Fourier series of radial functions in several variables

Mark A. Pinsky, Nancy K. Stanton and Peter E. Trapa

1a. Introduction

The subject of Fourier series has been instrumental in the development of mathematical analysis for more than a century [B,H]. The rigorous formulation of both the Riemann and Lebesgue integrals was due in large part to the need of an integration theory for the general functions which are encountered in Fourier analysis. The spectral theory of selfadjoint operators in Hilbert space is one of the many generalizations of Fourier analysis which finds its way into modern treatments of functional analysis.

Fourier series in one dimension admit a localization property: the behavior of the Fourier series at a point depends only on the behavior of the function in a neighborhood of that point. In particular, if the function is zero on an interval, then the Fourier series converges to zero on that interval. This fails to be true in three dimensions, and the failure can be seen very explicitly, through the elementary examples given below in section 3.

Since 1964 the general subject of one-dimensional Fourier analysis has been essentially complete. In that year L. Carleson proved that the Fourier series of a continuous (or more generally a square-integrable) function on the interval [−π, π] converges to the function at almost every point, in the sense of Lebesgue measure. This was extended by Hunt to functions of the class L^p, p > 1, complementing previous results on convergence in the p^{th} mean. Many years earlier Kolmogorov had produced an example of a function of the class L^1 for which the Fourier series diverges everywhere.

The situation in two and more dimensions is still relatively undeveloped with regard to pointwise convergence. Of course we can always expect mean convergence in L^2, by general theorems on the completeness of the complex exponential functions e^{i⟨n,x⟩}. C. Fefferman showed that even this result cannot be generalized to L^p for p ≠ 2. A nice exposition of these ideas is contained in [C].

It is our purpose here to explore convergence phenomena which arise when we attempt the Fourier expansion of spherically symmetric functions in two and three dimensions. Generalizations to higher dimensions are also outlined. We were partially led to these by various Mathematica graphs, which we have included below. An initial heuristic discussion of some of these ideas is contained in the final section of [GP].

1b. Notations

Z^p denotes the p-dimensional integer lattice, whose points are written (n_1, . . . , n_p), where n_i are arbitrary integers.

T^p denotes the p-dimensional cube of width 2π, whose points are written (x_1, . . . , x_p), where −π ≤ x_i ≤ π.

The inner product of x ∈ T^p and n ∈ Z^p is defined as ⟨n, x⟩ = ∑_p j=1 n_j x_j . The norm is defined by |x| = √ ⟨x, x⟩. The unit sphere S^{p−1} := {(x_1, . . . , x_p) : |x| = 1}.

The Fourier coefficients of an integrable complex valued function f(x), x ∈ T^p, are defined by

A_n = 1 (2π)^p ∫ T^p f(x)e^{−i⟨n,x⟩}dx_1 . . . dx_p where i = √ −1. The Fourier series of f is the multiple series ∑ n∈Z^p A_ne^{i⟨n,x⟩}.

The pointwise convergence of the Fourier series is defined in terms of the spherical partial sums ∑ n:|n|≤R A_ne^{i⟨n,x⟩} when R ↑ ∞. (This definition of convergence is natural from the viewpoint of spectral theory since it corresponds to the order of the decreasing sequence of eigenvalues of the Laplace operator Δ = ∑_p i=1 ∂^2/∂x^2_i .)

A function f(x), x ∈ T^p, is said to be radial if there exists a complex-valued function F (r), 0 ≤ r < ∞, so that f(x) = F (|x|) whenever x ∈ T^p.

In the remainder of this paper we will investigate the pointwise convergence of the Fourier series of the simplest radial functions. We make no use of theorems from Lebesgue integration or functional analysis. Only basic methods of classical analysis are used.

2. Radial Fourier series in two variables

We consider the radial function f : R^2 → R^1 defined by

f(x) = 1 for 0 ≤ |x| < a, f(x) = 0 otherwise.

Here 0 < a ≤ π, so that we are looking at the indicator function of a disc which is inside (possibly touching the edges of) the basic square.

