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1. Intr oduction

Let G

R

denote a linear reductiv e real Lie group with maximal compact subgroup K

R

.

W rite g and k for the corresp onding complexi�ed Lie algebras and g = k � p for the Cartan

decomp osition. Let B denote the 
ag v ariet y for g . The p oin ts of the cotangen t bundle

T

�

B can b e though t of as pairs consisting of a Borel b = h � n and a co v ector � 2 n

�

. The

pro jection � : ( b ; � ) 7! � from T

�

B to the nilp oten t cone N ( g

�

) is the momen t map for the

G action on T

�

B , and is the famous Grothendiec k-Springer resolution of N ( g

�

).

No w consider an orbit of the complexi�cation K of K

R

on B , sa y Q , and its conormal

bundle T

�

Q

( B ). Because Q is a K orbit, the image � ( T

�

Q

B ) is con tained in p

�

. Since �

is equiv arian t and prop er and since T

�

Q

B is K in v arian t and irreducible

1

, � ( T

�

Q

B ) is an

irreducible K in v arian t sub v ariet y of N ( p

�

). Since there are only a �nite n um b er of K

orbits on N ( p

�

), � ( T

�

Q

B ) is the closure of a single K orbit on N ( p

�

).

In Prop osition 3.3.1, w e giv e a simple algorithm to compute the momen t map images

� ( T

�

Q

B ) explicitly for the groups G

R

= S p (2 n; R ) and O ( p; q ). In Prop osition 3.4.1, b y

analyzing the in tersection of T

�

Q

B with the �b er of � o v er a generic p oin t � of the image,

w e obtain a new parametrization of the orbits of A

G

( � ) on the irreducible comp onen ts of

the Springer �b er �

� 1

( � ) in terms of domino tableaux; here A

G

( � ) is the comp onen t group

of the cen tralizer of � in G . W e then sho w (Prop osition 3.5.1) that this parametrization is

closely related to the computations of annihilators of deriv ed functor mo dules for the groups

under consideration.

Previously the momen t map computations for S p (2 n; R ) and O ( p; q ) w ere treated b y

Y amamoto ([Y a1 ]{[Y a2 ]). Her algorithms are signi�can tly di�eren t from ours. In particular,

they are not w ell suited for the analysis of the comp onen ts of the Springer �b er.

Our computations ha v e v ery nice com binatorial in terpretations as generalizations of the

classical Robinson-Sc hensted algorithm. As explained in Prop osition 2.6.1, whic h I learned

from lectures of Springer and whic h applies to general G

R

, the map

Q 7!

�

� ( T

�

Q

( B )) ; T

�

Q

( B ) \ �

� 1

( � )

�

is bijectiv e. When G

R

= GL ( n; C ), this bijection indeed reduces to the Robinson-Sc hensted

algorithm ([St ]). F or the classical groups w e consider, the domain can b e parametrized in

terms of in v olutions in a symmetric group with certain signs attac hed to the �xed p oin ts

of the in v olutions. As remark ed ab o v e, the �rst comp onen t in the image is a nilp oten t K

orbit on p

�

, and in our case can b e parametrized b y signed tableaux. Mean while the second

This pap er w as written while the author w as an NSF P ostdo ctoral F ello w at Harv ard Univ ersit y .
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Actually , if K is disconnected, then T

�

Q

( B ) need not b e irreducible, but this do esn't a�ect the foregoing

discussion in an essen tial w a y .

1
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comp onen t, can b e parametrized b y domino tableaux. Th us the bijection has v ery m uc h the

same com binatorial 
a v or of the classical Robinson-Sc hensted algorithm. In fact the analogy

can b e made more precise from a purely com binatorial p ersp ectiv e, and can b e seen as a

generalization of a symmetry of the classical Robinson-Sc hensted algorithm �rst observ ed

b y Sc h • utzen b erger. This viewp oin t pla ys a k ey role in our pro ofs in Section 3.

2. Preliminaries

2.1. General notation. Giv en a linear real reductiv e group G

R

with Cartan in v olution

� , w e set K

R

= G

�

R

, write g

R

and k

R

for the corresp onding Lie algebras, g and k for their

complexi�cations, and write G and K for the corresp onding groups. The complexi�ed Cartan

decomp osition is denoted g = k � p . W e write N for the nilp oten t cone in g

�

(or, using the

trace form, g ), and set N ( p ) = N \ p .

W e write B for the v ariet y of Borel subalgebras in g , and c ho ose a basep oin t b = h � n 2 B .

Let W denote the W eyl group of h in g . W rite � : T

�

B � ! g

�

' g for the momen t map of

the G -action on the cotangen t bundle to B . F or a sub v ariet y Q � B , w e write T

�

Q

B for the

conormal bundle to Q . Giv en N 2 N , w e let �

� 1

( N ) for the �b er of � o v er N ; it consists

of the Borel subalgebras in B con taining N . T o emphasize this, w e ma y also write B

N

in

place of �

� 1

( N ).

F or N 2 N ( p ), w e write A

G

( N ) for the comp onen t group of the cen tralizer of N in G ,

and write A

K

( N ) for the comp onen t group of the cen tralizer in K . Clearly A

K

( N ) maps to

A

G

( N ), and b oth groups act on Irr ( B

N

), the irreducible comp onen ts of B

N

.

2.2. T ableaux. W e adopt the standard (English) notation for Y oung diagrams and standard

Y oung tableaux of size n . W e let YD ( n ) denote the set of Y oung diagrams of size n , and

SYT ( n ) the set of standard Y oung tableaux of size n . W rite RS ( w ) for the righ t (or ` Q � '

or `coun ting') standard Y oung tableaux of size n that the Robinson-Sc hensted algorithm

attac hes to an elemen t w of the symmetric group S

n

.

A standard domino tableau of size 2 n is a Y oung diagram of size 2 n whic h is tiled b y

t w o-b y-one and one-b y-t w o dominos lab eled in a standard con�guration; that is, the tiles

are lab eled with distinct en tries 1 ; : : : ; n so that the en tries increase across ro ws and do wn

columns. A Y oung diagram of size 2 n whic h admits suc h a tiling is called a domino shap e.

A Y oung diagram of size 2 n +1 is called a domino shap e if after remo ving its upp er-left b o x,

it admits suc h a standard tiling.

W e let SDT

C

(2 n ) (resp. SDT

D

(2 n )) denote the set of standard domino tableau of size

2 n whose shap e is that of a nilp oten t orbit for S p (2 n; C ) (resp. O (2 n; C ); i.e. whose o dd

(resp. ev en) parts o ccur with ev en m ultiplicit y . Finally , w e de�ne SDT

B

(2 n + 1) to b e the set

of Y oung diagrams of size 2 n + 1 and shap e of the form of a nilp oten t orbit for O (2 n + 1 ; C )

(i.e. ev en parts o ccur with ev en m ultiplicit y), whose upp er left b o x is lab eled 0, and whose

remaining 2 n b o xes are tiled b y dominos lab eled 1 ; : : : n in a standard con�guration.

