
RICHARDSON ORBITS F OR REAL CLASSICAL GR OUPS

PETER E. TRAP A

Abstra ct. F or classical real Lie groups, w e compute the annihilators and asso ciated v ari-

eties of the deriv ed functor mo dules cohomologically induced from the trivial represen tation.

(Generalizing the standard terminology for complex groups, the nilp oten t orbits that arise

as suc h asso ciated v arieties are called Ric hardson orbits.) W e sho w that ev ery complex

sp ecial orbit has a real form whic h is Ric hardson. As a consequence of the annihilator

calculations, w e giv e man y new in�nite families of simple highest w eigh t mo dules with ir-

reducible asso ciated v arieties. Finally w e sk etc h the analogous computations for singular

deriv ed functor mo dules in the w eakly fair range and, as an application, outline a metho d

to detect nonnormalit y of complex nilp oten t orbit closures.

1. Intr oduction

Fix a complex reductiv e Lie group, and consider its adjoin t action on its Lie algebra g .

If q = l � u is a parab olic subalgebra, then the G saturation of u admits a unique dense

orbit, and the nilp oten t orbits whic h arise in this w a y are called Ric hardson orbits (follo wing

their initial study in [R]). They are the simplest kind of induced orbits, and they pla y an

imp ortan t role in the represen tation theory of G .

It is natural to extend this construction to the case of a linear real reductiv e Lie group

G

R

. Let g

R

denote the Lie algebra of G

R

, write g for its complexi�cation, and G for the

complexi�cation of G

R

. Let � denote the Cartan in v olution of G

R

, write g = k � p for

the complexi�ed Cartan decomp osition, and let K denote the corresp onding subgroup of G .

Instead of considering nilp oten t orbits of G

R

on g

R

, w e w ork on the other side of the Kostan t-

Sekiguc hi bijection and consider nilp oten t K orbits on p . (As a matter of terminology , w e sa y

that suc h an orbit O

K

is a K -form of its G saturation.) Fix a � -stable parab olic subalgebra

q = l � u of g . Then the K saturation of u \ p admits a unique dense orbit, and w e call the

orbits that arise in this w a y Ric hardson. It is easy to c hec k that this de�nition reduces to

the one giv en ab o v e if G

R

is itself complex.

It is con v enien t to giv e a sligh tly more geometric form ulation of this de�nition. A � -stable

parab olic q de�nes a closed orbit K � q of K on G=Q (where Q is the corresp onding parab olic

subgroup of G ). Let � denote the pro jection from G=B to G=Q . Then �

� 1

( K � q ) has a

dense K orbit (sa y O

q

) and w e ma y consider its conormal bundle in the cotangen t bundle

to G=B . A little retracing of the de�nitions sho ws the image of the conormal bundle to O

q

under the momen t map for T

�

( G=B ) is indeed the K saturation of u \ p , and w e th us obtain

a second c haracterization of Ric hardson orbits: they arise as dense K orbits in the momen t

map image of conormal bundles to orbits of the form O

q

.

The ab o v e geometric in terpretation is esp ecially relev an t in the con text of the represen-

tation theory of G

R

. Consider the irreducible Harish-Chandra mo dule (sa y A

q

) of trivial

in�nitesimal c haracter attac hed to the trivial lo cal system on O

q

b y the Beilinson-Bernstein
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equiv alence. Then A

q

is a deriv ed functor mo dule induced from a trivial c haracter and is of

the form considered, for example, in [VZ]; see Section 2.2 for more details. F rom the preced-

ing discussion (esp ecially the fact that K � q is closed), it is easy to see that the D -mo dule

c haracteristic v ariet y of A

q

is the closure of the conormal bundle to O

q

. (The de�nition of

the c haracteristic v ariet y is recalled in Section 2.3 b elo w.) Since the momen t map image of

the c haracteristic v ariet y of a Harish-Chandra mo dule is its asso ciated v ariet y , w e arriv e at

a third c haracterization of Ric hardson orbits: they are the nilp oten t orbits of K on p that

arise as dense K orbits in the asso ciated v arieties of mo dules of the form A

q

. Note that

since the G saturation of the asso ciated v ariet y of a Harish-Chandra mo dule with in tegral

in�nitesimal c haracter is sp ecial ([BV2 ]), this in terpretation implies that the G saturation

of a Ric hardson orbit is a sp ecial nilp oten t orbit for g .

The �rst result of the presen t pap er is an explicit computation of Ric hardson orbits in

classical real Lie algebras. In t yp e A, this is w ell-kno wn (see [T3] for instance); w e giv e the

answ er for other t yp es in Sections 3{7. This is not particularly di�cult and amoun ts only

to some elemen tary linear algebra, but the answ er do es ha v e the a p osteriori consequence

that ev ery complex sp ecial orbit has a Ric hardson K -form.

Theorem 1.1. Fix a sp e cial nilp otent orbit O for a c omplex classic al gr oup G . Then ther e

exists a r e al form G

R

such that some irr e ducible c omp onent of O \ p is a R ichar dson orbit

of K on the nilp otent c one of p .

This result has the 
a v or of a corresp onding result for admissible orbits. Mo dulo some

conjectures of Arth ur and based on [V4], V ogan ga v e a simple conceptual pro of that for the

split real form of G , ev ery complex sp ecial orbit has a K -form whic h is admissible. (Without

relying on the Arth ur conjectures, the result has b een established in a case b y case manner

for the classical groups b y Sc h w arz [Sc ] and for the exceptional groups b y No • el [No] and

Nevins [N].) It w ould b e w orth while to c hec k Theorem 1.1 for the exceptional groups. A

conceptual argumen t migh t b e v ery enligh tening.

Our second main result concerns the annihilators of the mo dules A

q

( � ). Using the ex-

plicit form of the computation of Ric hardson orbits in the classical case, one ma y adapt an

argumen t from [T2 ] to establish the follo wing result.

