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ABSTRACT. We define an analogue of the Casimir element for a graded affine
Hecke algebra H, and then introduce an approximate square-root called the
Dirac element. Using it, we define the Dirac cohomology HP(X) of an H
module X, and show that HP (X) carries a representation of a canonical double
cover of the Weyl group W. Our main result shows that the W structure on
the Dirac cohomology of an irreducible H module X determines the central
character of X in a precise way. This can be interpreted as p-adic analogue of
a conjecture of Vogan for Harish-Chandra modules. We also apply our results
to the study of unitary representations of H.

1. INTRODUCTION

This paper develops the theory of the Dirac operator for modules over a graded
affine Hecke algebra H. Our approach is influenced by the classical Dirac operator
acting on sections of spinor bundles over a Riemannian symmetric space G/K
(e.g. [AS, P]). In that setting, the tangent space T.x(G/K) identifies with the
(—1)-eigenspace of the Cartan involution for G acting on its Lie algebra g. In the
present setting, H plays the role of the enveloping algebra of the complexification of
g, the analogue of the Cartan involution is a canonical anti-involution * of H, and
the role of T.x (G/K) is played by a subspace of the (—1)-eigenspace of x. Because
% is induced by the operation of inversion on a corresponding split p-adic group
[BM1, BM2], our setting can be thought of as a p-adic analogue of the Riemannian
symmetric case.

Our Dirac operator acts on an H module X tensored with a space of spinors
for an appropriate Clifford algebra. Motivated by the study of the index of the
classical Dirac operator, we introduce the Dirac cohomology H”(X) of X. The
cohomology space is a representation of a canonical double cover W of a relevant
Weyl group. Our main result is a p-adic analogue of Vogan’s Conjecture for Harish-
Chandra modules (proved by Huang and Pandzi¢ [HP]). We prove that when X is
irreducible, the W representation on H? (X) (when nonzero) determines the central
character of X. It turns out that the central characters which arise in this way are
closely related to the central characters of elliptic tempered representations of Hi,
in the sense of [Ar, OS]. Moreover, roughly speaking, H?(X) vanishes exactly
when one would hope it would; in particular we know of no interesting unitary
representation X (an isolated automorphic one, say) for which H?(X) = 0.

In more detail, fix a root system R as in [S, §1.3] but do not impose the crystal-
lographic condition (RS3). (When we wish to impose (RS3), we shall refer to R as
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a crystallographic root system.) Let V; (resp. V) denote the real (resp. complex)
span of R, write V) (resp. V) for the real (resp. complex) span of the coroots R,
W for the Weyl group, and fix a W-invariant inner product (, ) on V)’ (and hence
Vo as well). Extend (, ) to a symmetric bilinear form on V' (and V). Let H denote
the associated graded affine Hecke algebra with parameters defined by Lusztig [L1]
(Definition 2.1). As a complex vector space, H ~ C[W] ® S(VV). Lusztig proved
that maximal ideals in the center of H, and hence central characters of irreducible
H modules, are parametrized by (W orbits of) elements of V.

After introducing certain Casimir-type elements in Section 2, we then turn to the
Dirac element in Section 3. Let C'(V,’) denote the corresponding Clifford algebra
for the inner product { , ). For a fixed orthonormal basis {w;} of V', the Dirac
element is defined (Definition 3.1) as

D:Z@i(@wi EH@O(VOV),

where @; € H is given by (2.13). The key point, as mentioned above, is that

~% o~
wi = —Ws;

see Section 2.5. In Theorem 3.1, we prove D is roughly the square root of the
Casimir element Y, w? € H (Definition 2.4)".

For a fixed space of spinors S for C(V,’) and a fixed H module X, D acts as an
operator D on X ® S. Since W acts by orthogonal transformation on V', we can
consider its preimage W in Pin(Vy’), see (3.4). By restriction, X is a representation
of W, and so X ® S is a representation of W. Lemma 3.4 shows that D (and
hence D) are approximately W invariant. Thus ker(D) is also a representation of
w. Corollary 3.6 shows that if X is irreducible and ker(D) is nonzero, then any
irreducible representation of W occurring in ker(D) determines (v,v) where v is
the central character of X. This is an analogue of Parthasarathy’s fundamental
calculation [P, Section 3] (cf. [SV, Section 7]) for Harish-Chandra modules.

We then define the Dirac cohomology of X as HP(X) = ker(D)/(ker(D) N
im(D)) in Definition 4.1. (For representations which are unitary with respect to ,
HP(X) =ker(D).) Once again H”(X) is a representation of W. One is naturally
led to the following version of Vogan’s Conjecture: if X is irreducible and H” (X) is
nonzero, then any irreducible representation of W occurring in H?(X) determines
the central character v of X, not just (v,v). This is the content of Theorem
4.4 below. For algebras H attached to crystallographic root systems and equal
parameters, a much more precise statement is given in Theorem 5.8. As explained
in Remark 5.9, the proof of Theorem 5.8 also applies for the special kinds of unequal
parameters arising in Lusztig’s geometric theory [L2, L3].

To make Theorem 5.8 precise, we need a way of passing from an irreducible W
representation to a central character, i.e. an element of V./vThis is a fascinating
problem in its own right. The irreducible representations of W — the so-called spin
representations of W — have been known for a long time from the work of Schur,
Morris, Reade, and others. But only recently has a uniform parametrization of them

INote that if we replace * by some other anti-involution, Definition 3.1 suggests how to con-
struct a corresponding Dirac element. But these other Dirac elements will not be interesting from
the point of view of p-adic group representations, and we therefore do not consider them here.
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in terms of nilpotent orbits emerged [C]. This parametrization (partly recalled in
Theorem 5.1) provides exactly what is needed for the statement of Theorem 5.8.

One of the main reasons for introducing the Dirac operator (as in the real case) is
to study unitary representations. Here, as above, unitarity of H modules is defined
with respect to * (Section 2.5). When R is crystallographic and the parameters
are taken to be constant, [BM1]-[BM2] show that unitary H modules (with “real”
central character in Vj) correspond to unitary representation of the split adjoint
p-adic group attached to R.

Corollary 5.4 and Remarks 5.5-5.6 contain powerful general statements about
unitary representations of H, and hence of split p-adic groups. In particular, we
obtain an elegant uniform bound on the “spectral gap” measuring the degree to
which the trivial representation is isolated in the unitary dual of H. (The terminol-
ogy “spectral gap” is used since the representation theoretic statement immediately
gives a lower bound on the first nontrivial eigenvalue of a relevant Laplacian act-
ing on certain spaces of automorphic forms.) Given the machinery of the Dirac
operator, the proofs of these results are very simple.

As an example we include the following remarkable consequence of Theorem 5.8
(from which the estimate on the spectral gap follows immediately).

Theorem 1.1. Suppose H is attached to a crystallographic root system with equal
parameters (Definition 2.1), and let g denote the corresponding complex semisimple
Lie algebra with Cartan subalgebra h ~ V. Let X be an irreducible H module with
central character x,, forv € V.~ b (as in Definition 2.2). Suppose further that X is
unitary with respect to * as in Section 2.5, and that the kernel of the Dirac operator
for X is nonzero (Definition 3.1). Then there exists an sly triple {e, h, f} C g such
that the centralizer in g of e is solvable and such that

1
— —h.
Y75

In particular, if R is irreducible of rank at least 2, and X is not equal to the trivial
or Steinberg representation, then the (v,v) is at most (1/4)(he, hs), where he is
the middle element of an sly triple for the subregular nilpotent orbit in g.