An elemen t of SDT

C

(2 n ) has sp ecial shap e if the n um b er of ev en parts b et w een con-

secutiv e o dd parts or greater than the largest o dd part is ev en. An elemen t of SDT

D

(2 n )

(resp. SDT

B

(2 n + 1)) has sp ecial shap e if the n um b er of o dd ro ws b et w een consecutiv e ev en

ro ws is ev en and the n um b er of o dd ro ws greater than the largest ev en ro w is ev en (resp. o dd).

A signed Y oung tableau of signature ( p; q ) is an arrangemen t of p plus signs and q min us

signs in a Y oung diagram of size p + q so that the signs alternate across ro ws, mo dulo the
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equiv alence of in terc hanging ro ws of equal length. W e denote the set of signature ( p; q )

signed tableau b y YT

�

( p; q ).

2.3. Ev acuation. W e brie
y recall Sc h • utzen b erger's shap e-preserving ev acuation algorithm,

ev : SYT ( n ) � ! SYT( n );

see [Sa, Chapter 3.11], for instance, for more details. Giv en T 2 SYT ( n ), b egin b y in-

terc hanging the index 1 with the index immediately to its righ t or immediately b elo w it

according to whic h index is smaller. By successiv ely rep eating this pro cedure, the index 1

ev en tually ends up in a corner of T . Begin to build a new tableau ev ( T ) (the ev acuation

of T ) of the same shap e as T , b y en tering the index n in the (corner) lo cation o ccupied b y

1. No w remo v e 1 from the sh u�ed T , rep eat the sh u�ing pro cedure, and en ter n � 1 in

ev ( T ) according to the ultimate lo cation that 2 o ccupies in the curren t rearrangemen t of T .

Rep eating this pro cedure de�nes ev ( T ) 2 SYT ( n ). As a consequence of Prop osition 2.3.1

b elo w, ev is an in v olution on SYT ( n ).

A tableau T 2 SYT ( n ) is called self-ev acuating if ev ( T ) = T . W e need to record the

follo wing prop ert y of ev due to Sc h • utzen b erger; see [Sa, Theorem 3.11.4] for an exp osition.

Prop osition 2.3.1. F or w 2 S

n

,

RS( w

�

w w

�

) = ev

�

RS ( w

� 1

)

�

:

If p articular, if � is an involution, then RS ( � ) is self-evacuating if and only if w

�

� w

�

= � .

W e no w recall the bijection

dom : f T 2 SYT ( n ) j ev ( T ) = T g � ! SDT( n )

de�ned inductiv ely as follo ws. Begin b y applying the ev acuation pro cedure to 1 in T . Since

ev ( T ) = T , at the p en ultimate step (just b efore 1 reac hes a corner of T ), 1 will b e adjacen t

to n . Hence w e can remo v e 1 and n from the sh u�ed T and replace these t w o lab els b y

a domino lab eled b y [ n= 2], the greatest in teger less than n= 2. No w con tin ue b y ev acuating

2 from what remains of the sh u�ed T . A t the p en ultimate step 2 is adjacen t to n � 1,

and hence de�nes a domino lab eled [ n � 2 = 2]. Rep eating this pro cedure de�nes an elemen t

dom ( T ) 2 SDT( n ) (In the case that n = 2 m + 1 is o dd, w e c hange the lab el of the upp er

left hand corner of dom ( T ) from m + 1 to 0.)

2.4. Primitiv e ideals. Consider the set Prim ( U ( g ))

�

of primitiv e ideals in U ( g ) whic h con-

tain the maximal ideal of Z ( g ) parametrized (via the Harish-Chandra isomorphism) b y � . In

case of simple classical g , w e no w discuss the com binatorial parametrization of Prim ( U ( g ))

�

due to Joseph, Barbasc h-V ogan, and Gar�nkle.

If g = gl ( n; C ), then there is a bijection from SYT ( n ) ! Prim ( U ( g ))

�

obtained as follo ws.

Giv en T 2 SYT ( n ), let w b e an y elemen t of S

n

suc h that RS ( w ) = T . The primitiv e

ideal I ( T ) 2 Prim ( U ( g ))

�

parametrized b y T is the annihilator of the simple highest w eigh t

mo dule L ( w ) that arises as a quotien t of the V erma mo dule induced from w w

�

� � � . (See [T2,

Section 3], for instance, for the exact details of this parametrization.)

F or future reference, w e need to record a symmetry prop ert y of this parametrization.

Prop osition 2.4.1. L et g = gl ( n; C ) , and �x I 2 Prim ( U ( g ))

�

. L et I

0

denote the primitive

ide al obtaine d fr om I by applying the diagr am automorphism for g . Write T and T

0

for the

table aux p ar ametrizing I and I

0

. Then

T

0

= ev ( T ) ;
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the evacuation of T (Se ction 2.3).

Sk etc h. It is essen tially built in to Joseph's parametrization of Prim ( U ( g ))

�

that T = RS ( w )

if and only if T

0

= RS (( w

�

w w

�

)

� 1

). So Prop osition 2.3.1 giv es the curren t prop osition. �

If g = sp (2 n; C ), then there is a map from SDT(2 n ) to Prim ( U ( g ))

�

obtained as follo ws.

First w e include W ( C

n

) � W ( A

2 n +1

) = S

2 n

as the cen tralizer of the long w ord w

�

2 S

2 n

,

i.e. as the �xed p oin ts of the diagram automorphism of A

2 n � 1

. Giv en T 2 SDT (2 n ), w e

let w 2 W ( C

n

) � S

2 n

b e an y elemen t whose ev acuated righ t Robinson-Sc hensted tableaux

coincides with T ; i.e. in the notation of Section 2.3, T = dom (RS( w )) (whic h mak es sense

b y Prop osition 2.3.1). Then the corresp onding primitiv e ideal is Ann ( L ( w )). This map is a

bijection when restricted to the subset of SDT

C

(2 n ) consisting of tableau of sp ecial shap e

in the sense of Gar�nkle citeg:i.

If g = so (2 n + 1 ; C ) , then there is a map from SDT(2 n + 1) to Prim ( U ( g ))

�

obtained in the

analogous w a y . W e include W ( B

n

) � W ( A

2 n +1

) = S

2 n +1

as the �xed p oin t of the diagram

in v olution. Giv en T 2 SDT

B

(2 n + 1), let w 2 W ( B

n

) � S

2 n +1

b e an y elemen t suc h that

T = dom (RS( w )). Then the corresp onding primitiv e ideal is Ann ( L ( w )). This map is a

bijection when restricted to tableaux in SDT

B

(2 n + 1) of sp ecial shap e.