The Fourier coefficients are computed easily by evaluating the integrals in a system of polar coordinates r, θ as follows

A_n = 1 (2π)^2 ∫ |x|≤a e^{−i⟨n,x⟩}dx_1dx_2 = 1 (2π)^2 ∫_π −π ∫_a 0 e^{−i|n|r cos θ}r dr dθ, where θ is the angle between n and x.

For |n| = 0 the integral is easily seen to be A_0 =^{a2}_{4π} . For |n| ≠ 0 we may use the integral representation of the Bessel function J_0 [P, p.178] to write

A_n = 1 2π ∫_a 0 J_0(|n|r) r dr. The latter integral is evaluated by by using the differential equation satisfied by the Bessel function G(r) := J_0(|n|r), namely G^{′′} + (1/r)G^′ + |n|^2G = 0. If we multiply by r and integrate the resulting equation on the interval [0, a], the equation aG^′(a) + |n|^2 ∫_a 0 rG(r)dr = 0 results. But the derivative is computed as G^′(r) = −|n|J_1(|n|r) which leads to the evaluation A_n = 1 2|n|π aJ_1(|n|a), |n| ≠ 0. The partial sums of this series for a = π, |n| ≤ 20 and (x_1, x_2) = (x, 0) have been graphed using Mathematica and are depicted below. It is to be noted that there is a marked increased oscillation of the partial sums near x = 0. This is related to a “slower rate of convergence” of the series at this point.

Figure 1

The detailed analysis of this phenomenon is somewhat complicated, due to the appearance of the Bessel functions in the Fourier coefficients. The rigorous proof of convergence to the value 1 at x = 0 was carried out by Hardy and Landau [HL], who gave both a “realvariable” proof and a “complex-variable” proof. Rather than pursue these highly technical matters, we pass to a corresponding problem in three dimensions, where the computation of the Fourier coefficients involves only elementary functions.

3. Radial Fourier series in three variables

In this section we consider the Fourier series of the radial function f : R^3 → R^1 defined by f(x) = 1 for 0 ≤ |x| < a, f(x) = 0 otherwise.

Here 0 < a ≤ π, so that we are looking at the indicator function of a ball which is inside (possibly touching the edges of) the basic cube.

The Fourier coefficients are computed easily by evaluating the integrals in spherical coordinates r, ϕ, θ as follows

A_n = ( 1 2π )^3 ∫ |x|≤a e^{−i⟨n,x⟩}dx_1dx_2dx_3 = ( 1 2π )^3 ∫_a 0 ∫_π 0 ∫_π −π e^{−i|n|r cos ϕ}r^2 sin ϕ dθ dϕ dr. For |n| = 0 the integral is easily seen to be A_0 =^{a3}_{6π2} . For |n| ≠ 0 we may evaluate the integral by elementary calculus to obtain

A_n = 1 2π^2|n| ∫_a 0 sin(|n|r) r dr = 1 2π^2|n| (− a cos |n|a |n| + sin |n|a |n|^2 ). The partial sums of this series for a = π, |n| ≤ √ 134 and (x_1, x_2, x_3) = (x, 0, 0) have been graphed using Mathematica and are depicted in Figure 2. The partial sums for |n| ≤ √ 155 are depicted in Figure 3.

Figure 2 Figure 3

In contrast with the two dimensional case, we note here a dramatic oscillation in the neighborhood of x = 0, reminiscent of the Gibbs phenomenon from one-dimensional Fourier series. But in this case we have divergence of the partial sums by oscillation, which is totally unknown for one-dimensional Fourier series. The oscillation displayed by Figures 2 and 3 illustrates that some of the partial sums go above the line y = 1 while others go below. We prove in section 5 that the Fourier series diverges at x = 0.

This example may be modified to produce a simple example of the failure of localization in higher dimensions. We consider the indicator function of an annulus:

f(x) = 1 for a ≤ |x| ≤ b and f(x) = 0 otherwise.

Here 0 < a < b ≤ π. The function is zero in a neighborhood of x = 0 but the Fourier series diverges by oscillation at x = 0. Figures 4 and 5 are graphs of the partial sums of this series with (x_1, x_2, x_3) = (x, 0, 0). In Figure 4, a = π/4, b = π and |n| ≤ √ 134 ; in Figure 5, a = 1, b = 3 and |n| ≤ √ 125. We see a phenomenon similar to the one displayed in Figures 2 and 3; some of the partial sums are positive at x = 0 and others are negative.