We remark that while this paper is inspired by the ideas of Huang-Pandzié,
Kostant, Parthasarathy, Schmid, and Vogan, it is essentially self-contained. There
are two exceptions, and both arise during the proof of the sharpened Theorem
5.8. We have already mentioned that we use the main results of [C] in Section 5.
The other nontrivial result we need is the classification and W-module structure
of certain tempered H-modules ([KL, L1, L3]). These results (in the form we use
them) are not available at arbitrary parameters. This explains the crystallographic
condition and restrictions on parameters in the statement of Theorem 5.8 and in
Remark 5.9. For applications to unitary representations of p-adic groups, these
hypotheses are natural. Nonetheless we expect a version of Theorem 5.8 to hold
for arbitrary parameters and noncrystallographic roots systems.

The results of this paper suggest generalizations to other types of related Hecke
algebras. They also suggest possible generalizations along the lines of [K] for a
version of Kostant’s cubic Dirac operator. Finally, in [EFM] and [CT] (and also in
unpublished work of Hiroshi Oda) functors between Harish-Chandra modules and
modules for associated graded affine Hecke algebras are introduced. It would be
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interesting to understand how these functors relate Dirac cohomology in the two
categories.

2. CASIMIR OPERATORS

2.1. Root systems. Fix a root system ® = (1, R, V), RV) over the real numbers.
In particular: R C Vp \ {0} spans the real vector space Vp; RV C VY \ {0} spans
the real vector space V;’; there is a perfect bilinear pairing

() Vox Vy —R;

and there is a bijection between R and RY denoted o — «" such that (a, o) =2
for all . Moreover, for a € R, the reflections

S0 Vo= Vo, sa(v) =v—(v,a")a,

sa Vo = W, sa(v)) =" = (e, 0)a”

leave R and RY invariant, respectively. Let W be the subgroup of GL(Vy) generated
by {s« | @ € R}. The map s, + s given an embedding of W into GL(V,’) so that

(v, wv’) = (wv,v") (2.1)

for all v € V and v’ € V.

We will assume that the root system ® is reduced, meaning that v € R implies
2a ¢ R. However, initially we do not need to assume that ® is crystallographic,
meaning that for us (a, 8Y) need not always be an integer. We will fix a choice of
positive roots Rt C R, let II denote the corresponding simple roots in BT, and let
RV denote the corresponding positive coroots in RY. Often we will write o > 0
or a < 0 in place of & € RT or @ € (—RT), respectively.

We fix, as we may, a W-invariant inner product (-,-) on V;'. The constructions
in this paper of the Casimir and Dirac operators depend on the choice of this inner
product. Using the bilinear pairing (-, -), we define a dual inner product on Vj as
follows. Let {w; |i=1,---,n} and {0’ |i=1,...,n} be R-bases of V; which are
in duality; i.e. such that (w;,w’) = §; ;, the Kronecker delta. Then for vy, vy € Vg,

set
n

(v1,02) = > (v1,w;) (v2,w"). (2.2)
i=1
(Since the inner product on V)’ is also denoted (-,-), this is an abuse of notation.
But it causes no confusion in practice.) Then (2.2) defines an inner product on V;
which once again is W-invariant. It does not depend on the choice of bases {w;}
and {w'}. If v is a vector in V or in V'V, we set |v| := (v, v)1/2.
Finally, we extend ( , ) to a symmetric bilinear form on the complexification
VYV =V, ®r ®C (and V =V @R C).

2.2. The graded affine Hecke algebra. Fix a root system ® as in the previous
section. Set V = Vp ®r C, and VV = VY ®g C. Fix a W-invariant “parameter
function” ¢: R — Rsg, and set ¢, = ¢(a).

Definition 2.1 ([L1] §4). The graded affine Hecke algebra H = H(®, ¢) attached to
the root system ® and with parameter function c is the complex associative algebra
with unit generated by the symbols {t,, | w € W} and {t; | f € S(VVY)}, subject
to the relations:
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(1) The linear map from the group algebra C[W] = @, .y Cw to H taking w
to t,, is an injective map of algebras.

(2) The linear map from the symmetric algebra S(V") to H taking an element
f to ty is an injective map of algebras.

We will often implicitly invoke these inclusions and view C[W] and S(VV) as subal-
gebras of H. As is customary, we also write f instead of ¢y in H. The final relation
is

3)
wts, —ts, S5a(W) = cola,w), acll, weVY; (2.3)
here s, (w) is the element of V'V obtained by s, acting on w.

Proposition 4.5 in [L1] says that the center Z(H) of H is S(VV)". Therefore
maximal ideals in Z(H) are parametrized by W orbits in V.

Definition 2.2. For v € V, we write x, for the homomorphism from Z(H) to C
whose kernel is the maximal ideal parametrized by the W orbit of v. By a version of
Schur’s lemma, Z(H) acts in any irreducible H module X by a scalar x : Z(H) — C.
We call x the central character of (7, X). In particular, there exists v € V' such
that x = xu.
2.3. The Casimir element of H.
Definition 2.3. Let {w; : i = 1,n} and {w’ : i = 1,n} be dual bases of V;’ with
respect to (, ). Define

Q= Zwiwi e H. (2.4)

i=1

It follows from a simple calculation that €2 is well-defined independent of the choice
of bases.
Lemma 2.4. The element € is central in H.

Proof. To see that  is central, in light of Definition 2.1, it is sufficient to check
that t,_ Q = Qt,_ for every o € II. Using (2.3) twice and the fact that (o, sq(w)) =
—(a,w) (as follows from (2.1)), we find

te, (Wiw") = (80(wi)Sa(W))ts, + cala, w)sa(wi) + oo, wi)w'. (2.5)

Therefore, we have

ts, Q= Z S (Wi)sa(Wts, + ca Z(a,wi)sa(wi) + co Z(a,wi)wi
i=1 i=1 i=1
= Qts,, + ca Z(a, Sa(W))wi + cqo Z(a, w;)w?, (2.6)
i=1 i=1
=QOt,, — Ca Z(a, wHw; + Ca Z(a,wi)wi.
i=1 i=1

But the last two terms cancel (which can be seen by taking {w;} to be a self-dual
basis, for example). So indeed t,_ Q = Qt,_ . g

Lemma 2.5. Let (w,X) is an irreducible H-module with central character x, for
v €V (as in Definition 2.2). Then

m(Q) = (v,v) ldx.
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Proof. Since € is central (by Lemma 2.4) and since X is assumed to have central
character x,, it follows from Definition 2.2 that 2 acts by the scalar

n

> (wi) (v, ).

i=1
According to (2.2), this is simply (v, v), as claimed. O
2.4. We will need the following formula. To simplify notation, we define

twp = twtsyty-1, for we W, 3 € R. (2.7)
Lemma 2.6. Forw e W andw € V"V,

towty,' =ww)+ Y cp(B,w)tup. (2.8)
B8>0 s.t. wB<0

Proof. The formula holds if w = s,, for a € II, by (2.3):
ts wits, = Sa(w) + co(a,w)ts, . (2.9)

We now do an induction on the length of w. Suppose the formula holds for w, and
let o be a simple root such that s,w has strictly greater length. Then

tsathtwfltsa = tsa w(w) + Z Cﬁ(ﬁaw)twﬁ tsa =

B:wp<0
= SaW(W) + cala,w)ts, + Z ca(B,w)ts, twsts, (2.10)
B:wp<0
= sqw(w) + cola,w)ts, + Z (B, w)ts.wp-
B:wp<0
The claim follows. 0

2.5. The x-operation, Hermitian and unitary representations. The algebra
H has a natural conjugate linear anti-involution defined on generators as follows
([BM2, Section 5]):

tz):tw—17 w e W,

wr=—w+ Zq;(ﬂ,w)tsﬁ, weVy. (2.11)
B8>0

In general there are other conjugate linear anti-involutions on H, but this one is
distinguished by its relation to the canonical notion of unitarity for p-adic group
representations [BM1]-[BM2].