Finally , if g = so (2 n; C ), there is a map from SDT(2 n ) to Prim ( U ( g ))

�

obtained as follo ws.

W e include W ( D

n

) in W ( B

n

) in the ob vious w a y , and then include W ( C

n

) � S

2 n

as ab o v e.

Giv en T 2 W ( D

n

) � S

2 n

, let w b e an y elemen t of W

0

( D

n

) suc h that T = dom (RS ( w )).

Then the corresp onding primitiv e ideal is Ann ( L ( w )). This map is a bijection when restricted

to tableaux in SDT

D

(2 n ) of sp ecial shap e

2.5. Represen tation of the h yp ero ctahedral group. Let Y denote the Y oung lattice.

This is the lattice p oset whose unique minimal elemen t is the empt y set, whose elemen ts

consist of Y oung diagrams (of an y size) and whose co v ering relations are giv en b y the op er-

ation of adding a corner to a Y oung diagram. Let D denote the ev en domino lattice, de�ned

in the analogous w a y; i.e. the elemen ts are domino shap es of ev en size and the co v ering

relations are the addition of domino corners. Let D

0

denote the o dd domino lattice of t yp e

B ; here the minimal elemen t is a single b o x, and the other elemen ts are domino shap es of

o dd size, and the co v ering relations are the addition of domino corners. It is a standard fact

that as lattice p osets, Y � Y ' D ' D

0

. The latter isomorphism is trivial. F or the �rst,

see [S], for instance.

Recall that the irreducible represen tations of the h yp ero ctahedral group W ( B

n

) = W ( C

n

)

are parametrized b y pairs of standard Y oung tableaux whose aggregate size is n , i.e. b y

elemen ts of Y � Y ; see, for instance, [CMc , Chapter 10] for this standard fact. Note also

that the dimension of suc h a represen tation parametrized b y ( D ; D

0

) is the n um b er of paths

from ; to ( D ; D

0

) in Y � Y . Using the isomorphism Y � Y ' D ' D

0

, w e obtain the follo wing

parametrization.

Prop osition 2.5.1. The irr e ducible r epr esentation of the hyp er o ctahe dr al gr oup S

n

n ( Z = 2)

n

ar e p ar ametrize d by domino shap es of size 2 n (or 2 n + 1 ). Mor e over, if we write � ( D ) for the

r epr esentation c orr esp onding to a given domino shap e, the dimension of � ( D ) is the numb er

of standar d domino table aux of shap e � ( D ) .

Remark 2.5.2. The iden tical argumen t sho ws that the irreducible represen tations of the

group of r colored p erm utations, G ( r ; n ) := S

n

o ( Z =r )

n

, are parametrized b y Y oung diagrams

of size nr that can b e tiled b y rim ho oks of size r ; for the de�nition of rim ho ok, see [Sa,
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Chapter 4.10]. Here w e are using that the rim ho ok lattice is isomorphic to r copies of the

Y oung lattice, whic h follo ws b y exactly the same argumen t used to establish the domino

case. In the con text of G ( r ; n ), the corresp onding dimension form ula coun ts the n um b er

of standard rim ho ok tilings. Either b y using the decomp osition of the group algebra of

G ( r ; n ) in to irreducibles or an argumen t from [S], it follo ws that the n um b er of elemen ts

in G ( r ; n ) is equal to the n um b er of same-shap e standard r -rim ho ok tableaux of size r n .

A constructiv e bijection (for all r ) w as constructed in [SW], but when r = 2 it do es not

reduce to the bijection de�ned in the �rst paragraph of the in tro duction. This suggests

that there should exist an algorithm from G ( r ; n ) to same-shap e pairs of standard rim ho ok

tableau generalizing the bijection of the in tro duction. It is this bijection that should ha v e

applications to the (as of y et nonexisten t) theory of cells for G ( r ; n ); see [Br].

2.6. A framew ork for generalized Robinson-Sc hensted algorithms. Fix G

R

as in

Section 2.1. Recall that the set of K orbit on N ( p ) is �nite, and write f N

1

; N

2

; : : : ; N

k

g for

a set of represen tativ es of suc h orbits. Let A

i

denote the comp onen t group of the cen tralizer

of N

i

in K . Giv en Q 2 K n B , let N

Q

2 f N

1

; N

2

; : : : ; N

k

g denote the represen tativ e whose

K orbit is dense in the momen t map image of T

�

Q

( B ).

Prop osition 2.6.1. The map

Q 7!

�

N

Q

; �

� 1

( N

Q

) \ T

�

Q

( B )

�

is a bije ction

(2.1) K n B � ! f ( N

i

; C ) j C 2 A

i

n Irr ( B

N

i

) ; i = 1 ; : : : k g

Sk etc h. Using Spaltenstein's dimension form ula ([Spa1 ]), one can c hec k that the K sat-

uration of ( N

i

; C ) (view ed as a sub v ariet y of the conormal v ariet y T

�

K

B ) is irreducible of

dimension equal to the dimension of B . Since the conormal v ariet y is pure of dimension

dim ( B ) and since its irreducible comp onen ts are exactly the closures of the conormal bundles

to K orbits on B , w e conclude that there is some Q suc h that T

�

Q

B is dense in K � ( N

i

; C ).

This giv es the bijection of the prop osition. More details can b e found in [T1, Prop osition

3.1]. (In that pap er, it w as attributed to Springer, but it app ears to ha v e b een observ ed

indep enden tly b y a n um b er of p eople.) �

Because the sets app earing in Equation (2.1) eac h admit a com binatorial parametriza-

tion, Prop osition 2.6.1 giv es rise to an in teresting family of com binatorial algorithms. (The

Robinson-Sc hensted terminology is explained b y Example 2.7.1.)

2.7. Irr ( B

N

) for G = GL ( n; C ) . Let g = gl ( n; C ), and �x a nilp oten t elemen t N 2 g . Then

Irr ( B

N

) is parametrized b y SYT ( n ) as follo ws. If a 
ag ( F

0

� F

1

� � � � � F

n

) is an elemen t

of B

N

, then the restriction of N to F

i

is a nilp oten t endomorphism, and hence sp eci�es

a Y oung diagram D

i

of size i . W e de�ne a tableau T ( F ) 2 SYT( n ) b y requiring that the

shap e of the �rst i b o xes of T ( F ) coincide with D

i

, for all i . The assignmen t F 7! T ( F )

is constan t on an op en piece of eac h comp onen t of B

N

, and de�nes the parametrization of

Irr ( B

N

) b y SYT ( n ) ([St], [Spa2]).