Figure 4 Figure 5

Previous examples of the failure of localization in low dimensions have depended on limiting procedures, such as infinite series, the principle of uniform boundedness or other non-constructive methods of functional analysis. We refer to the article of Ash [A] and the references cited therein.

4. The case of higher dimensions

It is natural to extend the previous discussion to Fourier series in higher dimensions. In this section we will find an asymptotic formula for the Fourier coefficient A_n, |n| ↑ ∞. In the next section we will use this to give the rigorous analysis of the resulting Fourier series.

The Fourier coefficients of the indicator function of the ball B = {x : |x| ≤ a} are

A_n = 1 (2π)^p ∫ B e^{−i⟨n,x⟩}dx = 1 (2π)^p ∫ B cos⟨n, x⟩dx. As before, here 0 < a ≤ π, so that we are looking at the indicator function of a ball which is inside (possibly touching the edges of) the basic cube. Choosing the x_1-axis in the direction of n and letting x^′ denote the remaining coordinates, we have for n ≠ 0

A_n = 1 (2π)^p ∫ |x^′|≤a ∫^√_a2_{−x}′2 − √ a^2 −x^{′2}

cos(|n|x_1)dx_1dx^′ = 2 |n|(2π)^p ∫ |x^′|≤a sin ( |n| √ a^2 − |x^′|^2 ) dx^′. Let ay^′ = x^′, y^′ = rω, ω ∈ S^{p−2}. Thus

A_n = 2a^{p−1} |n|(2π)^p) ∫ |y^′|<1 sin ( |n|a √ 1 − |y^′|^2 ) dy^′ = 2a^{p−1} |n|(2π)^p ∫ S^{p−2} ∫_1 0 sin ( |n|a √ 1 − r^2 ) r^{p−2}drdω = 2a^{p−1}ω_{p−2} |n|(2π)^p ∫_1 0 sin ( |n|a √ 1 − r^2 ) r^{p−2}dr. Here we have used the notation ω_{p−2} = V ol(S^{p−2}) =^{2π} p−1 2 Γ(^{p−1}_2 ) . Letting u = √ 1 − r^2 we have du =^{−rdr√}_{1−r2} , rdr = −udu and A_n = ( C_p |n| ) ∫_1 −1 sin(|n|au)(1 − u^2)^{p−32} u du

where we have noted that the final integrand is an even function to extend the integration to the interval −1 < u < 1. Here and below we have used the notation C_p to denote a constant which may also depend upon a.

If p ≥ 3 is odd then the integrand is a polynomial times a trigonometric function and the integral can be evaluated by successive integration-by-parts. To do this, let I(k) = ∫_1 −1 sin(bx)(1 − x^2)^kx dx, k = 0, 1, 2, . . . , b ∈ R and J(k) = ∫_1 −1 cos(bx)(1 − x^2)^k dx, k = 0, 1, 2, . . . , b ∈ R. Then for k a positive integer, integrating I(k) by parts gives I(k) = 2k + 1 b J(k) − 2k b J(k − 1). Integrating J(k) by parts gives J(k) = 2k b I(k − 1) so I(k) = 2k(2k + 1) b^2 I(k − 1) − 4k(k − 1) b^2 I(k − 2). Taking k =^{p−3}_2 , after^{p−1}_2 such integrations, we find the principal contribution and obtain the asymptotic formula

A_n = C_p |n|^{p+1}2

[cos(|n|a) + O(^1_{|n|} )],^{p−1}_2 odd C_p |n|^{p+1}2

[sin(|n|a) + O(^1_{|n|} )],^{p−1}_2 even

This generalizes the calculation in the previous section for the case p = 3.

If p ≥ 2 is even we transform the integral for A_n by writing u = cos θ, t = |n| to obtain |n|A_n = C_p ∫_π 0 sin^{p−2} θ cos θ sin(at cos θ)dθ

= C_p Im ∫_π 0 sin^{p−2} θ cos θe^{iat cos θ}dθ .