Theorem 1.2. F or the classic al gr oups, the annihilator of any mo dule of the form A

q

is

explicitly c omputable.

The computation, whic h is carried out in Section 8.6 and is relativ ely clean, is made in

terms of the tableau classi�cation of the primitiv e sp ectrum of U ( g ) due to Barbasc h-V ogan

([BV1 ]) and Gar�nkle ([G1 ]{[G4 ]). Using these calculations, one can immediately apply the

main tec hniques of [T2 ] to compute the annihilators and v anishing of man y (and p ossibly

all) w eakly fair A

q

( � ) mo dules of the classical groups. It is imp ortan t to recall that these

highly singular mo dules can b e reducible, and implicit in the previous sen tence is a metho d

to detect cases of suc h reducibilit y . In turn, a theorem of V ogan's (see [V3]) asserts that the

reducibilit y of a w eakly fair A

q

( � ) is su�cien t to deduce the nonnormalit y of the complex

orbit closure that arises as the asso ciated v ariet y of Ann

U ( g )

( A

q

( � )). T ogether with the

reducibilit y computations, this allo ws one in principle to deduce the nonnormalit y of certain

orbit closures. It ma y b e in teresting to pursue these ideas in the still op en case of the v ery

ev en orbits in t yp e D

1

.

1

In this con text, it is imp ortan t to note that this metho d can b e used to w ork directly with S O ( n; C ) (and

not O ( n; C )) orbits; see Remark 7.3 b elo w.
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The computations of annihilators of w eakly fair A

q

( � ) mo dules ma y still seem rather tec h-

nical to those unfamiliar with real groups. Y et they are imp ortan t, ev en for applications to

simple highest w eigh t mo dules. W e pro v e the follo wing result, whic h is logically indep enden t

from the rest of the pap er, in Section 8.2; the notation is as in Section 2.1.

Theorem 1.3. Fix G c omplex semisimple (not ne c essarily classic al). Supp ose I is the

annihilator of an A

q

mo dule for some r e al form G

R

of G . If Ann

U ( g )

( L ( w

� 1

)) = I , then

A V ( L ( w )) is irr e ducible, i.e. is the closur e of a unique orbital variety for g . If G is classic al,

this orbital variety is e�e ctively c omputable.

This result giv es new examples of simple highest w eigh t mo dules with irreducible asso-

ciated v arieties; using more re�ned ideas (whic h will pursued elsewhere), it leads to man y

more examples. The pro of of Theorem 1.3 is based on an in teresting (but indirect) in terac-

tion b et w een the highest w eigh t category and the category of Harish Chandra mo dules for a

real reductiv e group. It w ould b e v ery useful to understand this in teraction in a more direct

manner.

2. Ba ck gr ound and Not a tion

Throughout w e retain the notation established in the in tro duction for a real reductiv e Lie

group G

R

.

2.1. Highest w eigh t mo dules. Let h b e a subalgebra of g . In general, w e write ind

g

h

for

the c hange of rings functor

�

U ( g ) 


U ( h )

�

�

.

Fix a Borel b = h � n in g , and write � for the corresp onding half-sum of p ositiv e ro ots.

Let w

o

denote the long elemen t in W = W ( h ; g ). F or w 2 W , let M ( w ) denote the V erma

mo dule ind

g

b

( C

w w

o

� � �

); here C

w w

o

� � �

is the one dimensional U ( b ) mo dule corresp onding to

the indicated w eigh t. W e write L ( w ) for the unique simple quotien t of M ( w ).

Giv en a highest w eigh t mo dule, let X

j

denote the subspace obtained b y applying U

� j

(

�

b )

applied to the highest w eigh t v ector. The asso ciated graded ob ject is a C [

�

n ] mo dule; let

A V ( X ) denote its supp ort.

2.2. The mo dules A

q

. Fix G

R

and let q = l � u b e a � -stable parab olic subalgebra of g . Let

L

R

b e the analytic subgroup of G

R

corresp onding to q \ q , where the bar notation indicates

complex conjugation with resp ect to g

R

. Consider the one dimensional (

�

q ; L \ K ) mo dule

V

top

u , and set S = dim ( u \ k ). De�ne

A

q

= (�

g ;K

g ;L \ K

)

S

(ind

g ;L \ K

�

q ;L \ K

(

^

top

u ));

here �

S

is the S th deriv ed Bernstein functor. A more detailed accoun t of this notation can

b e found in [KV, Chapter 5].

2.3. Asso ciated v arieties and c haracteristic cycles of Harish-Chandra mo dules.

Fix G

R

, and let X b e a �nite length ( g ; K ) mo dule. Fix a K -stable go o d �ltration of X , and

consider the S ( g ) mo dule obtained b y passing to the asso ciated graded ob ject gr( X ). By

iden tifying ( g = k )

�

with p (and noting the K -in v ariance of the �ltration), w e can consider the

supp ort of gr( X ) as a sub v ariet y of p . This sub v ariet y , denoted A V ( X ), is a (�nite) union

of closures of nilp oten t K orbits on p , and is called the asso ciated v ariet y of X .

Let D denote the sheaf of algebraic di�eren tial op erators on B , the v ariet y of Borel sub-

algebras in g . If X has trivial in�nitesimal c haracter, w e can rep eat the ab o v e construction
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for the ( D ; K ) mo dule D 


U ( g )

X . This de�nes a sub v ariet y CV ( X ) of T

�

B called the c har-

acteristic v ariet y of X . It is a union of closures of conormal bundles to K orbits on B . The

momen t map image of CV ( X ) is A V ( X ) (once w e iden tify p with p

�

).

Both in v arian ts ma y b e re�ned b y considering the rank of the asso ciated graded ob ject

along the irreducible comp onen ts of its supp ort. In the former case w e obtain the asso ciated

cycle of X , a linear com bination (with natural n um b er co e�cien ts) of closures of nilp oten t

K orbits on p . In the latter case w e obtain the c haracteristic cycle of X , a linear com bination

of closures of conormal bundles to K orbits on B .