Example 2.7.1. Consider the case of G

R

= GL ( n; C ) in Prop osition 2.6.1. Then G iden-

ti�es with t w o copies of GL ( n; C ), K with the diagonal GL ( n; C ), and B consists of t w o

copies of the 
ag v ariet y for GL ( n; C ) . The Bruhat decomp osition implies that the K orbits

on B are parametrized b y the symmetric group S

n

. The N

i

are parametrized b y partitions
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of n according to the ab o v e discussion Irr ( B

N

) is parametrized b y SYT ( n ). Hence Prop o-

sition 2.6.1 asserts the existence of a bijection from S

n

to same-shap e triples consisting of

a partition of n and a pair of standard Y oung tableaux of the corresp onding shap e. (The

�rst datum is redundan t.) Stein b erg ([St ]) pro v ed that this coincides with the Robinson-

Sc hensted algorithm.

2.8. K orbits on N ( p ) for S p (2 n; R ) and O ( p; q ) . The follo wing result is w ell-kno wn;

see [CMc, Chapter 9], for instance.

Prop osition 2.8.1. R e c al l the notation of 2.2.

(1) F or G

R

= U ( p; q ) , K nN ( p

�

) is p ar ametrize d by YT

�

( p; q ) . (As a matter of notation,

we set YT

�

( S U ( p; q )) = YT

�

( p; q ) .)

(2) F or G

R

= S p (2 n; R ) , K nN ( p

�

) is p ar ametrize d by the subset

YT

�

( S p (2 n; R )) � YT

�

( n; n )

of elements such that for e ach �xe d o dd p art, the numb er of r ows b e ginning with +

c oincides with the numb er b e ginning with � .

(3) F or G

R

= O ( p; q ) , K nN ( p

�

) is p ar ametrize d by the subset

YT

�

( O ( p; q )) � YT

�

( p; q )

c onsisting of signe d table aux such that for e ach �xe d even p art, the numb er of r ows

b e ginning with + e quals the numb er b e ginning with � .

2.9. The conormal v ariet y and W eyl group represen tations. W rite T

�

K

( B ) for the

union (o v er K orbits Q on B ) of the conormal bundles T

�

Q

( B ). Clearly T

�

K

( B ) is pure

of dimension dim ( B ) and its irreducible comp onen ts are just the closures of the conormal

bundles T

�

Q

( B ). In particular the fundamen tal classes [ T

�

Q

( B ) ] of the conormal bundle

closures are a basis for the top Borel-Mo ore homology group H

top

( T

�

K

( B ) ; Z ). A standard

con v olution construction de�nes a mo dule structure on H

top

( T

�

K

( B ) ; Z ) for the con v olution

algebra H

top

�

T

�

diag( G )

( B � B ) ; Z

�

whic h, according to a theorem of Kazhdan-Lusztig, is the

group algebra Z [ W ]. It is an easy consequence of the de�nition that this action is suitably

graded in the sense that for a �xed K orbit on N ( p ) (sa y O

K

),

X

Q s.t. � ( T

�

Q

( B )) � O

K

[ T

�

Q

( B ) ]

is W -in v arian t, and hence

M ( O

K

) :=

X

Q s.t. � ( T

�

Q

( B )) � O

K

[ T

�

Q

( B ) ]

�

X

Q s.t. � ( T

�

Q

( B )) ( O

K

[ T

�

Q

( B ) ] :

is a represen tation of W . In particular, the orbits Q suc h that � ( T

�

Q

( B )) = O

K

index a

basis of a W eyl group represen tation.

Fix N 2 N ( p ), and recall the W � A

G

( N ) represen tations on H

top

( B

N

) de�ned b y

Springer. As a matter of notation, w e write sp ( O ) for the A

G

( N ) in v arian ts of this repre-

sen tations; here O = G � N . In an y ev en t, since A

K

( N ) maps to A

G

( N ), w e can consider

the A

K

( N ) in v arian ts in H

top

( B

N

). The follo wing result is tak en from [Ro ].
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Theorem 2.9.1 (Rossmann) . Fix N 2 N ( p ) and let O

K

= K � N . Then as a W r epr esen-

tation,

M ( O

K

) = H

top

( B

N

)

A

K

( N )

:

The isomorphism maps the fundamental class of closur e of T

�

Q

( B ) (wher e � ( T

�

Q

( B )) = O

K

)

to the fundamental class of �

� 1

( N ) \ T

�

Q

( B ) (c omp ar e Pr op osition 2.6.1).

Lemma 2.9.2. If G

R

= S p (2 n; R ) or O ( p; q ) , and N 2 N ( p ) , then the natur al map

A

K

( N ) � ! A

G

( N ) is surje ctive. In p articular, the A

K

( N ) and A

G

( N ) orbits on Irr ( B

N

)

c oincide.

Pro of. This follo ws from explicit cen tralizer calculations. W e omit the details. �

Corollary 2.9.3. L et G

R

= S p (2 n; R ) or O ( p; q ) , and let O

K

b e p ar ametrize d by a signe d

table au S (Pr op osition 2.8.1). Write � ( S ) for the r epr esentation of W c orr esp onding to the

shap e of S by Pr op osition 2.5.1. Then M ( O

K

) ' � ( S ) , and

H

top

( T

�

K

( B ) ; Z ) '

M

S 2 YT

�

( G

R

)

� ( S ) :

In p articular, if we write d ( S ) for the numb er of standar d domino table aux whose shap e

c oincides with that of S . Then

# f Q j � ( T

�

Q

( B )) = O

K

g = d ( S ) ;

and

(2.2) # K n B =

X

S 2 YT

�

( G

R

)

d ( S ) :

Pro of. Prop osition 2.5.1 reduces the corollary to establishing M ( O

K

) ' � ( S ). By The-

orem 2.9.1 and Lemma 2.9.2, this amoun ts to sho wing sp( O ) = � ( S ), where O is the G

saturation of the orbit O

K

parametrized b y S . This follo ws from Lusztig's computation of

the Springer corresp ondence for classical groups in terms of sym b ols, together with Prop o-

sition 2.5.1; cf. [Mc2 , Section 2{3]. �

The corollary th us giv es the existence a bijection from K n B to the same-shap e subset of

pairs consisting of an elemen t of YT

�

( G

R

) and a standard domino tableaux. This will b e

constructed in Prop osition 3.2.2 b elo w as a Robinson-Sc hensted algorithm in the sense of

Section 2.6.