The latter integral can be integrated by parts^{(p−2)}_2 times . Each time the endpoint term vanishes and we obtain Im C_p (ita)^{(p−2)}2 ∫_π 0 F (θ)e^{iat cos θ}dθ where F (θ) is an explicit trigonometric polynomial .

This integral can be evaluated by the method of stationary phase([P], section 6.5), which shows in this case that ∫_π 0 F (θ)e^{iat cos θ}dθ = √ π 2at [F (0)e^{iat}e^{− iπ4} + F (π)e^{−iat}e^{iπ4} + O( 1 √ t )], t ↑ ∞. The trigonometric polynomial satisfies F (0) = |1 × 3 × 5 · · · × (p − 3)| and F (π) = ±|F (0)|, where the sign is positive if p = 4, 8, 12, . . . and the sign is negative if p = 2, 6, 10, . . .. This leads to the asymptotic form for p even as

A_n = C_p |n|^{p+1}2

[sin(|n|a −^π_4 ) + O(^1√_{|n|} )],^p_2 odd C_p |n|^{p+1}2

[cos(|n|a −^π_4 ) + O(^1√_{|n|} )],^p_2 even

A similar calculation is valid for the integral which is obtained by formal differentiation with respect to t. We can summarize the above calculations for all p ≥ 2 as follows. Proposition. There exists a smooth function A(t), 0 < t < ∞ so that the Fourier coefficients A_n are given by A_n = A(|n|), n ∈ Z^p and A(t) = C_p t^{(p+1)}2 [ sin(at − (p − 1)π 4 ) + O( 1 √ t )] t ↑ ∞

A^′(t) = aC_p t^{(p+1)}2 [ cos(at − (p − 1)π 4 ) + O( 1 √ t )] t ↑ ∞.

5. Rigorous analysis of the Fourier series at x = 0

Having obtained a formula for the Fourier coefficients, we are now in a position to give a rigorous proof of the divergence of the partial sums in dimensions p ≥ 3. This is accomplished by means of an asymptotic formula for the number of lattice points within a sphere, obtained by Landau (1915). The statement is that if we define N(λ) = #{n ∈ Z^p : |n| ≤ λ}, then there is a constant c_p depending only on the dimension, so that N(λ) = c_pλ^p + O(λ^{p(p−1)p+1} ), λ ↑ ∞. For example in the case of three dimensions, we have N(λ) =^{4πλ3}_3 + O(λ^{3/2}). We also use the notation n(λ) = #{n ∈ Z^p : |n| = λ}, so that N(λ) = ∑ r≤λ n(r).

Modern treatments of Landau’s estimate are in Guillemin [G], with a proof that also gives an estimate due to Hlawka and Herz for the number of lattice points inside a strictly convex domain, and in Lax and Phillips [LP], with a proof that also holds for other lattices.

Landau’s estimate is now used to prove the following:

Theorem. If 0 < a ≤ π, p ≥ 3, then the p-dimensional Fourier series of the indicator function of the ball |x| ≤ a diverges at the center x = 0.

Proof. The Fourier coefficient A_n is itself a radial function A_n = A(|n|) as we have found above. The function A(r) is naturally defined and differentiable for all r > 0. We organize the partial sum of the Fourier series according to a radial/angular decomposition. At the center of the ball the partial sum of Fourier series is ∑ n:|n|≤R A_n = ∑ r:0≤r≤R ∑ n:|n|=r A(|n|) = ∑ r:0≤r≤R n(r)A(r)

= ∫_R 0 A(r)dN(r) + A_0, where the latter integral is a Stieltjes integral. This may be integrated by parts to obtain ∑ n:|n|≤R A_n = A(R)N(R) − ∫_R 0 A^′(r)N(r)dr.

This is to be compared to the integral ∫_R 0 A(r)pc_pr^{p−1}dr = A(R)c_pR^p − ∫_R 0 A^′(r)c_pr^pdr.

If we subtract the second from the first, we obtain ∑ n:|n|≤R A_n − ∫_R 0 A(r)pc_pr^{p−1}dr = A(R)[N(R) − c_pR^p] − ∫_R 0 A^′(r)[N(r) − c_pr^p]dr.

