ' StabW (x)

(8) W¿ acts on X¿

In particularjX¿(z)j = 2k
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²Sp(2; 0)
9
>>>>>>>>>=

>>>>>>>>>;

¡ ! z = I
²Sp(0; 2)

²
8
<

:Sp(1; 1)
² ² ²

²
8
>>>>>>>><

>>>>>>>>:

Sp(4; R)

9
>>>>>>>>>=

>>>>>>>>>;

¡ ! z = ¡ I
²

² ² ²

² ² ² ² ² ²

1I w : s®1 s®2 s¯ 1 s¯ 2 ¡ 1

TCartan: C£ S1 £ R£ A

Figure 1: X for G = Sp(4)

(Thanks to Les Saper for this slide)
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Returnto the symmetricsetting:
(G; ° ); (G_ ; ° _ ); X = X (G; ° ); X _ = X (G_ ; ° _ )

De¯nition 34

Z = X £ 0 X _

= f (x; y) 2 X £ X _ j µt
x;h = ¡ µyg=G£ G_

Note:

Z = [ iK inG=B £ 0 [ j K _
j nG_B _

Theorem 35 Thereis a natural bijectionbe-
tweenZ and the set of translationfamiliesof
irreduciblerepresentationsof strongreal forms
of G with regularintegral in¯nitesimal charac-
ter.
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Corollary 36

(1) Fix a set ¤ ½ Pr eg of representatives of

P=X ¤(H ). Then there is a natural bijection

betweenZ and the union,over ¸ 2 ¤, of irre-

duciblerepresentations of strongreal formsof

G, with in¯nitesimalcharacteŗ .

(2) SupposeG is semisimpleand simply con-

nected. Then there is a natural bijection be-

tweenZ and the irreduciblerepresentationsof

strongreal formsof G with in¯nitesimal char-

acter½.

(3) SupposeG isadjoint, and¯x a set¤ ½ Pr eg

of representativesofP=R. Thenthereisanatu-

ral bijectionbetweenZ andthe irreduciblerep-

resentationsof real formsof G, with in¯nitesi-

mal characterin ¤.
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Example: SL(2)=PGL(2)

Orbit x x2 µx Gx ¸ rep Orbit y y2 µy G_
y ¸ rep

O2;0 I I 1 SU(2; 0) ½ C O0
¤ w I -1 SO(2; 1) 2½ PSC

O0;2 -I I 1 SU(0; 2) ½ C O0
¤ w I -1 SO(2; 1) 2½ PSsgn

O+ t -I 1 SU(1; 1) ½ DS+ O0
¤ w I -1 SO(2; 1) ½ C

O¡ -t -I 1 SU(1; 1) ½ DS¡ O0
¤ w I -1 SO(2; 1) ½ sgn

O¤ w -I 1 SU(1; 1) ½ C O0
+ t I -1 SO(2; 1) ½ DS

O¤ w I 1 SU(1; 1) ½ PSodd O0
3;0 I I 1 SO(3) ½ C
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De¯nition 37 A blockofrepresentationsisthe
Z-spanof irreduciblerepresentations given by
the equivalencerelationExt(X ; Y) 6= 0.

A block B iswheretheKazhdan-Lusztigpoly-
nomialslive: B has two bases:of irreducible
representations,or of standardrepresentations.
TheKazhdan-Lusztigpolynomialscomputeeach
standardmoduleasa sumof irreduciblemod-
ules,andvice-versa.

TheprogramcomputesKazhdan-Lusztigpoly-
nomials.We'vecomputedthemfor everygroup
up to rank8, with the exceptionof the block of
size453; 060
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Vogan dualit y

Theorem 38 Givena block B for a real form
G(R) of G, there is a real form of G_ , and a
block B_ for G_ (R) which is \dual" to B.

Dual means:the Kazhdan-Lusztigmatrices
for B andB_ aretransposes.

Theorem 39 Voganduality is:

(x; y) ! (y; x)
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Example: Sp(4)=SO(3; 2)
Block of Sp(4; R):

0( 0,6): 1 2 ( 4, *) ( 6, *) [i1,i1] 0
1( 1,6): 0 1 ( 4, *) ( *, *) [i1,ic] 0
2( 2,6): 3 0 ( 5, *) ( 6, *) [i1,i1] 0
3( 3,6): 2 3 ( 5, *) ( *, *) [i1,ic] 0
4( 4,4): 4 8 ( *, *) ( *, *) [r1,C+] 1 1
5( 5,4): 5 9 ( *, *) ( *, *) [r1,C+] 1 1
6( 6,5): 7 6 ( *, *) ( *, *) [C+,r1] 1 2
7( 7,2): 6 7 ( *, *) (10,11) [C-,i2] 2 121
8( 8,3): 9 4 (10, *) ( *, *) [i1,C-] 2 212
9( 9,3): 8 5 (10, *) ( *, *) [i1,C-] 2 212

10(10,0): 10 11( *, *) ( *, *) [r1,r2] 3 2121
11(10,1) 11 10( *, *) ( *, *) [rn,r2] 3 2121

Dual block of SO(3; 2) = PGSp(4; R):

0(0,10): 1 0 ( 2, *) ( 3, 4) [i1,i2] 0
1(1,10): 0 1 ( 2, *) ( *, *) [i1,ic] 0
2(2, 7): 2 7 ( *, *) ( *, *) [r1,C+] 1 1
3(3, 8): 5 4 ( *, *) ( *, *) [C+,r2] 1 2
4(3, 9): 6 3 ( *, *) ( *, *) [C+,r2] 1 2
5(4, 4): 3 5 ( *, *) ( 8,10) [C-,i2] 2 121
6(4, 5): 4 6 ( *, *) ( 9,11) [C-,i2] 2 121
7(5, 6): 7 2 ( 8, 9) ( *, *) [i2,C-] 2 212
8(6, 0): 9 10 ( *, *) ( *, *) [r2,r2] 3 2121
9(6, 1): 8 11 ( *, *) ( *, *) [r2,r2] 3 2121

10(6, 2): 10 8 ( *, *) ( *, *) [rn,r2] 3 2121
11(6, 3): 11 9 ( *, *) ( *, *) [rn,r2] 3 2121
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Relation with Vogan's talks

M (g; K ; ¸ )

Vogan Dualit y

))SSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSS

Local Langlands //P(G_=B_ ; K _ )¸ _

Localization

²²
M (g_ ; K _ ; ¸ _ )

As discussedby Vogan,the top line conjecturally exists over
any local ¯eld. It takesthe

Kazhdan-Lusztigmatrix for M (g; K ; ¸ )
to the transposeof the
Kazhdan-Lusztigmatrix for P(G_=B_ ; K _ )¸ _

The right arrow only exists over R, and is what makes our
picture entirely symmetric in G; G_
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What is left to do?

(1) Non-integralin¯nitesimalcharacteŗ :
ReplaceG_ with

G_
¸ = Cent_

G(¸ )

This hasroot system

ḩ ; ®_ i

(2) Singularin¯nitesimalcharacteŗ
Usetranslationprinciplefromregularin¯nites-

imal character.This hasa big kernel,andthere
shouldbe a better way directly at ¸

77



(3) K-typesandrepresentationsof G
Implement K , irreduciblerepresentations of

K , actualrepresentationsofG (ratherthantrans-
lationfamilies)andtheirK -types,includinglow-
estK -types
Note: K is not necessarilythe realpoints of a
connected algebraicgroup.What doesit mean
to describe K ?
David Voganand Alfred Noel are working on
this
(3) Compute the unitary dual

References
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