2.10. In v olutions with signed �xed p oin ts. W rite �( n ) for the set of in v olutions in the

symmetric group S

n

. Let

�

�

( n ) = f ( � ; � ) 2 � � f + ; � ; 0 g

n

j �

j

= 0 if and only if � ( j ) 6= j g ;

whic h w e view as the set of in v olutions in S

n

with signed �xed p oin ts. W e write �

�

[ U ( p; q )]

for the subset of �

�

( p + q ) consisting of elemen t ( � ; � ) suc h that

p = # f j j �

j

= + g + (1 = 2)# f j j � ( j ) 6= j g

q = # f j j �

j

= �g + (1 = 2)# f j j � ( j ) 6= j g :

De�ne �

�

[ S p (2 n )] to b e the subset of elemen ts ( � ; � ) in �

�

[ U ( n; n )] suc h that

(

1. (An tisymmetry of signs) �

2 n +1 � j

= � �

j

;

2. (Symmetry of in v olution) � (2 n + 1 � j ) = 2 n + 1 � � ( j ).
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Similarly de�ne �

�

[ O ( p; q )] to b e the subset of elemen ts ( � ; � ) in �

�

[ U ( p; q )] suc h that

(

1. (Symmetry of signs) �

2( p + q )+1 � j

= + �

j

;

2. (Symmetry of in v olution) � (2( p + q ) + 1 � j ) = 2 n + 1 � � ( j ).

Note that the symmetric group S

n

acts on �

�

( n ) in the ob vious w a y: w � ( � ; � ) = ( �

0

; �

0

),

where � = w � w

� 1

, and �

w

� 1

i

= �

i

. Let w

�

denote the long w ord in the symmetric group.

Observ e that

(2.3) �

�

[ O ( p; q )] = the �xed p oin ts of w

�

on �

�

[ U ( p; q )] :

The same statemen t is almost true for �

�

[ S p (2 n )], but w e m ust in tro duce an additional

t wist. De�ne s : �

�

[ U ( p; q )] ! �

�

[ U ( q ; p )] via s ( � ; � ) = ( � ; � � ). Then

(2.4) �

�

[ S p (2 n )] = the �xed p oin ts of s � w

�

on �

�

[ U ( p; q )] :

2.11. K orbits on B . Fix, once and for all, a signature ( p; q ) Hermitian form on C

p + q

,

write G

R

= U ( p; q ) for its isometry group, and �x a Cartan in v olution � for G

R

. Recall the

notation of Section 2.10. It is w ell kno wn that �

�

[ U ( p; q )] parametrizes the K orbits on

B . (F orm ulas are giv en in [Y a1 ], for instance.) Giv en � 2 �

�

[ U ( p; q )], w e write Q

�

for the

corresp onding orbit.

F or a c hoice of nondegenerate symplectic form on C

2 n

, let B

0

!

denote the set of Borel

subalgebras in sp ( C

2 n

; ! ). Then B

0

!

em b eds in B , the set of Borels in gl (2 n; C ). Set

p = q = n . Then there exists a c hoice of ! suc h that

Q

0

�

:= Q

�

\ B

0

!

6= ; ( ) � 2 �

�

[ S p (2 n )] :

W rite G

0

R

= S p ( C

2 n

; ! ) \ U ( n; n ) ' S p (2 n; R ) . Then Q

0

�

is an orbit for K

0

on B

0

!

, where K

0

is the complexi�cation of the �xed p oin ts of � (the Cartan in v olution for U ( n; n )) on G

0

R

. As

an example of the c hoices in v olv ed, �x a basis e

1

; : : : ; e

2 n

for C

2 n

, and de�ne U ( n; n ) with

resp ect to

�

2 n

X

i =1

a

i

e

i

;

2 n

X

i =1

b

i

e

i

�

=

n

X

i =1

a

i

b

i

�

2 n

X

i = n +1

a

i

b

i

;

then w e tak e

! = e

1

^ e

2 n

+ e

2

^ e

2 n � 1

+ � � � + e

n

^ e

n +1

:

More details of this parametrization can b e found in [Y a1 ].

Similarly , a c hoice of nondegenerate symmetric form R on C

2( p + q )

induces an inclusion of

B

00

R

(the v ariet y of Borels in so ( C

2 ( p + q )

; R )) in to B , the v ariet y of Borels in gl (2( p + q ) ; C ).

There exists a c hoice of R suc h that

Q

00

�

= Q

�

\ B

00

R

6= ; ( ) � 2 �

�

[ O ( p; q )] :

W rite G

00

R

:= O ( C

2( p + q )

; R ) \ U (2 p; 2 q ) ' O ( p; q ). Then Q

00

�

is an orbit for K

00

on B

00

R

, where

again K

00

is the complexi�cation of the �xed p oin ts of � on G

00

R

. Explicit details of these

c hoices ma y b e found in [Y a2 ].

When w e sp eak of S p (2 n; R ) and U ( n; n ) in the same con text, w e will alw a ys assume they

are de�ned compatibly as ab o v e. A similar remark applies to O ( p; q ) and U ( p; q ). These

c hoices are analogous to the inclusion of W ( C

n

) in to W ( A

2 n � 1

) as the cen tralizer of w

�

made

in Section 2.4.
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2.12. A Robinson-Sc hensted algorithm for U ( p; q ) . W e no w describ e a bijection from

�

�

[ U ( p; q )] to the set of same-shap e pairs consisting of a standard Y oung tableau and a

signature ( p; q ) signed tableau (Section 2.2).

Giv en ( � ; � ) 2 �

�

[ U ( p; q )], form a sequence of pairs of the form

( i; �

i

) if � ( i ) = i ; and

( i; � ( i )) if i < � ( i ).

Arrange the pairs in order b y their largest en try , with the con v en tion that a sign has n umer-

ical size zero. W rite �

1

; : : : ; �

r

for the resulting ordered sequence. F rom suc h a sequence, w e

no w describ e ho w to build a same-shap e pair of tableaux

�

RS

u ; �

( � ) ; RS

u

( � )

�

2 YT

�

( p; q ) � SYT ( p + q ) :

Eac h tableau is constructed b y inductiv ely adding the pairs �

j

. So supp ose that w e ha v e

added �

1

; : : : ; �

j � 1

to get a (smaller) same-shap e pair of tableau ( T

�

; T ). If �

j

= ( k ; �

k

),

then w e �rst add the sign �

k

to the topmost ro w of (a signed tableau in the equiv alence class

of ) T

�

so that the resulting tableau has signs alternating across ro ws. Then add the index

j to T in the unique p osition so that the t w o new tableaux ha v e the ha v e the same shap e.

If �

j

= ( k ; � ( k )) w e �rst add k to T using the Robinson-Sc hensted bumping algorithm to

get a a new tableau T

0

, and then add a sign � (either + or � as needed) to T

�

so that the

result is a signed tableau T

0

�

of the same shap e as T

0

. W e then add the pair ( � ( k ) ; � � ) (b y

the recip e of the �rst case) to the �rst ro w strictly b elo w the ro w to whic h � w as added. W e

con tin ue inductiv ely to get (RS

u ; �

( � ) ; RS

u

) 2 YT

�

( p; q ) � SYT( p + q ). (F or a more formal

de�nition, the reader is referred to [G ].)