We now apply this to the sum obtained between the consecutive zeros x_k of the trigonometric function t → sin(at −^{(p−1)π}_4 ) which occurs in the asymptotic estimate for A(t). Thus ∑ n:x_{k−1}<|n|≤x_k A_n− ∫_{xk} x_{k−1} A(r)pc_pr^{p−1}dr = A(r)[N(r)−c_p r^p]|^{xk}_{xk−1} − ∫_{xk} x_{k−1} A^′(r)[N(r)−c_pr^p]dr.

Both terms on the right may be estimated using Landau’s asymptotic formula, to obtain ∑ n:x_{k−1}<|n|≤x_k A_n − ∫_{xk} x_{k−1} A(r)pc_pr^{p−1}dr = O(k^{p−32 − p−1p+1} ), k ↑ ∞.

But the integral ∫_{xk} x_{k−1} A(r)pcpr p−1 dr has the explicit asymptotic behavior

Ck^{p−32} [cos(ax_k − (p − 1)π 4 ) + O( 1 √ k )], k ↑ ∞. Hence this term is the predominant contribution and ∑ n:x_{k−1}<|n|≤x_k A_n = Ck^{p−32} cos(ax_k − (p − 1)π 4 ) + O(k^{p−32 − 12} )

when k ↑ ∞. To prove the asserted divergence, we consider separately the cases p = 3 and p > 3. In the first case, convergence of the series implies, by the Cauchy criterion, that the sum S_k := ∑ n:x_{k−1}<|n|≤x_k An tends to zero when k ↑ ∞. But the remainder term is

O(k^{− 12} ) which tends to zero, while the leading term has the above-displayed oscillatory behavior when k ↑ ∞. Therefore we conclude divergence in this case.

In case p > 3 we claim that the terms of the original series diverge unboundedly. Indeed, if this were not the case, then the sums S_k would remain bounded, so k^{− p−32} S_k would tend to zero. However, when we divide the estimate for S_k by k^{p−32} the remainder term tends to zero, but the leading term does not.

This concludes the proof that the original partial sums are divergent for every p ≥ 3.

6. A positive result in three dimensions

To bring the story to a happier ending, we now present a criterion to ensure that the three-dimensional Fourier series of a radial function converges at the center of the cube. Theorem. Let f(x_1, x_2, x_3) = F (r) for 0 ≤ r ≤ a and f(x_1, x_2, x_3) = 0 elsewhere, where 0 < a ≤ π, r = √ x^2_1 + x^2 + x^2_3 and F is a smooth function on the interval [0, a]. If F (a) = 0 then the Fourier series converges for x = 0. Conversely, if the Fourier series converges at x = 0 then F (a) = 0.

This will be proved by developing the following asymptotic behavior of the Fourier coefficients.

Lemma. Let f(x_1, x_2, x_3) = F (r) for 0 ≤ r ≤ a and f(x_1, x_2, x_3) = 0 elsewhere, where r = √ x^2_1 + x^2 + x^2_3 and F is a smooth function on the interval [0, a]. Then the Fourier coefficients depend only on |n| and satisfy

A_n = − a cos |n|a 2π^2|n|^2

F (a) + sin |n|a 2π^2|n|^3 d dr [rF (r)](a − 0) + O( 1 |n|^4 ), |n| ↑ ∞. Proof. We can evaluate the Fourier coefficients by taking a system of spherical coordinates (r, θ, ϕ) where ϕ is the angle which the radius vector (x_1, x_2, x_3) makes with the vector (n_1, n_2, n_3). Then we have for n ≠ 0

A_n = 1 (2π)^3 ∫_π −π ∫_π −π ∫_π −π f(x_1, x_2, x_3)e^{−i(n1 x1+n2x2+n3x3 )}dx_1dx_2dx_3 = 1 (2π)^3 ∫_a 0 ∫_π 0 ∫_{2π} 0 F (r)e^{−i|n|r cos ϕ}r^2 sin ϕdθ dϕ dr = 1 2π^2 ∫_a 0 F (r) sin |n|r |n|r r^2 dr = 1 2π^2|n| ∫_a 0 r F (r) sin |n|r dr = − 1 2π^2|n|^2 ∫_a 0 r F (r) d dr (cos |n|r)dr = − 1 2π^2|n|^2 [ aF (a) cos |n|a − ∫_a 0 cos |n|r d dr [rF (r)] dr ] . The final integral can be integrated-by-parts once again to obtain the indicated result, with the indicated remainder term, proving the lemma.