An H-module (7, X) is said to be #-Hermitian (or just Hermitian) if there exists
a Hermitian form (, )x on X which is invariant in the sense that:

(r(h)x,y)x = (x,m(h")y)y, forallheH, z,yeX. (2.12)

If such a form exists which is also positive definite, then X is said to be #-unitary
(or just unitary).

Because the second formula in (2.11) is complicated, we need other elements
which behave more simply under *. For every w € V'V, define

T=w-— % > ep(Bwlts, € H (2.13)

B>0
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Then it follows directly from the definitions that w* = —w, when w € V. Thus if
(m, X) is Hermitian H-module and w € V;’,

(r(@)z, 7(@)z)x = (7(@) (@), 2)x = —(7(@3)z, 2)x. (2.14)

If we further assume that X is unitary, then
(m(@Hz,2)x <0, forallzec X, wely. (2.15)

For each w and =z, this is a necessary condition for a Hermitian representation X
to be unitary. It is difficult to apply because the operators m(w?) are intractable in
general. Instead we introduce a variation on the Casimir element of Definition 2.3
whose action in an H-module will be seen to be tractable.

Definition 2.7. Let {w;}, {w’} be dual bases of VY with respect to (, ). Define
O=> @& € H (2.16)
i=1

It will follow from Theorem 2.11 below that € is independent of the bases chosen.

If we sum (2.15) over a self-dual orthonormal basis of V3, we immediately obtain
the following necessary condition for unitarity.

Proposition 2.8. A Hermitian H-module (7, X) with invariant form ( , )x is
unitary only if

(r(Q)z,2)x <0, forallxeX. (2.17)

The remainder of this section will be aimed at computing the action of Qin an
irreducible H module as explicitly as possible (so that the necessary condition of
2.8 becomes as effective as possible). Since Q is no longer central, nothing as simple
as Lemma 2.5 is available. But Proposition 2.10(2) below immediately implies that
Q) invariant under conjugation by t,, for w € W. It therefore acts by a scalar on
each W isotypic component of H module. We compute these scalars next, the main
results being Theorem 2.11 and Corollary 2.12.

To get started, set

1

Ty,=w—o= izcﬁ(ﬁyw)tsﬁ cH (2.18)
B8>0
and
1
Qw =7 Y cacplon Bty ta, € CW]. (2.19)
a>0,8>0
s.t. sa(B)<0

Note that Qyy is invariant under the conjugation action of W. As we shall see, Qv
plays the role of a Casimir element for C[IV].

Lemma 2.9. If wi,ws € VY, we have

1
[T(JJ17TUJ2] = Z Z Cacﬁ((aawl)(ﬁy‘UQ) - (ﬂawl)(avw2))tsat55~
a>0,8>0
s.t. sq(B)<0
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Proof. From the definition (2.18), we see that

Lo Tl =7 3 cacall@wn)(B.wn) = (Brion) @)t oy

a>0,8>0

Assume a > 0,5 > 0 are such that s,(3) > 0. Notice that if v = s,(8), then
ts ts, = ts,ts,. Also, it is elementary to verify (by a rank 2 reduction to the span
of @¥ and 3V, for instance) that

(sa(B),; wi)(a, w2) = (@, w1)(sa(B), w2) = =((@,w1)(B,w2) = (B, w1)(a, w2)).

Since ¢ is W-invariant, this implies that the contributions of the pairs of roots
{a, 8} and {s.(0),a} (when s,(5) > 0) cancel out in the above sum. The claim
follows. O

Proposition 2.10. Fizw € W and w,w1,ws € VY. The elements defined in (2.13)
have the following properties:

(1) w* = —-w; .
(2) tyWty—1 = w(w);
(3) [‘;17‘;2] = _[Tw17Tw2]'

Proof. As remarked above, property (1) is obvious from (2.11). For (2), using
Lemma 2.6, we have:

- 1
bty 1 = tuwty—1 — 5 > es(Bw)twt sty

B8>0
1
—ww)+ D cs(Bw)tws — 3 > cs(B,w)tup
B>0:wB<0 B>0
1 1 (2.20)
=w(w) + B} Z cs(B, w)tws — 5 Z (B, w)tuws
B>0:wB<0 B>0:wB>0
1 B —
— ()~ 5 3 o W), = wle).
B'>0
For the last step, we set 3’ = —wf3 in the first sum and 3’ = wf in the second sum,

and also used that cg = cg since ¢ is W-invariant.
Finally, we verify (3). We have

[01,02] = [w1 — Toy wo — Ty
= [Twlvaz] - ([Twlvwﬂ + [wlvaz])'

We do a direct calculation:

1
[Tw17w2] = 5 Z Ca(OL, wl)(tSaLUQtSa - w2)t8a'
a>0

Applying Lemma 2.6, we get

1 1
Tupse] = 5 D cal@wn)(Salwn) —wlta, +5 2 cacalanwn)(B,wa)te, gts,

a>0 a>0,6>0
s.t. s4(8)<0
1 1
=3 Z ca(o,wr)(a,wa)aVts, + 3 Z cacp(o,wr) (B, wa)ts, tsy-
a>0 a>0,8>0

s.t. sq(B)<0
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From this and Lemma 2.9, it follows immediately that [T, ,ws] + [w1,Ty,] =
2[T.,,,T,]. This completes the proof of (3). O

Theorem 2.11. Let Q) be the W -invariant element of H from Definition 2.7. Recall
the notation of (2.18) and (2.19). Then

Q=0-Qp. (2.21)

Proof. From Definition 2.7, we have

n

ﬁ = Zn: wiwi - Z(WiTwi + Twiwi) + zn: TwiTwz‘. (2.22)
=1

i=1 i=1
On the other hand, we have @ = (w — w*)/2, and so
00" = (wiw' + wiw') /4 — (W' +wiw')/4. (2.23)

Summing (2.23) over ¢ from 1 to n, we find:

n

~ wiw® + wiw wiw' +wiw'
Q=2 -2
i=1

4 4

~.