The �rst statemen t in the next theorem explains wh y this algorithm is a generalized

Robinson-Sc hensted algorithm in the sense of Section 2.6. The concluding statemen t indi-

cates its represen tation theoretic signi�cance.

Theorem 2.12.1. L et G

R

= U ( p; q ) , �x � 2 �

�

[ U ( p; q )] , and let Q

�

b e the c orr esp onding

K orbit on B . In terms of the p ar ametrizations of Pr op osition 2.8.1(1) and Se ction 2.7, the

map

Q

�

7!

�

N

Q

; �

� 1

( N

Q

) \ T

�

Q

�

B

�

of Pr op osition 2.6.1 c oincides with

� 7!

�

RS

u ; �

( � ) ; RS

u

( � )

�

:

L et X ( Q

�

) b e the Harish-Chandr a mo dule with trivial in�nitesimal char acter attache d via

the Beilinson-Bernstein p ar ametrization to the trivial lo c al system on Q

�

, and r e c al l the

p ar ametrizations of Se ction 2.4 and Pr op osition 2.8.1(1). Then RS

u

( � )) p ar ametrizes Ann ( X ( � ))

and the closur e of the orbit p ar ametrize d by RS

u ; �

( � ) is the asso ciate d variety of X ( Q

�

) .

Pro of. The annihilator statemen t is the main result in [G ]. The remainder is pro v ed in [T1,

Theorem 5.6]. �

3. Main resul ts

3.1. Symmetry prop erties of the Robinson-Sc hensted algorithm for U ( p; q ) . W e

need to examine ho w the algorithm of Section 2.12 b eha v es under the action of w

�

and s

in tro duced at the end of Section 2.10. Recall the ev acuation op eration ev in tro duced in

Section 2.3.
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Prop osition 3.1.1. Fix � 2 �

�

[ U ( p; q )] and write (RS

u ; �

( � ) ; RS

u

( � )) = ( S; T ) . Then

RS

u ; �

( w

�

� � ) = S

rev

RS

u

( w

�

� � )) = ev ( T );

and

RS

u ; �

( s � ) = � S RS

u

( s � )) = T ;

wher e S

rev

is obtaine d fr om S by r eversing e ach r ow of S , and � S is the table au obtaine d by

inverting al l signs in S .

Pro of. The only part of the prop osition whic h is not ob vious from the de�nitions is

the assertion that RS

u

( w

�

� � )) = ev ( T ). One can probably pro v e this directly without

to o m uc h di�cult y , but w e opt for a sligh tly more abstract argumen t. Let g = gl ( n; C ).

It is clear that the U ( g )-mo dules X ( � ) and X ( w

�

� � ) di�er b y the diagram automorphism

of gl ( n; C ) (sa y � ). So their annihilators Ann ( X ( � )) and Ann ( X ( w

�

� � )) also di�er b y � .

Prop osition 2.4.1 implies that the tableaux parametrizing Ann ( X ( � )) and Ann ( X ( w

�

� � ))

di�er b y ev acuation. But the last assertion in Theorem 2.12.1 implies that these tableaux

are RS

u

( � ) and RS

u

( w

�

� � ), so the curren t prop osition follo ws. �

3.2. A Robinson-Sc hensted algorithm for S p (2 n; R ) and O ( p; q ) . W e b egin b y noting

a simple corollary to Prop osition 3.1.1.

Corollary 3.2.1. R e c al l the inclusions �

�

[ O ( p; q )] ; �

�

[ S p (2 n )] � �

�

[ U ( p; q )] .

(1) If � 2 �

�

[ S p (2 n )] , then RS

u ; �

( � ) 2 YT

�

( S p (2 n )) .

(2) If � 2 �

�

[ O ( p; q )] , then RS

u ; �

( � ) 2 YT

�

( O ( p; q )) .

Pro of. Consider the statemen t for S p (2 n; R ) , and �x � 2 �

�

[ S p (2 n )]. F rom Prop osi-

tion 3.1.1 and Equation (2.4), one concludes that if w e rev erse eac h ro w of RS

u ; �

( � ) and

subsequen tly in v ert all signs in the resulting tableau, w e m ust again obtain RS

u ; �

( � ). This

can b e ac hiev ed if and only if the n um b er of o dd ro ws of RS

u ; �

( � ) of a �xed length b eginning

with a plus sign coincides with the n um b er of suc h ro ws b eginning with a min us sign. Th us

RS

u ; �

( � ) 2 YT

�

( S p (2 n )). A similar argumen t establishes the corollary for O ( p; q ). �

Prop osition 3.2.2. Ther e ar e bije ctive maps

(RS

sp ; �

; RS

sp

) : �

�

[ S p (2 n )] ! same-shap e subset of YT

�

( S p (2 n )) � SDT (2 n )

(RS

o ; �

; RS

o

) : �

�

[ O ( p; q )] ! same-shap e subset of YT

�

( O ( p; q )) � SDT ( p + q ) ;

obtaine d as fol lows. The maps RS

sp ; �

and RS

o ; �

ar e the r estriction of the RS

u ; �

, the signe d

table au p art of the R obinson-Schenste d algorithm for U ( p; q ) (Se ction 2.12). The maps

RS

sp ; �

and RS

o ; �

ar e obtaine d by c omp osing RS

u

with the domino evacuation algorithm

dom of Se ction 2.3.

Pro of. Equations (2.3) and (2.4) and Prop osition 3.1.1 (together with Corollary 3.2.1)

imply that the maps describ ed in the Prop osition are indeed w ell-de�ned. The maps

(RS

sp ; �

; RS

sp

) and (RS

o ; �

; RS

o

) are clearly injectiv e, since (RS

u ; �

; RS

u

) and dom are injec-

tiv e. On the other hand, �

�

[ S p (2 n )] parametrizes K orbits on the 
ag v ariet y for S p (2 n; R )

(Section 2.11), so Equation (2.2) in Corollary 2.9.3 implies (RS

sp ; �

; RS

sp

) is surjectiv e (and

hence bijectiv e). A similar argumen t implies (RS

o ; �

; RS

o

) is bijectiv e. �

Remark 3.2.3. Without resorting to Section 2.9, it is easy to giv e a purely com binatorial

pro of that the maps in Prop osition 3.2.2 are surjectiv e (and hence bijectiv e). F or instance,

supp ose ( S; T ) is an elemen t of the same-shap e subset of YT

�

( S p (2 n )) � SDT (2 n ). W e are to
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�nd � 2 �

�

[ S p (2 n )] suc h that (RS

u ; �

( � ) ; dom � RS

u

( � )) = ( S; T ). By Theorem 2.12.1, there

exists suc h a � 2 �

�

[ U ( p; q )], and w e need only sho w that s � w

�

( � ) = � . Supp ose not, i.e. sup-

p ose � := s � w

�

( � ) 6= � . But since (RS

u ; �

( � ) ; RS

u

( � )) = ( S; dom

� 1

( T )) and dom

� 1

( T )

is self-ev acuating, Prop osition 3.1.1 implies (RS

u ; �

( � ) ; RS

u

( � )) = ( S; dom

� 1

( T )). Since

(RS

u ; �

; RS

u

) is injectiv e (Theorem 2.12.1) w e conclude � = � , con tradiction. An iden tical

argumen t w orks for O ( p; q ). This giv es a com binatorial pro of of Prop osition 3.2.2. W e ha v e

included the argumen t relying on Section 2.9 to highligh t the connection with W eyl group

represen tations.