Therefore the Fourier series at the center x = 0 has the form ∑ n∈Z^3

A_n = A_0 + ∑ n∈Z^3\{0} [cos |n|a |n|^2 C_1 + sin |n|a |n|^3 C_2 + O( 1 |n|^4 ) ]

where the constants C_1, C_2 are given above.

In order to prove the theorem, we use Landau’s asymptotic estimate mentioned above. We must compare a sum of the form ∑ |n|≤R A(|n|) with ∫_R 0 A(r)4πr^2dr.

To do this we integrate both by parts: ∑ |n|≤R A(|n|) = A(R)N(R) − ∫_R 0 A^′(r)N(r)dr ∫_R 0 A(r)4πr^2dr = A(R) 4πR^3 3 − ∫_R 0 A^′(r) 4πr^3 3 dr. Now we subtract these two equations and analyze the two terms separately. Since F (a) = 0, the function A(r) has the form A(r) = C_2^{sin ar}_{r3} +O(^1_{r4} ) with A^′(r) = aC_2^{cos ar}_{r3} + O(^1_{r4} ), r ↑ ∞.

Therefore [N(R) −^{4πR3}_3 ] × A(R) = O(R^{3/2} × R^{−3}) = O(R^{−3/2}), R ↑ ∞. Similarly the difference of the two integrals is estimated by ∫_R 1 r^{32} r^{−3}dr, which converges absolutely as R ↑ ∞. Therefore the difference ∑ |n|≤R A(|n|) − ∫_R 0 4πr^2A(r)dr

has a limit when R ↑ ∞. But the integral is easily seen to be convergent, from the above form of A(r). This proves that the Fourier series is convergent at x = 0.

Conversely, if the Fourier series is convergent at x = 0 then we may follow the above steps to see that the C_2 contribution produces a convergent series. If C_1 ≠ 0 we conclude, as in the previous section 5 that we must have divergence, a contradiction. Hence F (a) = 0.

7. An overview with Fourier transforms

As a concluding remark, we can gain further insight into the phenomena discussed here by means of the Fourier transform of radial functions. In this context some of the formulas become simpler, thus revealing more clearly the nature of the convergence/divergence phenomena.

The Fourier transform of an integrable function f(x), x ∈ R^p is defined as

f̂(μ) = 1 (2π)^p ∫ R^p f(x)e^{−i⟨μ,x⟩}dx. We attempt to retrieve the original function through the “spherical partial sum” lim_{R↑∞} ∫ |μ|≤R f̂(μ)e^{i⟨μ,x⟩}dμ.

When we insert the definition of f̂(μ) and interchange the order of integration, the latter integral is written as the convolution ∫ R^p

f(y)D_R(x − y)dy, D_R(y) := 1 (2π)^p ∫ |μ|≤R e^{i⟨μ,y⟩}dμ = D̃_R(|y|). This is the “Dirichlet kernel” in the present context. It can be expressed explicitly in terms of Bessel functions, if necessary.

In case p = 3, by the calculation of section 3, we have the elementary trigonometric function D̃_R(z) = − 1 2π^2z d dz ( sin Rz z ) , z > 0. When we apply this to a radial function f(x) = F (|x|) and evaluate at x = 0 we obtain the integral ∫ R^p

f(y)D_R(−y)dy = − 2 π ∫_∞ 0^+ F (z)z^{−1} d dz ( sin Rz z ) z^2dz. Assuming that F (z) = 0 for z > Z and is smooth for 0 ≤ z ≤ Z, we can integrate-by-parts to obtain 2 π [ −F (Z) sin RZ + ∫_Z 0^+ sin Rz z d dz (zF (z))dz ] . The final integral can be analyzed by the methods of one-dimensional Fourier analysis of piecewise smooth functions [P, Section 1.2]. This gives lim_{R↑∞} ∫_Z 0^+ sin Rz z d dz (zF (z))dz = π 2 F (0+).