2.4. T ableaux. W e adopt the standard (English) notation for Y oung diagrams and standard

Y oung tableaux of size n . W e let YD ( n ) denote the set of Y oung diagrams of size n , and

SYT ( n ) the set of standard Y oung tableaux of size n .

A standard domino tableau of size n is a Y oung diagram of size 2 n whic h is tiled b y

t w o-b y-one and one-b y-t w o dominos lab eled in a standard con�guration; that is, the tiles

are lab eled with distinct en tries 1 ; : : : ; n so that the en tries increase across ro ws and do wn

columns. W e let SDT

C

( n ) (resp. SDT

D

( n )) denote the set of standard domino tableau of size

n whose shap e is that of a nilp oten t orbit for S p (2 n; C ) (resp. O (2 n; C ); see Prop osition 2.1.

Finally , w e de�ne SDT

B

( n ) to b e the set of Y oung diagrams of size 2 n + 1 and shap e the

form of a nilp oten t orbit for O (2 n + 1) ; C ) (Prop osition 2.1), whose upp er left b o x is lab eled

0, and whose remaining 2 n b o xes are tiled b y dominos lab eled in a standard con�guration.

A signed Y oung tableau of signature ( p; q ) is an arrangemen t of p plus signs and q min us

signs in a Y oung diagram of size p + q so that the signs alternate across ro ws, mo dulo the

equiv alence of in terc hanging ro ws of equal length. W e denote the set of signature ( p; q )

signed tableau b y YT

�

( p; q ). W e let c ( p; q ) denote the unique elemen t of YT

�

( p; q ) whose

shap e consists of a single column.

Giv en T 2 YT

�

( p; q ), w e write n

�

j

for the n um b er of ro ws of T of length j b eginning with

the sign � , and set n

j

= n

+

j

+ n

�

j

.

2.5. Adding a column to a signed tableau. The k ey com binatorial op eration in the

computation of asso ciated v arieties is that of adding the column c ( r ; s ) (notation as in

Section 2.4), either from the left or the righ t, to an existing T

�

2 YT

�

( p; q ) to obtain new

tableaux

c ( r ; s ) � T

�

; T

�

� c ( r ; s ) 2 YT

�

( p + r ; q + s ) :

W e �rst describ e T

�

� c ( r ; s ). This signed tableau is obtained b y b y adding r pluses and

s min uses, from top to b ottom, to the ro w-ends of T

�

so that

(1) at most one sign is added to eac h ro w-end; and

(2) the signs of the resulting diagram m ust alternate across ro ws.

(3) eac h sign is added to as high a ro w as p ossible, sub ject to requiremen ts (1) and (2),

p ossibly after in terc hanging ro ws of equal length.
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F or example,

+ � + �

+ � + �

� + � +

+ � + �

+ � +

+ � +

� + �

�

+

+

�

�

�

�

=

+ � + � +

+ � + � +

� + � + �

+ � + �

+ � + �

+ � + �

� + �

�

�

:

The signed tableau c ( r ; s ) � T

�

is obtained b y exactly the same pro cedure, except that the

signs are added to the b e ginnings of eac h ro w of T

�

. F or example,

+

+

�

�

�

�

�

+ � + �

+ � + �

� + � +

+ � + �

+ � +

+ � +

� + �

=

� + � + �

� + � + �

+ � + � +

� + � + �

� + � +

+ � + �

+ � +

:

The preceding discussion eviden tly giv es t w o w a ys of de�ning the addition of t w o columns

c ( r

1

; s

1

) � c ( r

0

1

; s

0

1

). A little c hec king sho ws that they coincide. In general, w e w an t to mak e

sense of successiv e addition of column,

c

1

� c

2

� � � � � c

n

;

but one m ust c hec k that the op eration � asso ciates in a suitable sense. F or instance, b y

c

1

� c

2

� c

3

� c

4

, w e could mean either c

1

� ( c

2

� ( c

3

� c

4

)), c

1

� (( c

2

� c

3

) � c

4

), or t w o other

p ossibilities. (Note that ( c

1

� c

2

) � ( c

3

� c

4

) is not a p ossibilit y since the middle � is not

the sum of a single column and a tableau.) W e lea v e it to the reader to supply the details

of pro ving that the notation c

1

� c

2

� � � � � c

n

is indeed w ell-de�ned.

2.6. Orbits of G on N ( g

�

) . W e recall the standard partition classi�cation of nilp oten t

orbits and sp ecial nilp oten t orbits for complex classical Lie groups. (W e state the result for

the disconnected ev en orthogonal group for applications b elo w).

Prop osition 2.1 ([CMc, Chapter 6]) . R e c al l the notation of Se ction 2.4

(1) Orbits of S L ( n; C ) on N ( sl ( n; C )) ar e p ar ametrize d by p artitions of n . A l l orbits ar e

sp e cial.

(2) Orbits of S p (2 n; C ) on N ( sp (2 n; C )) ar e p ar ametrize d by p artitions of 2 n in which

o dd p arts o c cur with even multiplicity. Such an orbit is sp e cial if and only if the

numb er of even r ows b etwe en c onse cutive o dd r ows or gr e ater than the lar gest o dd

r ow is even.

(3) Orbits of O ( n; C ) on N ( so ( n; C )) ar e p ar ametrize d by p artitions in which even p arts

o c cur with even multiplicity. If n is even (r esp. o dd), such an orbit is sp e cial if and

only if the numb er of o dd r ows b etwe en c onse cutive even r ows is even and the numb er

of o dd r ows gr e ater than the lar gest even r ow is even (r esp. o dd).
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2.7. Orbits of K on N ( p

�

) . W e recall the follo wing parametrization of K nN ( p

�

) for v arious

classical real groups G

R

. (These parametrizations di�er sligh tly from the p erhaps more

standard one giv en in [CMc, Chapter 9], but the corresp ondence b et w een the t w o is ob vious.)