1
1 o1& ) )
=3 > wiw' — i D lwi(—w' +2T00) + (—wi + 2T, )w'] (2.24)
TLZ:l ) 1 TLZZI )
= 2 wiw® — 5 ;(MTM + T,,w").
We conclude from (2.22) and (2.24) that
; T, Ty = % ;(wiTwi + T,,wb), (2.25)
and N .
Q=0- % D (@il + Typw') = Q=Y T, T (2.26)
i=1 i=1

This is the first assertion of the theorem. For the remainder, write out the definition
of T,,, and T, and use (2.2):

= 1 1
> T, T = i > cacsla, Bits,ts, = i > cacpla, Blts,tey,  (2:27)
=1 «a,8>0 a>0,8>0
sa(B)<0
with the last equality following as in the proof of Lemma 2.9. O

Corollary 2.12. Retain the setting of Proposition 2.8 but further assume (mw, X)
is irreducible and unitary with central character x, with v € V' (as in Definition
2.2). Let (o,U) be an irreducible representation of W such that Homy (U, X) # 0.
Then
(v,v) < (o) (2.28)
where
(o) = i > la,a) + % > cac[;(a,ﬂ)w (2.29)

a>0 a>0,8>0 tro (1)
a#B3,54(8)<0

is the scalar by which Qw acts in U and tr, denotes the character of o.
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Proof. The result follow from the formula in Theorem 2.11 by applying Proposition
2.8 to a vector x in the o isotypic component of X. ([

Theorem 2.11 will play an important role in the proof of Theorem 3.5 below.

3. THE DIRAC OPERATOR

Throughout this section we fix the setting of Section 2.1.

3.1. The Clifford algebra. Denote by C(V,’) the Clifford algebra defined by V;’
and (, ). More precisely, C(Vy’) is the quotient of the tensor algebra of VY by the
ideal generated by

wRW+w Rw+2ww), ww eVy.

Equivalently, C'(V,) is the associative algebra with unit generated by V,’ with

relations:

w? = —(w,w), ww +ww=—-2wuw). (3.1)

Let O(V;’) denote the group of orthogonal transformation of VY with respect to
(, ). This acts by algebra automorphisms on C(V’), and the action of —1 € O(V})
induces a grading

C(‘/E)v) = C(Vb\/)even + C(Vov)odd- (3.2)

Let € be the automorphism of C'(V})") which is +1 on C'(V} )even and —1 on C'(Vy)’ ) odd-
Let ! be the transpose antiautomorphism of C(V’) characterized by

W= —w, we VY, (ab)' =b'd', a,be C(Vy). (3.3)
The Pin group is
Pin(Vy) = {a e C(Vy) | e(a)Vy'a™t C VY, a' = a1}, (3.4)
It sits in a short exact sequence
1 — {+1} — Pin(Vy/) 2= O(V}) — 1, (3.5)

where the projection p is given by p(a)(w) = e(a)wa™!. (Note the appearance of €
in the definition of Pin(V;’). This insures that p is surjective.)

We call a complex simple C(V,’) module (v, S) of dimension 2™ V/2 a spin
module for C(V,’). When dimV is even, there is only one such module (up to
equivalence), but if dim V' is odd, there are two inequivalent spin modules. We may
endow such a module with a positive definite Hermitian form ( , )g such that

(v(a)s,s')s = (s,v(a"))s, forallac C(Vy')and s,s € 8. (3.6)
In all cases, (v,.5) restricts to an irreducible unitary representation of Pin(Vy’).
3.2. The Dirac operator D.

Definition 3.1. Let {w;}, {w'} be dual bases of V;,’, and recall the elements @; € H
from (2.13). The Dirac element is defined as

D=) &ew ecHe W)

It is elementary to verify that D does not depend on the choice of dual bases.
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Frequently we will work with a fixed spin module (7, S) for C(Vy’) and a fixed
H-module (7, X). In this setting, it will be convenient to define the Dirac operator
for X (and S) as D = (7 ® v)(D). Explicitly,

D =) (@) ®y(w') € Endagowy)(X ®9). (3.7)
i=1

Lemma 3.2. Suppose X is a Hermitian H-module with invariant form (| )x. With
notation as in (3.6), endow X ® S with the Hermitian form (x ® s,2' ® s')xgs =
(x,2")x ® (s,8')s. Then the operator D is self adjoint with respect to (, Jxgs,

(D(x®s),7 ®s)xgs = (x®s, D' @s))xas (3.8)
Proof. This follows from a straightforward verification. ([
We immediately deduce the following analogue of Proposition 2.8.

Proposition 3.3. In the setting of Lemma 3.2, a Hermitian H-module is unitary
only if
(D*(x®5),® 8)xgs > 0, foralr@se X®8S. (3.9)

To be a useful criterion for unitarity, we need to establish a formula for D?
(Theorem 3.5 below).

3.3. The spin cover W. The Weyl group W acts by orthogonal transformations
on Vy’, and thus is a subgroup of O(V;"). We define the group W in Pin(V}):

W= p 1 (O(Vy")) € Pin(Vy'), where p is as in (3.5). (3.10)
Therefore, W is a central extension of W,
1— {#1} — W LW — 1. (3.11)
We will need a few details about the structure of W. For each a € R, define
elements f, € C(Vy’) via
fo=a"/laY| e VY cC(Vy). (3.12)
It follows easily that p(fo) = Sa, the reflection in W' through «. Thus {fa | @ € R}

(or just {fo | @ € II}) generate W. Obviously f2 = —1. Slightly more delicate
considerations (e.g. [M, Theorem 3.2]) show that if a, 3 € R, v = s,(5), then

fofa=—Ffaly. (3.13)

A representation of W is called genuine if it does not factor to W, i.e. if —1
acts nontrivially. Otherwise it is called nongenuine. (Similar terminology applies
to (C[I/T/} modules.) Via restriction, we can regard a spin module (v, S) for C(V)
as a unitary 1% representation. Clearly it is genuine. Since RV spans V'V, it is
also irreducible (e.g. [M] Theorem 3.3). For notational convenience, we lift the sgn
representation of W to a nongenuine representation of W which we also denote by
sgn.

We write p for the diagonal embedding of C[W] into H ® C(V}) defined by
extending

P) = ty(ay ® T (3.14)
linearly.
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Lemma 3.4. Recall the notation of Definition 3.1 and (3.14). For w € W,
p(w)D = sgn(w)Dp(w)
as elements of H® C(VV).

Proof. From the definitions and Proposition 2.10(2), we have

p(@)pp(ﬁjil) = th(ﬁ)&itp({l‘)—l) Q wwlw !
= Zp(iﬁ) cw; @ wwiw !

where we have used the - to emphasize the usual action of W on S(V;"). We argue
that in C(Vy’)

W't = sgn(@)(p(w) - wb). (3.15)
Then the lemma follows from the fact that the definition of D is independent of the

choice of dual bases.
Since W is generated by the various f,, for « simple, it is sufficient to verify (3.15)

for w = f,. This follows from direct calculation: fow'f;! = — (avlav>avwiav =
—Wav(—avwi —2(w,aV)) = —w' + (w,a)a" = —s4 - W' O
3.4. A formula for D?. Set
1
Qp=-7 D cacslallflfafs. (3.16)
a>0,8>0
Sa(ﬁ)<0

This is a complex linear combination of elements of W, i.e. an element of C[W].
Using (3.13), it is easy to see ()3 is invariant under the conjugation action of W.

Once again ; will play the role of a Casimir element for C[W]. The following
result should be compared with [P, Proposition 3.1].