Therefore the convergence of the spherical partial sum depends on the behavior of the term at the boundary z = Z. Clearly this will be zero if F (Z) = 0; otherwise this term will oscillate when R ↑ ∞, causing the partial sums to diverge. This agrees with the result of section 6 for radial Fourier series in three dimensions. In the present context we can see this without directly estimating the Fourier transform, since we have the explicit form of the Dirichlet kernel D_R.

In case p = 2 the calculation of section 2 shows that the Dirichlet kernel is

D_R(y) = 1 (2π)^2 ∫_R 0 ∫_{2π} 0 e^{iμ|y| cos θ}μdμdθ = 1 2π ∫_R 0 J_0(μ|y|)μdμ = R 2π|y| J_1(R|y|) .

Therefore the spherical partial sum of the Fourier transform of a radial function f = F (r) at x = 0 is 1 2π ∫ R^2 F (|y|)R J_1(R|y|) |y| dy_1dy_2. In case F (z) = 0 for z > Z, this may be written as the one-dimensional integral ∫_Z 0 F (z)RJ_1(Rz)dz. To prove convergence, we may assume that F (0+) = 0 (otherwise replace F (z) by F (z) − F (0^+) and recall that the improper integral ∫_∞ 0 J_1(x)dx = − ∫_∞ 0 J^′_0(x)dx = 1 [P, p. 180 and p. 314). Now ∫_Z 0 F (z)RJ_1(Rz)dz = − ∫_Z 0 F (z) d dz J_0(Rz)dz = −J_0(RZ)F (Z) + ∫_Z 0 J_0(Rz)F^′(z)dz .

The boundary term tends to zero when R ↑ ∞. To handle the integral, we note that it tends to zero whenever F^′(z) = z^n for some n = 0, 1, 2, . . .. But the continuous function F^′ can be uniformly approximated by a polynomial on the interval 0 ≤ z ≤ Z. Therefore the integral tends to zero for any C^1 function F (z), 0 ≤ z ≤ Z .

We summarize as follows Theorem. Suppose that f(x) = F (|x|) where F (z), 0 ≤ z ≤ Z, has a continuous derivative, and f : R^p → R is zero elsewhere. If p = 2 the spherical partial sum of the Fourier transform converges at x = 0 to f(0). If p = 3 this convergence takes place if and only if F (Z) = 0.

Acknowledgement We would like to thank S.R.S. Varadhan and Elton P. Hsu for helpful conversations and Christopher Kelly for valuable technical assistance.

References

[A] M. Ash, Multiple trigonometric series, in Studies in Harmonic Analysis, ed. Ash, Studies in Mathematics Vol. 13, Mathematical Association of America, 1976, 76-96.

[B] S. Bochner, Fourier series came first, American Mathematical Monthly, 86, 1979, 197-199.

[C] S.D. Chatterji, On the mathematical work of Charles Fefferman, Jahrbuch Uberlich Mathematik 1979, 157-164, Bibliographisches Institut.

[GP] A. Gray and M. Pinsky, Gibbs phenomenon for Fourier-Bessel series, Expositiones Mathematicae, to appear.

[G] V. Guillemin, Some classical theorems in spectral theory revisited, Seminar on Singularities of Solutions of Linear Partial Differential Equations, ed. L. Hörmander, Annals of Math. Studies 91, Princeton University Press, 1979, 219-259.

[H] P. Halmos, Fourier Series, American Mathematical Monthly 85, 1978, 33-34 . [HL] G. H. Hardy and E. Landau, The Lattice Points of a Circle, Proceedings of the Royal Society, Series A, 105 (1924), 244-258.

[LP] P. D. Lax and R. S. Phillips, The asymptotic distribution of lattice points in Euclidean and non-Euclidean spaces, Journal of Functional Analysis, 46 (1982), 280-350.

[P] M. Pinsky, Partial Differential Equations and Boundary-Value Problems with Applications, Mc Graw Hill, 1991.

Department of Mathematics, Northwestern University, Evanston, IL 60208*

Department of Mathematics, Notre Dame University, Notre Dame, IN 46556**

Integrated Science Program, Northwestern University, Evanston, IL 60208***

* Research supported by the National Science Foundation ** Research supported by the National Science Foundation *** Research supported by the Pew Charitable Trust