Recall that since O ( p; q ) is disconnected, the complexi�cation of O

K

2 K nN ( p

�

) need not

b e a single orbit of S O ( n; C ) on N ( so ( n; C )) , though it is of course single orbit under the

action of O ( n; C ).

Prop osition 2.2. R e c al l the notation of 2.4.

(1) F or G

R

= U ( p; q ) , K nN ( p

�

) is p ar ametrize d by YT

�

( p; q ) . (As a matter of notation,

we set YT

�

( S U ( p; q )) = YT

�

( p; q ) .)

(2) F or G

R

= S p (2 n; R ) , K nN ( p

�

) is p ar ametrize d by the subset

YT

�

( S p (2 n; R )) � YT

�

( n; n )

of elements such that for e ach �xe d o dd p art, the numb er of r ows b e ginning with +

c oincides with the numb er b e ginning with � .

(3) F or G

R

= S p ( p; q ) , K nN ( p

�

) is p ar ametrize d by the subset

YT

�

( S p ( p; q )) � YT

�

(2 p; 2 q )

c onsisting of signe d table aux such that

(a) F or e ach �xe d even p art, the numb er of r ows b e ginning with + c oincides with

the numb er b e ginning with � ; and

(b) The multiplicity of e ach o dd p art b e ginning with + (r esp e ctively � ) is even.

In p articular, al l p arts o c cur with even multiplicity, and the c omplexi�c ation of any

O

K

2 K nN ( p

�

) is sp e cial.

(4) F or G

R

= S O

�

(2 n ) , K nN ( p

�

) is p ar ametrize d by the subset

YT

�

( S O

�

(2 n )) � YT

�

(2 n; 2 n )

c onsisting of signe d table aux such that

(a) F or e ach �xe d o dd p art, the numb er of r ows b e ginning with + c oincides with the

numb er b e ginning with � ; and

(b) The multiplicity of e ach even p art b e ginning with + (r esp e ctively � ) is even.

In p articular, al l p arts o c cur with even multiplicity, and the c omplexi�c ation of any

O

K

2 K nN ( p

�

) is sp e cial.

(5) F or G

R

= O ( p; q ) , K nN ( p

�

) is p ar ametrize d by the subset

YT

�

( O ( p; q )) � YT

�

( p; q )

c onsisting of signe d table aux such that for e ach �xe d even p art, the numb er of r ows

b e ginning with + e quals the numb er b e ginning with � .

Pro of. Although this is v ery w ell kno wn, w e will need some details of the parametrization

b elo w. Consider �rst the case of U ( p; q ). Let E

+

(resp. E

�

) b e a complex v ector space of

dimension p (resp. q ). Then p = Hom( E

+

; E

�

) � Hom( E

�

; E

+

), K = GL ( E

+

) � GL ( E

�

)

acts in the natural w a y , and an elemen t ( A; B ) of p is nilp oten t if and only if AB and B A are

nilp oten t endomorphisms of E

+

and E

�

. Fix a basis e

+

1

; : : : ; e

+

p

for E

+

and e

�

1

; : : : ; e

�

q

for

E

�

. A mild generalization of the argumen t leading to the Jordan normal form of a nilp oten t

endomorphism of C

n

sho ws that an y nilp oten t ( A; B ) 2 N ( p ) is a direct sum (in an ob vious

sense) of terms of the form

(1) e

+

i

7! e

�

i

7! e

+

i +1

7! e

�

i +1

� � � 7! e

+

i + j

7! 0;
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or

(2) e

+

i

7! e

�

i

7! e

+

i +1

7! e

�

i +1

� � � 7! e

�

i + j

7! 0;

or suc h a term with the e

+

's and e

�

's in terc hanged. W e represen t the �rst term as a single

ro w + � + � � � + the second as + � + � � � � and lik ewise for the other terms (with + and �

signs in v erted). This giv es the parametrization in (1).

P arts (2){(5) follo w easily along the same lines. F or instance, consider part (2). Here

S p (2 n; R ) = U ( n; n ) \ S p (2 n; C ), and N ( p ) consists (as ab o v e) of pairs ( A; B ) sub ject to the

additional requiremen t that

Ae

+

i

=

X

j

a

ij

e

�

j

( ) Ae

+

n +1 � j

=

X

i

a

ij

e

�

n +1 � i

;

and similarly for B . This symmetry requiremen t implies that the `Jordan blo c ks' are no w

either of the form

e

+

i

7! e

�

i

7! e

+

i +1

7! � � � e

+

k

7! e

�

n +1 � k

7! e

+

n +2 � k

7! e

�

n +2 � k

7! � � � e

�

n +1 � i

7! 0

(i.e. an ev en ro w b eginning with +), the ab o v e elemen t with the e

+

's and e

�

's in terc hanged

(i.e. an ev en ro w b eginning with � ), or the pair

e

+

i

7! e

�

i

7! e

+

i +1

7! � � � e

�

k

7! 0 (with k � n )

e

�

n +1 � i

7! e

+

n +1 � i

7! e

+

n � i

7! � � � e

+

n +1 � k

7! 0 ;

(i.e. a pair of o dd ro ws b eginning with opp osite signs). This giv es the parametrization in

(2). The argumen t is nearly iden tical for (3){(5). �

2.8. A collapse algorithm for S p ( p; q ) and S O

�

(2 n ) . Let p = p

1

+ p

2

and q = q

1

+ q

2

. Fix

a tableau T

0

2 YT

�

( S p ( p

1

; q

1

)). Then the tableau T = c ( p

2

; q

2

) � T

0

� c ( p

2

; q

2

) need not

b elong to YT

�

( S p ( p; q )). W e no w de�ne a com binatorial manipulation of T to pro duce a

new tableau T

c

2 YT

�

( S p ( p; q )) called the collapse of T (or c -collapse to distinguish it from

the d -collapse b elo w). This is needed in the statemen t of Prop osition 5.1 b elo w.