Theorem 3.5. With notation as in (2.4), (3.7), (3.14), and (3.16),
D’ =-Q®1+p(Q), (3.17)
as elements of H® C(VV).
Proof. Tt will be useful below to set
RZ:={(a,f) ERXxR:a>0,8>0,a+# 3 s,(08) <0} (3.18)

To simplify notation, we fix a self-dual (orthonormal) basis {w; : i =1,...,n} of
V. From Definition 3.1, we have

D? = ZJJ? ®wi2 + ZJMT)] R wiw;
i=1 i#j
Using w? = —1 and ww; = —w;w; in C(V") and the notation of Definition 2.7, we
get
D2 = —ﬁ ®1+ Z[&Z,&]] ®wiwj.

1<j
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Applying Theorem 2.11 to the first term and Proposition 2.10(3) to the second, we
have

1 1
2)2:79@9141Z<a,a>+Z > cacpla, Bt ts, ® 1
>0 (@,8)€R2

_ Z[Twi’ ij] Q wiwy.

i<j
Rewriting [T0,,,T.,;] using Proposition 2.10(3) , this becomes
1 1
D?P=—Q®1+ I Z(a,a} + 1 Z cacpla, Bt ts, ® 1

a>0 (.8)€R2

- iz Z Cacﬁ((wia O‘)(Wjaﬁ) - (wivﬂ)(wﬁa))tsatsg & Wiy,

1<j (a,3)€R2

and since ww; = —w;w; in C(VV),

1 1
DP=-Q®1+ 1 Z(a,a> + 1 Z cacpla, B)ts ts;, @1
(e.B)ER?

a>0
1
_ Z CaCpls tss @ Z((wi,a)(wj7ﬁ))wiwj.
(a,8)€R2 i#]
Using (2.2) and the definition of f, in (3.12), we get
1 1
2 _
DF=-Q1+ 1 Z(a,a) + 1 Z cacpla, Bt ts, ® 1
a>0 (a,8)ERZ
1
1Y cacatuntn, © (allBlfufs + (:8)
(,B)ERZ
1 1
=—Q@1+ 7> (aa) =7 D cacslallBltpsntiisy) © fafs.
a>0 (a.B)ERT
The theorem follows. ]

Corollary 3.6. In the setting of Proposition 3.3, assume further that X is irre-
ducible and unitary with central character Xv U with v € V (as in Deﬁmtzon 2.2).
Let (5,U) be an irreducible representation of W such that Hom (U X®S)#0.
Then

(v,v) < (o) (3.19)
where
.1 1 5(Ja
D=Ll ¥ colals ml) (3.20)
a>0 a>g,,(2;)0<706¢ﬁ

is the scalar by which Qg acts in U and trz denotes the character of o.

Proof. The corollary follows by applying Proposition 3.3 to a vector z ® s in the
o isotypic component of X ® S, and then using the formula for D? = (7 ® ) (D?)
from Theorem 3.5 and the formula for 7(Q2) from Lemma 2.5. |



14 DAN BARBASCH, DAN CIUBOTARU, AND PETER E. TRAPA

4. DIRAC COHOMOLOGY AND VOGAN’S CONJECTURE

Suppose (7, X) is an irreducible H module with central character x,. By Lemma
3.4, the kernel of the Dirac operator on X ® S is invariant under W. Suppose ker(D)

is nonzero and that & is an irreducible representation of 1% appearing in ker(D).
Then in the notation of Corollary 3.6, Theorem 3.5 and Lemma 2.5 imply that

(v,v) = ¢(0).

In particular, (v, v) is determined by the W structure of ker(D). Theorem 4.4 below
says that y, itself is determined by this information.

4.1. Dirac cohomology. As discussed above, Vogan’s Conjecture suggests that
for an irreducible unitary representation X, the W structure of the kernel of the
Dirac operator D should determine the central character of X. This is certainly
false for nonunitary representations. But since it is difficult to imagine a proof of
an algebraic statement which applies only to unitary representations, we use an
idea of Vogan and enlarge the class of irreducible unitary representations for which
ker(D) is nonzero to the class of representations with nonzero Dirac cohomology in
the following sense.

Definition 4.1. In the setting of Definition 3.1, define
HP(X) :=ker D/ (ker D NimD) (4.1)

and call it the Dirac cohomology of X. (For example, if X is unitary, Lemma 3.2
implies ker(D) Nim(D) = 0, and so HP(X) = ker(D).)

We roughly follow the outline proposed for real groups by Vogan in [V, Lecture
3] and completed in [HP]. The main technical result of this section is the following
algebraic statement. (See Theorem 2.5 and Corollary 3.5 in [HP] for the analogous
result for real groups.)

Theorem 4.2. Let H be the graded affine Hecke algebra attached to a root system
® and parameter function ¢ (Definition 2.1). Let z € Z(H) be given. Then there
exists a € H® C(Vy') and a unique element ((z) in the center of C[W] such that

z®1=p({(2)) + Da+ aD

as elements in H® C(V,'). Moreover, the map ¢ : Z(H) — C[W]W is a homomor-
phism of algebras.

The proof of Theorem 4.2 is given after Remark 4.6.

Reﬁnition 4.3. Theorem 4.2 allows one to attach canonically to every irreducible
W -representation (&, U ) a homomorphism x? : Z(H) — C, i.e. a central character
of H. More precisely, for every z € Z(H), 5({(2)) acts by a scalar, and we denote
this scalar by x?(z). Since ( is an algebra homomorphism by Theorem 4.2, the map
X7 is in fact a homomorphism.

With this definition, Vogan’s conjecture takes the following form.

Theorem 4.4. Let H be the graded affine Hecke algebra attached to a root system
® and parameter function ¢ (Definition 2.1). Suppose (7, X) is an H module with
central character x,, with v € V' (as in Definition 2.2). In the setting of Definition
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4.1, suppose that fID(X) # 0. Let (5,(7) be an irreducible representation of w
such that Homg; (U, HP (X)) # 0. Then

Xv = ng
where x° is as in Definition 4.3.
Theorem 4.5. Theorem 4.2 implies Theorem 4.4.
Proof. In the setting of Theorem 4.4, suppose Homw(ﬁ, HP (X)) # 0. Then there

exists T = z®s # 0 in the & isotypic component of X ® S such that Z € ker D\imD.
Then for every z € Z(H), we have

(m(2) ® 1)T = xu(2)T
and
(m@7)(p(¢(2)))7 = (¢(2)).
Note that the right-hand sides of the previous two displayed equations are scalar
multiples of . Assuming Theorem 4.2, we have

(r(z)®@1— (m®7)p(((2)))Z = (Da+ aD)x = DaZ, (4.2)

which would imply that T € imD, unless Daxz = 0. So we must have Daz = 0, and

therefore
a(¢(z)) acts by the scalar x,(z) for all z € Z(H). (4.3)

Now the claim follows by comparison with Definition 4.3. O

Remark 4.6. In Section 5, we shall describe explicitly the central characters x?,
when the graded Hecke algebra H has a geometric realization ([L2, L3]).