3.3. Momen t map images of conormal bundles for S p (2 n; R ) and O ( p; q ) . The next

result sho ws that the algorithms in Prop osition 3.2.2 �t the generalized Robinson-Sc hensted

framew ork of Section 2.6.

Prop osition 3.3.1. Fix G

R

= S p (2 n; R ) or O ( p; q ) . R e c al l the p ar ametrizations of K n B

(Se ction 2.11) and the algorithm RS

u ; �

of Se ction 2.12. F or � 2 �

�

( G

R

) , the orbit p ar ametrize d

by RS

u ; �

( � ) (Se ction 2.8) is dense in the moment map image � ( T

�

Q

�

( B )) .

Pro of. Em b ed G

R

compatibly in to G

0

R

= U ( n; n ) or U ( p; q ) as in Section 2.11. (Here w e

are in v erting the notational role of G

R

and G

0

R

, but this should cause little confusion.) F or

� 2 �

�

( G

R

) � �

�

[ U ( p; q )], let Q

�

denote the corresp onding K orbit on the 
ag v ariet y B

for G

R

, and let Q

0

�

denote the corresp onding orbit on B

0

for G

0

R

. Giv en a signed tableau

S 2 YT

�

( G

R

) � YT

�

( U ( p; q )), write O

S

for the corresp onding K orbit on N ( p ) for G

R

,

and adopt the analogous notation for O

0

S

. W rite � ( � ) for the dense orbit in � ( T

�

Q

�

( B )), and

write �

0

( � ) for the dense orbit in �

0

( T

�

Q

0

�

( B

0

)). W e also let � ( � ) denote the corresp onding

elemen t of �

�

( G

R

).

W e �rst establish that � ( � ) � O

RS

u ; �

( � )

, b y using the equiv ariance of the momen t map,

and the kno wn momen t map image computation for U ( p; q ) (Theorem 2.12.1). It is clear

that

K

0

� T

�

Q

�

( B ) � T

�

Q

0

�

( B

0

) :

The equiv ariance of the momen t map, together with the fact that O

0

RS

u ; �

�

= �

0

( � ) (Theo-

rem 2.12.1), w e conclude that

K

0

� � ( � ) � O

0

RS

u ; �

( � )

:

By in tersecting with N ( p ) (and noting that the parametrizations of Prop osition 2.8.1 are

suitably compatible), w e conclude that � ( � ) � O

RS

u ; �

( � )

, as claimed.

No w supp ose that there is some � for whic h � ( � ) 6= RS

u ; �

( � ), i.e. for whic h

� ( � ) ( O

RS

u ; �

( � )

:

W e ma y assume that � is c hosen so that O

RS

u ; �

( � )

has the minimal p ossible dimension (sa y

d ) among all � for whic h � ( � ) 6= RS

u ; �

( � ). W e no w simply coun t the n um b er of elemen ts in

A ( � ) := f � 2 �

�

[ G

R

] j � ( � ) = � ( � ) g :

Because d w as assumed to b e minimal,

RS

� 1

u ; �

( � ( � )) � A ( � ) :

By h yp othesis � 2 A ( � ) but � =2 RS

� 1

u ; �

( � ( � )). So w e conclude that

(3.1) # A ( � ) > #RS

� 1

u ; �

( � ( � )) :
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Corollary 2.9.3 sa ys that the n um b er of elemen ts in A ( � ) is the n um b er of standard domino

tableau of shap e equal to that of RS

u ; �

( � ). Prop osition 3.2.2 sa y that RS

� 1

u ; �

( � ( � )) has the

same n um b er of elemen ts. So Equation (3.1) giv es a con tradiction, and the prop osition is

pro v ed. �

3.4. A domino tableau parametrization of A

G

( N ) orbits on Irr ( B

N

) . Let G

R

=

S p (2 n; R ) or O ( p; q ). Fix a K orbit O

K

on N ( p ), �x N 2 O

K

, and let S b e the signed

tableau parametrizing O

K

(Prop osition 2.8.1). W e no w describ e a bijection

(3.2) f T 2 SDT( n ) whose shap e is that of N g � ! A

G

( N ) orbits on Irr ( B

N

)

obtained as follo ws. Giv en a domino tableau S whose shap e is that of N , using Prop osi-

tion 3.2.2 w e obtain an elemen t � 2 �

�

[ G

R

] b y requiring

�

RS

u ; �

( � ) ; dom � RS

u

( � )

�

= ( S; T ) :

Let Q

�

2 K n B b e the K orbit corresp onding to � (Section 2.11). Recall that the orbits

of A

K

( N ) and A

G

( N ) on Irr ( B

N

) coincide (Lemma 2.9.2). So Prop ositions 2.6.1 and 3.3.1

imply that

�

� 1

( N ) \ T

�

Q

�

( B )

is an elemen t of the righ t-hand side of Equation (3.2). This de�nes the map in Equation

(3.2). T racing through eac h step, one sees that this map is bijectiv e.

W e th us w e conclude that the A

G

( N ) orbits on Irr ( B

N

) are parametrized b y standard

domino tableau of shap e equal to the Jordan form of N . It is imp ortan t to note that the

de�nition of this parametrization in v olv ed a c hoice of O

K

2 Irr [( G � N ) \ p ], and it is not

immediately clear that di�eren t c hoices lead to the same parametrization.

Prop osition 3.4.1. L et G

R

= S p (2 n; R ) or O ( p; q ) , and �x N 2 N ( p ) . The bije ction

f T 2 SDT( n ) whose shap e is that of N g � ! A

G

( N ) orbits on Irr ( B

N

)

de�ne d in Equation (3.2) is indep endent of the choic e of O

K

.