If T 2 YT

�

( S p ( p; q )), then set T

c

= T . One can c hec k that the de�nition of T implies

that the n um b er of ro ws of a �xed ev en length b eginning with + coincides with the n um b er

b eginning with � . So if T =2 YT

�

( S p ( p; q )), there exists an o dd n um b er of ro ws of a �xed

o dd length (sa y 2 k + 1) ending with sign � . Cho ose k maximal with this prop ert y , and �x

suc h a ro w (sa y R ). The de�nition of T implies that there is a ro w (sa y S ) of length 2 k � 1

ending with sign � � . Then mo v e the terminal b o x lab eled � in R to the end of the ro w

S . Rearrange the resulting diagram to obtain T

1

2 YT

�

(2 p; 2 q ). If T

1

2 YT

�

( S p ( p; q )),

set T

c

= T

1

. Otherwise rep eat this pro cedure to obtain T

2

. After a �nite n um b er of steps,

necessarily T

l

2 YT

�

( S p ( p; q )), and w e set T

c

= T

l

.

W e need to dev elop an analogous pro cedure for S O

�

(2 n ). Fix T

0

2 YT

�

( S O

�

(2 n )). Then

the tableau T = c ( p

2

; q

2

) � T

0

� c ( q

2

; p

2

) need not b elong YT

�

( S O

�

(2 n )). If it do es, set

T

d

= T . One can c hec k from the de�nition of T that the n um b er of ro ws with a �xed

o dd length b eginning with the sign � is the same as the n um b er b eginning with � � . So if

T =2 YT

�

( S O

�

(2 n )), there exists some ev en ro w (of length, sa y , 2 k ) and some sign � suc h

that the n um b er of ro ws of length 2 k ending with the sign � is o dd. Cho ose k maximal with

resp ect to this condition, and �x suc h a ro w (sa y R ). The de�nition of T implies that there

is some ro w (sa y S ) of length 2 k � 2 ending with the sign � � . (Here S ma y ha v e length

0; in this case, w e in terpret S as ending with b oth + and � .) Mo v e the terminal b o x of

R to the end of S , and rearrange the resulting diagram to obtain T

1

2 YT

�

(2 n; 2 n ). If
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T

1

2 YT

�

( S O

�

(2 n )), set T

d

= T

1

. Otherwise rep eat this pro cedure to obtain T

2

. After a

�nite n um b er of steps, necessarily T

l

2 YT

�

( S O

�

(2 n )), and w e set T

d

= T

l

.

These algorithm can b e c haracterized as follo ws. (F or later use, w e also include the

analogous statemen ts for the other relev an t real forms.)

Prop osition 2.3. (1) Set G

R

= U ( p; q ) , and �x p ositive inte gers p

0

; p

1

; q

0

; q

1

such that

p = p

1

+ p

0

and q = q

1

+ q

0

. Fix T

0

2 YT

�

( p

0

; q

0

) , and set

T = T

0

� c ( p

1

; q

1

) :

Then T p ar ametrizes the lar gest orbit among those p ar ametrize d by table aux obtaine d

fr om T

0

by adding p plus signs (r esp. q minus signs) to the r ow ends of the r esulting

diagr am.

(2) Set G

R

= S p (2 n; R ) and �x p ositive inte gers m; p , and q such that n = m + p + q . Fix

T

0

2 YT

�

( S p (2 m; R ) ) and set

T = c ( p; q ) � T

0

� c ( q ; p ) :

Then T 2 YT

�

( S p (2 n; R ) ) , and T p ar ametrizes the lar gest orbit among those p ar ametrize d

by table aux obtaine d by adding p plus signs (r esp. q minus signs) to the b e ginnings of

r ows of T

0

and q plus signs (r esp. p minus signs) to the ends of r ows of the r esulting

diagr am.

(3) Set G

R

= S p ( p; q ) and �x p ositive inte gers p

0

; p

1

; q

0

and q

1

such that p = p

0

+ p

1

and

q = q

0

+ q

1

. Fix T

0

2 YT

�

( S p ( p; q )) and set

T = c ( p

1

; q

1

) � T

0

� c ( p

1

; q

1

) :

Then T

c

(the c -c ol lapse of T

0

de�ne d ab ove) p ar ametrizes the lar gest orbit among

those p ar ametrize d by table aux obtaine d by adding p

1

plus signs (r esp. q

1

minus signs)

to the b e ginnings of r ows of T

0

and p

1

plus signs (r esp. q

1

minus signs) to the ends

of r ows of the r esulting diagr am.

(4) Set G

R

= S O

�

(2 n ) , and �x p ositive inte gers m; p and q such that n = m + p + q . Fix

T

0

2 YT

�

( S O

�

(2 m )) and set

T = c ( p; q ) � T

0

� c ( q ; p ) :

Then T

d

(the d -c ol lapse of T

0

de�ne d ab ove) p ar ametrizes the lar gest orbit among

those p ar ametrize d by table aux obtaine d by adding p plus signs (r esp. q minus signs)

to the b e ginnings of r ows of T

0

and q plus signs (r esp. p minus signs) to the ends of

r ows of the r esulting diagr am.

(5) Set G

R

= O ( p; q ) , and �x p ositive inte gers p

0

; p

1

; q

0

; and q

1

such that: p = p

0

+ p

1

;

q = q

0

+ q

1

; and p

0

+ q

0

� p + q mo d (2) . Fix T

00

2 YT

�

( O ( p

0

; q

0

)) and set

T

0

= c ( p; q ) � T

00

� c ( p; q ) :

Then T

0

2 YT

�

( O ( p; q )) , and T p ar ametrizes the lar gest orbit among those p ar ametrize d

by table aux obtaine d by adding p plus signs (r esp. q minus signs) to the b e ginnings of

r ows of T

0

and p plus signs (r esp. q minus signs) to the ends of r ows of the r esulting

diagr am.