4.2. Proof of Theorem 4.2. Motivated by [HP, Section 3], we define
d: HeC(Vy) — He C(Vy). (4.4)
on a simple tensor of the form a = h ® vy -+ - vy (with h € H and v; € VV) via
d(a) = Da — (—1)*aD,
and extend linearly to all of H® C(V}’).
Then Lemma 3.4 implies that d interchanges the spaces
(H® (V)™ = {a e Ho C(V) | pl@)a = ap(@)} (4.5)
and
(Ho C(Vy)* = {a e Ho (V) | po(@)a = sgn(@ap(@)}.  (4.6)
(Such complications are not encountered in [HP] since the underlying real group is

assumed to be connected.) Let d*V (resp. d®") denote the restriction of d to the
space in (4.5) (resp. (4.6)). We will deduce Theorem 4.2 from the following result.

Theorem 4.7. With notation as in the previous paragraph,
ker(d"™) = im(d*") & p(C[W]").

To see that Theorem 4.7 implies the first assertion of Theorem 4.2, take z € Z(H).
Since 2 ®@ 1 is in (H ® Ceyen(Vy'))! and clearly commutes with D, z ® 1 is in the
kernel of d™. So the conclusion of Theorem 4.7 implies z ® 1 = d*8"(a) + p({(2))
for a unique ((z) € (C[W]W and an element a of (H ® Codq(Vy’))®®". In particular
d*®"(a) = Da + aD. Thus

z2® 1= p(((2)) + Da+ aD,
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which is the main conclusion of the Theorem 4.2. (The assertion that ¢ is an algebra
homomorphism is treated in Lemma 4.16 below.)

Thus everything comes down to proving Theorem 4.7. We begin with some
preliminaries.

Lemma 4.8. We have

p((C[W]W) C ker(d™).
Proof. Fixw € W and let Say - Sa; be areduced expression of p(w) with «; simple.
Then (after possibly replacing ay with —ay), W = fo, +** fa,- Set a = p(w). Then
the definition of d and Lemma 3.4 imply
d(a) = Da — (1)*aD = (1 — (—1)*sgn(w))Da
= (1 - (-1D*-D)"Da=0,
as claimed. O

Lemma 4.9. We have (d™V)? = (d*¢")? = 0.

Proof. For any a € H® C(V,’), one computes directly from the definition of d to
find

d*(a) = D*a — aD?.
By Theorem 3.5, D?> = -Q® 1 + p(Q5). By Lemma 2.4, —Q ® 1 automatically
commutes with a. If we further assume that a is in (H®C(V,’))¥", then a commutes
with p(€2537) as well. Since each term in the definition (2 is in the kernel of sgn,
the same conclusion holds if a is in (H ® C(V[)))%". The lemma follows. O

We next introduce certain graded objects. Let S7(VV) denote the subspace
of elements of degree j in S(VV). Let H? denote the subspace of H consisting of
products elements in the image of C[W] and 7 (V") under the maps described in (1)
and (2) in Definition 2.1. Then it is easy to check (using (2.3)) that H° Cc H* C - - -
is an algebra filtration. Set H' = H/ /H/~! and let H = @ ; H’ denote the associated
graded algebra. Then H identifies with C[W] x S(VY) with C[W] acting in natural
way:

tywtyy—1 = w(w).
We will invoke these identification often without comment. Note that H does not
depend on the parameter function ¢ used to define H.
The map d of (4.4) induces a map

d: HeCVy) —HeCWVy). (4.7)
Explicitly, if we fix a self-dual basis {wi,...,w,} of VV, then the value of d on
a simple tensor of the form a = t,f ® vy --- vy (with ¢, f € C[W] x S(VV) and
v; € VV) is given by
d(a) = Zwitwf Q@ w;ivy -V — (—1)’C thfwi QU1+ VpWw;

’ (4.8)
= thwfl(wi)f @ wivy - - v — (—1)F thfwi ® vy -+ VW

We will deduce Theorem 4.7 from the computation of the cohomology of d. We
need some final preliminaries.
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Lemma 4.10. The map Eﬂf (4.8) is an odd derivation in the sense that if a =
twf @uy---v, € H and b € H is arbitrary, then

d(ab) = d(a)b+ (—1)*ad(b).

Proof. Fix a as in the statement of the lemma. A simple induction reduces the
general case of the lemma to the following three special cases: (i) b = w ® 1 for
weVV;(ii)b=1®w forw e VVY;and (iii) b = t; ®1 for s = s, a simple reflection
in W. (The point is that these three types of elements generate H.) Each of these
cases follows from a straight-forward verification. For example, consider the first

case, b =w ® 1. Then from the definition of d, we have

d(ab) = Zwitwfw @ wivy - v — (—1)F Z tw fww; @ vy -+ - Vgpw;. (4.9)

On the other hand, since it is easy to see that d(b) = 0 in this case, we have
d(a)b+ (=1)*ad(b) = d(a)b
= Zwitwfw Q@ wivy -V — (—1)’“ thfwiw ® V1 - VW

(4.10)
Since S(V'V) is commutative, (4.9) and (4.10) coincide, and the lemma holds in this
case. The other two remaining cases hold by similar direct calculation. We omit
the details. |

Lemma 4.11. The map d satisfies d*> = 0.

Proof. Fix a = t,,f ® vy ---v;, € H and let b be arbitrary. Using Lemma 4.10, one
computes directly from the definitions to find

@ (ab) = d (a)b+ ad (b).

It follows that to establish the current lemma in general, it suffices to check that
d?(b) = 0 for each of the three kinds of generators b appearing in the proof of
Lemma 4.10. Once again this is a straight-forward verification whose details we
omit. (Only case (iii) is nontrivial.) O

Lemma 4.12. Let p denote the diagonal embedding of C[W] in H® C(Vy') defined
by linearly extending

p(W) = tp(p) @ W

forw € W. Then

B(C[W)) C ker(d).
Proof. As noted in Section 3.3, the various f, = " /|aV| (for « simple) generate

W. Furthermore P(fa) = S. So Lemma 4.10 implies that the current lemma will
follow if we can prove

d(ts, ®a¥) =0
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for each simple «. For this we compute directly,

d(ts, ®a) Zwl s, @wia +Zt5awz®a wj

= thasa (W) ® wia” + thawl ® avw;

= Ztsa (wi — (a,w))a” @ w;a" + Ztsawz ® avw;
Ztsawi ® (wia + avw;) — ZtSa (a, wi)a’ @ wia
—Z2Ztsawi ® (¥, w;) — Zt:aav ® (o, wi)wia”

_QZtsaoz , Wi wz®1—ztgaoz Q ———r fwi o > aV

(v av>

(a¥)?
(¥, aV)

=2, a"®1 + 2, a'®1=0.

=2, a"®1 — t,a'®

Note from (4.8), it follows that d preserves the subspace S(VV) @ C(Vy') C
He C(Vy'). Write d for the restriction of d to S(VV) @ c(Vy).

Lemma 4.13. With notation as in the previous paragraph,
ker(d) = im(d) ® C(1 ® 1).

Proof. An elementary calculation shows that d isa multiple of the differential in
the Koszul complex whose cohomology is well-known. (See [HP, Lemma 4.1], for
instance.) O

We can now assemble these lemmas into the computation of the cohomology of

d.
Proposition 4.14. We have
ker(d) = im(d) @ p(C[W)).