Pro of. W e giv e the argumen t for G

R

= S p (2 n; R ). (The case of O ( p; q ) is iden tical except

in notation.) Fix N

1

; N

2

2 N ( p ) with N

2

2 G � N

1

but N

2

=2 K � N

1

. Let S

i

denote the

signed tableau parametrizing K � N

i

. Fix a domino tableau T whose shap e coincides with

that of N

1

(or N

2

). Let

(3.3) Q

i

= (RS

sp

� RS

sp ; �

)

� 1

( T ; S

i

);

here (and b elo w), w e are iden tifying elemen ts of �

�

[ S p (2 n )] with the K orbit on B that

they parametrized (Section 2.11). The prop osition amoun ts to sho wing that

(3.4) T

�

Q

1

( B ) \ �

� 1

( N

1

) = T

�

Q

2

( B ) \ �

� 1

( N

2

) :

Recall the inclusion G

R

� G

0

R

= U ( n; n ) (Section 2.11 | w e ha v e in v erted the notational

role of G

R

and G

0

R

), and let Q

0

i

denote the K

0

saturation of Q

i

in B

0

. Supp ose Equation

(3.4) fails. Then the corresp onding statemen t fails for G

0

R

,

T

�

Q

0

1

( B

0

) \ �

0� 1

( N

1

) 6= T

�

Q

0

2

( B

0

) \ �

0� 1

( N

2

) :

By Theorem 2.12.1, this implies that RS

u

( Q

0

1

) 6= RS

u

( Q

0

2

). Since RS

sp

( Q

1

) = dom (RS

u

( Q

0

2

)),

w e conclude that RS

sp

( Q

1

) 6= RS

sp

( Q

2

). But this con tradicts Equation (3.3). �
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Remark 3.4.2. Recen tly McGo v ern ([Mc1 ]) and Pietraho ([P]) ga v e t w o indep enden t parametriza-

tions of the A

G

( N ) orbits on Irr ( B

N

) b y domino tableau. It is exp ected (but still not

kno wn) that their parametrizations coincide and, moreo v er, that they coincide with the one

in Prop osition 3.4.1.

3.5. Connection with annihilators. F or G

R

= S p (2 n; R ) or O ( p; q ), the maps RS

sp

and

RS

o

attac h a domino tableau to eac h K orbit Q on B . According to [G1 ]{[G4 ], suc h a

tableaux parametrizes a primitiv e ideal in the en v eloping algebra of g . By analogy with

Theorem 2.12.1, it is natural to ask whether this primitiv e ideal has an ything to do with

Harish-Chandra mo dules for G

R

supp orted on the closure of Q . By con trast with the U ( p; q )

case, this question is complicated enormously b y the existence of non trivial K equiv arian t

lo cal systems on Q , as w ell as the presence of nonsp ecial shap es. Nonetheless the Robinson-

Sc hensted algorithms of Section 3.2 compute annihilators and asso ciated v arieties of deriv ed

functor mo dules.

Prop osition 3.5.1. Fix G

R

= S p (2 n; R ) or O ( p; q ) and write RS for RS

sp

or RS

o

(Se c-

tion 3.2). L et q b e a � -stable p ar ab olic of g c ontaining a �xe d � -stable Bor el b , and let Q

0

denote the K orbit of q on G=P (wher e P is the p ar ab olic sub gr oup of G c orr esp onding to q ).

L et Q b e the dense K orbit in the pr eimage of Q

0

under the pr oje ction of B = G=B ! G=P ,

and write Q = Q

�

for � 2 �

�

( G

R

) (Se ction 2.11). Write A

q

for the Harish-Chandr a mo dule

for G

R

with trivial in�nitesimal char acter attache d via the Beilinson-Bernstein p ar ametriza-

tion to the trivial lo c al system on Q . Then RS ( � ) has sp e cial shap e and (in the p ar ametriza-

tion of Se ction 2.4),

Ann ( A

q

) = RS ( � ) :

Mor e over the closur e of the K orbit p ar ametrize d by RS

�

( � ) is the asso ciate d variety of A

q

.

Pro of. The Harish-Chandra mo dules A

q

are deriv ed functor mo dules induced from the

trivial represen tation of the Levi factor l of q ; see [T3] for more details. Since A V ( A

q

) =

� ( T

�

Q

( B )) (see the in tro duction of [T3 ], for instance), Prop osition 3.3.1 implies that RS

�

( � )

parametrizes the dense orbit in A V ( A

q

). So to establish Prop osition 3.5.1 w e need only

treat the annihilator statemen t. Since w e ha v e computed the annihilators of A

q

mo dules

in [T3 , Section 8], and w e can compute � directly from q directly (cf. [VZ]), this amoun ts

to a com binatorial c hec k. A b etter, less com binatorial approac h w ould b e to pro ceed b y an

induction on the n um b er of simple comp onen ts t yp e A in the Levi factor l , in a manner

exactly analogous to the computation of annihilators giv en in Section 8 of [T3 ]. In either

case, the assertion is not terribly di�cult, and w e omit the details. �

Prop osition 3.5.1 and Theorem 2.12.1 suggest the follo wing more general questions:

( � ) Supp ose X is a Harish-Chandra mo dule for G

R

with trivial in�nitesimal c haracter

attac hed to the trivial lo cal system on a K orbit Q

�

. Supp ose further RS

�

( � ) has

sp ecial shap e. Then do es RS

�

( � ) compute a comp onen t of the asso ciated v ariet y of

X ? Do es RS( � ) compute the annihilator of X?

Unfortunately this is false, as the next example indicates.

Example 3.5.2. Let G

R

= S p (8 ; R ). Consider the orbit Q

�

parametrized b y � = ( � ; � ) with

� = (36) (the transp osition in terc hanging 3 and 6) and � = (+ ; + ; 0 ; � ; + ; 0 ; � ; � ). One
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computes RS

�

( � ) as

+ � + �

+ �

+ �

;

and RS

sp

( � ) as

1 3

2 4

:

Let X b e the Harish-Chandra mo dule attac hed to the trivial lo cal system on Q

�

. (More

precisely , X is cohomologically induced from a one-dimensional represen tation of U (2 ; 0)

tensored with a non unitary highest w eigh t mo dule for S p (4 ; R ).) Then one can c hec k that X

is in the same Harish-Chandra cell as the A

q

mo dule induced from the trivial represen tation

on a levi factor of the form u (2 ; 0) � u (0 ; 2) and, moreo v er, that A V ( X ) is

+ � + �

+ � + �

;

while Ann ( X ) is

1 3

2 4

:

So RS ( � ) (whic h has sp ecial shap e) do es not compute Ann ( X ).

It is of considerable in terest to note that Q

�

in the example admits a unique non trivial K

equiv arian t lo cal system, and the annihilator and asso ciated v ariet y of the Harish-Chandra

mo dule attac hed to it ar e indeed giv en b y RS

sp

( � ) and RS

�

( � ). This immediately suggests

a w a y to mo dify ( � ) b y allo wing X to b e attac hed to non trivial lo cal systems. Ev en though

w e ha v e no coun terexample to this mo di�cation, it still seems am bitious. Instead it seems

plausible that if w e further mo dify ( � ) b y placing further restrictions on RS

�

( � ), then the

question admits a p ositiv e answ er. W e hop e to return to this elsewhere.
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