Sk etc h. This essen tially follo ws from the parametrizations in Prop osition 2.2. The only

p oin t that w e ha v e not made explicit is the closure order on nilp oten t K orbits on p . Consider

the partial order on YT

�

(2 p; 2 q ) corresp onding to closure order for U ( p; q ) It is relativ ely

easy to c hec k from the pro of of Prop osition 2.2 that this partial order is generated b y the
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co v ering relations A � A

0

de�ned as follo ws. Fix A 2 YT

�

( p; q ), and c ho ose a ro w (sa y R )

of length d in A . Supp ose this ro w ends in the sign � , and c ho ose a ro w (sa y R

0

) of maximal

length (sa y d

0

) sub ject to the condition that d

0

� d � 2 and that R

0

ends in � � . Here R

0

ma y

ha v e length 0, in whic h case w e adopt the con v en tion that its terminal sign is b oth + and

� . Remo v e the terminal b o x of R lab eled with a + (th us c hanging R in to a ro w of length

d � 1 ending in � � ) and mo v e it to the end of R

0

(th us c hanging R

0

to a ro w of length d

0

to

one of length d

0

+ 1 ending in � ). Rearrange the ro ws to ha v e decreasing length. This de�nes

a new elemen t A

0

2 YT

�

( p; q ) and w e declare A � A

0

to b e a co v ering relation. No w the

statemen t in (1) is clear.

Consider the statemen ts for (2),(3), and (5). In eac h of these cases w e can em b ed G

R

in to an appropriate

e

G

R

= U ( p; q ) and the

e

K saturation of the K orbit parametrized b y a

signed tableau T 2 YT

�

( G

R

) is simply the orbit parametrized b y T 2 YT

�

( p; q ). So the

assertions in (2), (3), and (5) follo w. The case of S O

�

(2 n ) is sligh tly di�eren t, since it is not

a subgroup of U ( p; q ), but it isn't m uc h more di�cult. �

Remark 2.4. F rom the pro of of Prop osition 2.3, w e obtain a more natural c haracterization

of the c -collapse algorithm. Set G

R

= S p ( p; q ). Then G

R

is a subgroup of

e

G

R

= U (2 p; 2 q ).

Assume that the Cartan in v olutions of the t w o groups are arranged compatibly . Let p =

p

1

+ p

2

and q = q

1

+ q

2

, �x T

0

2 YT

�

( S p ( p

1

; q

1

)), and set T = c ( p

2

; q

2

) � T

0

� c ( p

2

; q

2

). Let

e

O denote the

e

K orbit for

e

G

R

parametrized b y T . Then the in tersection of the closure of

e

O

with p has a unique dense K orbit and it is parametrized b y T

c

.

More generally , if O is an y

e

K orbit for

e

G

R

= U ( p; q ), w e ha v e giv en enough details to

compute the in tersection of the closure of

e

O with p . W e lea v e the form ulation of this result

(and its analogs for O ( p; q ) and S p (2 n; R ) ) to the reader.

3. U ( p; q )

The K conjugacy classes of � -stable parab olic subalgebras for U ( p; q ) are parametrized b y

an ordered sequence of pairs ( p

1

; q

1

) ; : : : ; ( p

r

; q

r

) suc h that

P

i

p

i

= p and

P

i

q

i

= q . The Levi

subgroup of U ( p; q ) corresp onding to suc h a parab olic subalgebra is U ( p

1

; q

1

) � � � � � U ( p

r

; q

r

).

Prop osition 3.1. In the ab ove notation, let q b e p ar ametrize d by ( p

1

; q

1

) ; : : : ; ( p

r

; q

r

) . Then

A V ( A

q

( � )) is the closur e of the orbit p ar ametrize d by

c ( p

1

; q

1

) � c ( p

2

; q

2

) � � � � � c ( p

r

; q

r

)

with notation as in Se ctions 2.5 and 2.7.

Pro of. Set p

0

=

P

r � 1

i =1

p

i

, and lik ewise for q

0

. Let q

0

denote the �

0

-stable parab olic for G

0

R

=

U ( p

0

; q

0

) parametrized b y ( p

1

; q

1

) ; : : : ; ( p

r � 1

; q

r � 1

). Recall the pro cedure outlined in the pro of

of Prop osition 2.2 that asso ciates to eac h nilp oten t elemen t of Hom( E

p

+

; E

q

�

) � Hom( E

q

�

; E

p

+

)

a signature ( p; q ) signed tableau. W rite E

p

+

= E

p

0

+

� E

p

r

+

, and lik ewise for E

q

�

. Implicitly this

de�nes an inclusion of G

0

R

in to G

R

= U ( p; q ), and with this in mind it is easy to c hec k that

q \ u =

�

q

0

\ u

0

�

� Hom( E

p

0

+

; E

q

r

�

) � Hom ( E

q

0

�

; E

p

r

+

) ;

where

q

0

\ u

0

� Hom ( E

p

0

+

; E

q

0

�

) � Hom( E

q

0

�

; E

p

0

+

) :

Fix a K

0

orbit through �

0

2 q

0

\ u

0

parametrized b y T

0

. F rom the description of the

parametrization in the pro of of Prop osition 2.2, it is clear that the K orbit through an y
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� 2 q \ u with � j

q

0

\ u

0

= �

0

is parametrized b y a tableau obtained from T

0

b y augmen ting p

r

ro ws of T

0

ending with � b y a plus sign and q

r

ro ws of T

0

ending with + b y a min us sign.