Proof. By Lemmas 4.11 and 4.12, 1m(d) + (C[W]) C ker(d). Since it follows from
the definition of d that im(d) and p((C[W]) intersect trivially, we need only establish
the reverse inclusion. Fix a € ker(d) and write it as a sum of simple tensors of the
form ¢, f ® vy - - - v. For each w; € W, let a; denote the sum of the simple tensors
appearing in this expression for a which have ¢,,; in them. Thus a = a1 + -~ ay,
and we can arrange the indexing so that each a; is nonzero. Since d(a) = 0,

d(ay) + -+ d(a;) = 0. (4.11)

Each term E(ai) is a sum of simple tensors of the form t,, f ® vy ---vg. Since the

w; are distinct, the only way (4.11) can hold is if each d(a;) = 0. Choose w; € w
such that p(w;) = w;. Set

= p(wy a; € S(V) ® C(1).
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Using Lemmas 4.10 and 4.12, we have

p(w;)d(a;) = d(p(ws)a;) = d(a;) = 0.
Thus for each 1,
d(a}) = 0.
Since each a} € S(VV) ® C(V,'), Lemma 4.13 implies a} = d(b}) @ ¢;(1 ® 1) with
b, € S(VV)® C(Vy') and ¢; € C. Using Lemmas 4.10 and 4.12 once again, we have

()]
= @) (4 () + (12 1))

= d(p(@)¥}) + cip(1)

€ im(d) + p(C[W]).
Hence a = ay + - - 4 a; € im(d) + p(C[W]) and the proof is complete. O

H
E\

The considerations around (4.5) also apply in the graded setting. In particular,
using an argument as in the proof of Lemma 3.4, we conclude d interchanges the
spaces - _ -

He (V)™ ={a e Ha C(V) | p(w)a = ap(w)} (4.12)

and
He C(Vy)E ={ae Ha C(Vy') | p(®)a = sgn(w)ap(w)}. (4.13)
As before, let am (resp. d°") denote the restriction of d to the space in (4.5)
(resp. (4.6)). Passing to the subspace
He C(Vy")™ e (He O(Vy)*
in Proposition 4.14 we obtain the following corollary.
Corollary 4.15. With notation as in the previous paragraph,
ker(d™") = im(@®") & p(C[W]"V).

Theorem 4.7, and hence the first part of Theorem 4.2, now follow from Corollary
4.15 by an easy induction based on the degree of the ﬁltratlon All that remains is

to prove that the map ¢ : Z(H) — (C[ W is an algebra homomorphism.

Lemma 4.16. The map ¢ : Z(H) — C[W ]W defined by Theorem 4.2 is a homo-
morphism of algebras.

Proof. The nontrivial part of the claim is that ((z122) = ((21)¢(22), for all z1, 22 €
Z(H). From Theorem 4.7, there exist elements a1, as € (H® Cogq(Vy"))%" such that
2 ®1=p({(z)) + d*®(a;), i = 1,2. Therefore,
2122 ® 1= p(C(21)C(22)) + p(C(21)) %" (az) + d*®¥"(a1) p(((22)) 4 d**" (a1)d®" (az)
= p(C(z1)¢(22)) + & (p(C(21))az + a1p(((22)) + a1d™®*" (az)),
by Lemma 4.8 and Lemma 4.10. The claim now follows by applying Theorem 4.7
to 2122 ® 1. O

This completes the proof of Theorem 4.2 and hence (by Theorem 4.5) Theorem
4.4 as well.
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5. VOGAN’S CONJECTURE AND GEOMETRY OF NILPOTENT ORBITS

In this section (for the reasons mentioned in the introduction), we fix a crystal-
lographic root system ® and set the parameter function ¢ in Definition 2.1 to be
identically 1, i.e. ¢, = 1 for all @ € R.

5.1. Geometry of irreducible representations of W. Let g denote the com-
plex semisimple Lie algebra corresponding to ®. In particular, g has a Cartan
subalgebra h such that h ~ V canonically. Write N for the nilpotent cone in g. Let
G denote the adjoint group Ad(g) acting by the adjoint action on N

Given e € NV, let {e, h, f} C g denote an sly triple with i € h semisimple. Set

1
ve=gheh=V. (5.1)

The element v, depends on the choices involved. But its W-orbit (and in particular
(Ve, Ve) and the central character y,,, of Definition 2.2) are well-defined independent
of the G orbit of e.

Let

Neot = {e € N'| the centralizer of e in g is a solvable Lie algebra} . (5.2)

Then G also acts on Ng.

Next let A(e) denote the component group of the centralizer of e € A" in G. To
each e € NV, Springer has defined a graded representation of W x A(e) (depending
only on the G orbit of €) on the total cohomology H*®(/¢) of the Springer fiber over
e. Set d(e) = 2dim(B°), and define

Oepp = (Hd@)(zs’e))q5 e lrr(W) U {0}, (5.3)

the ¢ invariants in the top degree. (In general, given a finite group H, we write
lrr(H) for the set of equivalence classes of its irreducible representations.) Let
Irro(A(e)) C Irr(A(e)) denote the subset of representations of “Springer type”,
i.e. those ¢ such that o. ¢ # 0.

Finally, let lrrgen(W) C lrr(1W) denote the subset of genuine representations.

Theorem 5.1 ([C]). Recall the notation of (5.1), (5.2), and (5.3). Then there is
a surjective map

U rrgen(W) — G\Nogi (5.4)
with the following properties:
(1) If ¥(5) =G - e, then
c(0) = (ve, ve), (5.5)
where (o) is defined in (3.20).
(2) (a) For a fized spin module (v, S) for C(Vy'), if e € Nl and ¢ € Irrg(A(e)),
then there exists ¢ € W~1(G - e) so that
Homyy (O’e’¢7a" & S) # 0.
= G - e, then there exists ¢ € Irrg(A(e)) and a spin module
r C(Vy'), such that

Homy, (oe,(ﬁﬁ ® S) £ 0.

(b) If ¥(o)
(v,S) fo

Together with Corollary 3.6, we immediately obtain the following.
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Corollary 5.2. Suppose (m,X) is an irreducible unitary H-module with central
character x, with v € V (as in Definition 2.2). Fiz a spin module (v,S) for
C(Vy).
(a) Let (5,U) be a representation of W such that Homyg; (ﬁ,X ® S) #0. In
the notation of Theorem 5.1, write (o) = G -e. Then

(v, v) < (e, ve). (5.6)
(b) Suppose e € Ny and ¢ € Irrg(A(e)) such that Homy (0(c,¢), X) # 0. Then
(v,v) < (e, ve). (5.7)

Remark 5.3. The bounds in Corollary 5.2 represents the best possible in the
sense that there exist X such that the inequalities are actually equalities. For
example, consider part (b) of the corollary, fix ¢ € lrrg(A(e)), and let Xy (e, @) be
the unique tempered representation of H parametrized by (e, ¢) in the Kazhdan-
Lusztig classification ([KL]). Thus X;(e, ¢) is an irreducible unitary representation
with central character x,, and, as a representation of W,

X, (e, ) ~ H*(B.)?.

In particular, o, ¢ occurs with multiplicity one in X (e, ¢) (in the top degree). Thus
the inequality in Corollary 5.2(b) applied to X¢(e, ¢) is an equality.

The representations X; (e, ¢) will play an important role in our proof of Theorem
5.8.