(An empt y ro w is in terpreted as ending with b oth + and � .) Using the closure ordering

outlined in the pro of of Prop osition 2.3, w e conclude that T

0

� c ( p

r

; q

r

) parametrizes the

largest K orbit through � 2 q \ u with � j

q

0

\ u

0

= �

0

. The prop osition no w follo ws b y an easy

induction. �

Corollary 3.2 (Barbasc h-V ogan) . Every K orbit for U ( p; q ) is R ichar dson.

Pro of. If O

K

is parametrized b y T 2 YT

�

( p; q ), let p

i

(resp. q

i

) b e the n um b er of plus

(resp. min us) signs in the i th column of T , and let q b e the � -stable parab olic corresp onding

to the sequence of pairs ( p

1

; q

1

) ; ( p

2

; q

2

) ; : : : . Using Prop osition 3.1, it is easy to c hec k that

O

K

= A V ( A

q

). �

4. S p (2 n; R )

The K conjugacy classes of � -stable parab olic subalgebras for S p (2 n; R ) are parametrized

b y a tuple consisting of a p ositiv e in teger m � n and an ordered sequence of pairs ( p

1

; q

1

) ; : : : ; ( p

r

; q

r

)

suc h that m +

P

i

( p

i

+ q

i

) = n . The Levi subgroup of S p (2 n; R ) corresp onding the suc h a

parab olic subalgebra is S p (2 m; R ) � U ( p

1

; q

1

) � � � � � U ( p

r

; q

r

).

Prop osition 4.1. R etain the ab ove notation, and let q = l � u b e p ar ametrize d by the

se quenc e m; ( p

1

; q

1

) ; : : : ; ( p

r

; q

r

) . Then A V ( A

q

( � )) is the closur e of the orbit p ar ametrize d by

c ( p

r

; q

r

) � c ( p

r � 1

; q

r � 1

) � � � � c ( p

1

; q

1

) � c ( m; m ) � c ( q

1

; p

1

) � � � � � c ( q

r � 1

; p

r � 1

) � c ( q

r

; p

r

) ;

with notation as in Se ctions 2.5 and 2.7 .

Pro of. The curren t prop osition follo ws in the same w a y as Prop osition 3.1 with only minor

mo di�cations. Let G

0

R

= S p (2 n

0

; R ) where n

0

= m +

P

r � 1

i =1

( p

i

+ q

i

), set n

00

= p

r

+ q

r

, and let

q

0

b e parametrized b y m; ( p

1

; q

1

) ; : : : ; ( p

r � 1

; q

r � 1

). Fix an inclusion G

0

R

� G

R

= S p (2 n; R ),

G

0

R

� U ( n

0

; n

0

), and G

R

� U ( n; n ). As in the pro of of Prop osition 3.1, write E

n

�

= E

n

0

�

� E

n

00

�

.

This de�nes an inclusion U ( n

0

; n

0

) � U ( n; n ), and assume it is restricts to the inclusion of

G

0

R

� G

R

. Then one c hec ks directly that

u \ p � Hom( E

p

r

+

; E

n

0

�

) � Hom( E

q

r

�

; E

n

0

+

) �

�

u

0

\ p

0

�

� Hom( E

n

0

+

; E

p

r

�

) � Hom( E

n

0

�

; E

q

r

+

) ;

where

q

0

\ u

0

� Hom( E

n

0

+

; E

n

0

�

) � Hom( E

n

0

�

; E

n

0

+

) :

Fix a K

0

orbit through �

0

2 q

0

\ u

0

parametrized b y T

0

. F rom the description of the

parametrization in the pro of of Prop osition 2.2, an y � 2 q \ u with � j

q

0

\ u

0

= �

0

is parametrized

b y a tableau obtained from T

0

b y

(1) adding p

r

plus signs (resp. q

r

min us signs) to the b e ginnings of the ro ws of T that

b egin with � (resp. +); and

(2) to the resulting tableau, adding p

r

min us signs (resp. q

r

plus signs) to the ends of

the ro ws of T that b egin with � (resp. +),

with the usual con v en tion that empt y ro ws b egin and end with b oth plus and min us signs.

No w the prop osition follo ws from Prop osition 2.3 and an inductiv e argumen t. �

Corollary 4.2. L et O

K

2 K nN ( p

�

) b e p ar ametrize d by a signe d table aux T . Then O is

R ichar dson if and only if T satis�es the fol lowing c onditions
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(1) The numb er of even r ows b etwe en c onse cutive o dd r ow or gr e ater than the lar gest o dd

r ow is even;

(2) Fix a maximal set (say S ) of even r ows either b etwe en c onse cutive o dd r ows or gr e ater

than the lar gest o dd r ow. Then al l r ows of a �xe d length (say 2 k ) in S b e gin with

the same sign (say � ( k ) ). Mor e over if r ows of length 2 k and 2 l app e ar in S , then

� ( k ) � ( l ) = ( � 1)

k + l

.

In p articular, given a c omplex sp e cial orbit O , ther e exists some O

K

2 Irr ( O \ p

�

) such that

O

K

is R ichar dson.

Pro of. Giv en an orbit O

K

of the form app earing in the corollary , w e �rst inductiv ely

construct a � -stable q suc h that A V ( A

q

) = O

K

. So �x O

K

and T as ab o v e, and let c b e

the n um b er of columns of T . If c = 1, O

K

is the zero orbit and ob viously Ric hardson.

Inductiv ely w e can assume that an y orbit parametrized b y a tableau T

0

with less than c

columns (and satisfying the condition in the statemen t of the corollary) is Ric hardson. Fix

k maximal suc h that n

2 k +1

+ n

2 k

6= 0 (so, in particular, n

2 k +1

or n

2 k

ma y b e zero). There

are sev eral cases to consider.

Case (I): There exists k

0

< k suc h that n

2 k

0

+1

6= 0.