5.2. Applications to unitary representations. Recall that there exists a unique
open dense G-orbit in N, the regular orbit; let {e, hy, f;} be a corresponding sly
with h, € b, and set v, = %h,. If g is simple, then there exists a unique open
dense G-orbit in the complement of G - e, in N called the subregular orbit. Let
{€sr, hsry fr } be an sly triple for the subregular orbit with hg € b, and set v, = %hsr.

The tempered module X;(e,, triv) is the Steinberg discrete series, and we have
X (e, triv)lw = sgn. When g is simple, the tempered module X;(es,triv) has di-
mension dimV + 1, and Xy (eg, triv)|w = sgn @ refl, where refl is the reflection
W-type.

Now we can state certain bounds for unitary H-modules.

Corollary 5.4. Let (m,X) be an irreducible unitary H-module with central char-
acter x, with v € V (as in Definition 2.2). Then, we have:
(1) (v,v) < (vr,14);
(2) if g is simple of rank at least 2, and X is not the trivial or the Steinberg
H-module, then (v,v) < (Ver, Ver)-

Proof. The first claim follows from Corollary 5.2(1) since (Ve,ve) < (v, 1), for
every e € NV.

For the second claim, assume X is not the trivial or the Steinberg H-module.
Then X contains a W-type o such that o # triv, sgn. We claim that o ® S, where S
is a fixed irreducible spin module, contains a W-type ¢ which is not a spin module.
If this were not the case, assuming for simplicity that dim V' is even, we would find
that c® S =S @ ---® S, where there are tr, (1) copies of S in the right hand side.
In particular, we would get try(sqsg) trs(fafs) = try(1)trs(fofs). Notice that
this formula is true when dim V' is odd too, since the two inequivalent spin modules
in this case have characters which have the same value on f, fg. If (o, 3) # 0, then
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we know that trg(fafs) # 0 ([M]). This means that tr,(sqasg) = trs(1), for all
non-orthogonal roots «, 3. One verifies directly that, when ® is simple of rank two,
this relation does not hold. Thus we obtain a contradiction. .

Returning to the second claim in the corollary, let & be a W-type appearing
in X ® S which is not a spin module. Let e be a nonregular nilpotent element
such that ¥(g) = G - e. Corollary 5.2 says that (v,v) < (ve,ve). To complete the
proof, recall that if g is simple, the largest value for (v,,v.), when e is not a regular
element, is obtained when e is a subregular nilpotent element. ([

Remark 5.5. Standard considerations for reducibility of principal series allow one
to deduce a strengthened version of Corollary 5.4(1) assuming v € Vj, namely that
v is contained in the convex hull of the Weyl group orbit of v,. This corresponds
to a classical results of Howe and Moore [HM]. We also note that Corollary 5.4(2)
implies, in particular, that, when the root system is simple, the only unitary ir-
reducible H-modules with central character v, are the trivial and the Steinberg
module. This is a version of a well-known result of Casselman [Ca]. Moreover,
Corollary 5.4(2) shows that the trivial H-module is isolated in the unitary dual of
H for all simple root systems of rank at least two, and it gives the best possible
spectral gap for the trivial module.

Remark 5.6. There is another, subtler application of Corollary 5.2(2). Assume
that X (s,e, 1) is an irreducible H-module parametrized in the Kazhdan-Lusztig
classification by the G-conjugacy class of {s,e, 1}, where s € Vg, [s,e] = e, ¢ €
lrrpA(s,e). The group A(s,e) embeds canonically in A(e). Let lrrgA(s,e) denote
the subset of elements in IrrA(s, e) which appear in the restriction of an element of
IrrgA(e). The module X (s,e,1) is characterized by the property that it contains
every W-type o(c.¢), ¢ € IrrgA(e) such that Hom 45 ¢) (1), ¢) # 0.

Let {e, h, f} be an sly triple containing e. One may choose s such that s =
%h + s,, where s, € Vj centralizes {e, h, f} and s, is orthogonal to h with respect
to (, ). When s, = 0, we have A(s,e) = A(h,e) = A(e), and X (1h,e, 1) is the
tempered module X;(e, ¢) (¢ = ) from before.

Corollary 5.2(2) implies that if e € Ny, then X (s, e,) is unitary if and only if
X (s,e,1) is tempered.

5.3. Dirac cohomology and nilpotent orbits. In this setting, we can sharpen
the results from Section 4, in particular Theorem 4.4, by making use of Theorem 5.1.
(For comments related to dropping the equal-parameter crystallographic condition,
see Remark 5.9.)

Proposition 5.7. Let (7, X) be an irreducible unitary H module with central char-
acter x, with v € V (as in Definition 2.2). In the setting of Definition 3.1, suppose

(5,U) is an irreducible representation of W such that Homw(ﬁ, X®S)#0. Write
V(o) = G- e as in Theorem 5.1. Assume further that (v,v) = (Ve,v.). Then

Homg; ((7, HD(X)) £ 0.

Proof. Let z ® s be an element of the o isotypic component of X ® S. By Theorem
3.5 and Theorem 5.1, have

D*(z®s) = (— (V) + (Ve, 1)) (x @ 5) = 0. (5.

Since X is unitary, ker D NimD = 0, and so (5.8) implies  ® s € ker(D)
HP(X).

o0
=

ol
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Theorem 5.8. Let H be the graded affine Hecke algebra attached to a crystallo-
graphic root system ® and constant parameter function ¢ = 1 (Definition 2.1).
Suppose (7, X) is an H module with central character x, with v € V (as in Defi-
nition 2.2). In the setting of Definition 4.1, suppose that HP (X) # 0. Let (7, (NJ)
be a representation of W such that Homw(ﬁ,HD(X)) % 0. Using Theorem 5.1,
write ¥(c) = G - e. Then

Xv = Xve-

Proof. The statement of Theorem 5.8 will follow from Theorem 4.4, if we can show
X°(2) = xu.(2) for all z € Z(H) where ¥(5) = G - e as in Theorem 5.1.
Using Theorem 5.1(2b), choose ¢ € lrrg(A(e)) such that

Homg; (0, 0¢,4 ® S) # 0, (5.9)

and consider the unitary H module X (e, ¢) of Remark 5.3 with central character
Xv.- Then since X (e, ¢) contains the W type o¢ 4, (5.9) implies

Homw(ﬁ'7X ®S) #0.
So Proposition 5.7 implies that
Homg; (U, HP (X)) # 0.

Since X (e, ¢) has central character x,,, (4.3) applies to give that o({(z)) acts by
the scalar x,, (z) for all z € H. This completes the proof. O

Remark 5.9. Note that the proof of Theorem 5.8 depended on two key ingredients
beyond Theorems 4.2 and 4.4: Theorem 5.1 and the classification (and W-structure)
of tempered modules. Both results are available for the algebras considered by
Lusztig in [L2], the former by [C, Theorem 3.10.1] and the latter by [L3]. Thus our
proof establishes a version of Theorem 5.8 for cases of the unequal parameters as
in [L2].

It would be interesting to consider the problem of identifying the central char-
acters x° (Definition 4.3), for every irreducible W-representation &, in the setting
of a graded affine Hecke algebra H attached to an arbitrary root system ® and an
arbitrary parameter function c. We expect that the set {x% : & € IrrW} is always
a subset of the set of central characters of irreducible tempered H-modules, and at
least when c¢ is non-constant, we expect it is, in fact, precisely the set of central
characters for elliptic tempered H-modules (in the sense of [OS]).
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