(a) : n

2 k

is ev en (p ossibly zero); the h yp othesis of the corollary then implies that n

+

2 k

n

�

2 k

=

0. De�ne a new tableau T

0

obtained b y mo difying the ro ws of length greater than 2 k � 2 in

T as follo ws:

T

0

= (2 k � 1)

n

�

2 k +1

+( n

�

2 k

) = 2+ n

�

2 k � 1

�

(2 k � 2)

n

+

2 k � 2

+

(2 k � 2)

n

�

2 k � 2

�

� � � (1)

n

�

1

�

;

here, of course, n

+

odd

= n

�

odd

, but w e main tain the ab o v e notation for emphasis. One can

c hec k directly that T

0

2 YT

�

( S p (2 n

0

; R ) ) for 2 n

0

= 2 n � 2 n

2 k +1

� n

2 k

and, moreo v er, that it

satis�es the conditions in the statemen t of the corollary . Since the n um b er of columns of T

0

is

strictly less than the n um b er of columns of T , inductiv ely w e can �nd a q

0

for S p (2 n

0

; R ) suc h

that the orbit O

0

K

parametrized b y T

0

satis�es O

0

K

= A V ( A

q

0

). Supp ose q

0

is parametrized

b y the sequence �

0

. Let q b e parametrized b y the sequence

�

0

;

�

n

+

2 k +1

+ ( n

+

2 k

= 2) ; n

�

2 k +1

+ ( n

�

2 k

= 2)

�

:

Using the h yp othesis that n

+

2 k

n

�

2 k

= 0, one can c hec k directly that

c

�

n

+

2 k +1

+ ( n

+

2 k

= 2) ; n

�

2 k +1

+ ( n

�

2 k

= 2)

�

� T

0

� c

�

n

�

2 k +1

+ ( n

�

2 k

= 2) ; n

+

2 k +1

+ ( n

+

2 k

= 2)

�

and Prop osition 4.1 implies A V ( A

q

) = O

K

, as w e wished to sho w.

(b) n

2 k

is o dd. (So, in particular, n

2 k � 1

= 0.) De�ne T

0

b y mo difying the ro ws of length

greater than 2 k � 3 in T as follo ws

T

0

= (2 k � 1)

n

�

2 k +1

�

(2 k � 2)

n

�

2 k

+ n

�

2 k � 2

�

(2 k � 3)

n

�

2 k � 3

�

� � � (1)

n

�

1

�

:

Again one can c hec k that T

0

2 YT

�

( S p (2 n

0

; R ) ) for n

0

= n � n

2 k +1

� n

2 k

and that T

0

satis�es

the conditions of the corollary . Let O

0

K

b e the orbit corresp onding to T

0

, and b y induction

write O

0

K

= A V ( A

q

0

) with q

0

parametrized b y �

0

. Let q b e parametrized b y

�

0

; ( n

+

2 k +1

+ n

+

2 k

; n

�

2 k +1

+ n

�

2 k

) :

Then one c hec ks as in case (a) that A V ( A

q

) = O

K

using Prop osition 4.1.
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Case (I I): n

2 k +1

6= 0 and there is no k

0

< k suc h that n

2 k

0

+1

6= 0. Mo dify the ro ws of

length greater than 2 k � 4 in T as follo ws

T

0

= (2 k � 1)

n

�

2 k +1

�

(2 k � 2)

n

�

2 k

+ n

�

2 k � 2

�

(2 k � 4)

n

�

2 k � 4

�

� � � (2)

n

�

2 k

�

:

Inductiv ely , w e can �nd q

0

for S p (2 n

0

; R ) with n

0

= n � n

2 k +1

� n

2 k

suc h that the closure

of the orbit parametrized b y T

0

is A V ( A

q

0

). Supp ose q

0

is parametrized b y �

0

. Let q for

S p (2 n; R ) b e parametrized b y

�

0

; ( n

+

2 k +1

+ n

+

2 k

; n

�

2 k +1

+ n

�

2 k

)

Then A V ( A

q

) = O

K

.

The discussion in Case (I) and Case (I I) pro v e that ev ery orbit app earing in the corollary

are Ric hardson. W e also need to pro v e that ev ery Ric hardson orbit is of this form. Supp ose

that q is parametrized b y the sequence m; ( p

1

; q

1

) ; : : : ; ( p

r

; q

r

). Let q

0

b e parametrized b y

the sequence m; ( p

1

; q

1

) ; : : : ; ( p

r � 1

; q

r � 1

). Again using zero as the base case, w e can assume

that the tableau T

0

parametrizing the dense orbit in A V ( A

q

0

) is of the form describ ed in

the Theorem. According to Prop osition 4.1, to c hec k that the dense orbit in A V ( A

q

) is of

the form describ ed in the corollary (and hence complete the pro of of the corollary), w e need

to pro v e that c ( p

r

; q

r

) � T

0

� c ( q

r

; p

r

) is of the required form. This is a straigh tforw ard

com binatorial c hec k whose details w e omit �

5. S p ( p; q )

The K conjugacy classes of � -stable parab olic subalgebras for S p ( p; q ) are parametrized b y

a tuple of a pair of in tegers ( p

0

; q

0

) together with an ordered sequence of pairs ( p

1

; q

1

) ; : : : ; ( p

r

; q

r

)

suc h that p

0

+

P

i

p

i

= p and q

0

+

P

i

q

i

= q . The Levi subgroup of S p ( p; q ) corresp onding

to this parab olic subalgebra is S p ( p

0

; q

0

) � U ( p

1

; q

1

) � � � � � U ( p

r

; q

r

).

Prop osition 5.1. In the ab ove notation let q b e p ar ametrize d by

( p

0

; q

0

) ; ( p

1

; q

1

) ; : : : ; ( p

r

; q

r

) ;

and r e c al l the c ol lapsing algorithm of Pr op osition 2.3(2). Then A V ( A

q

( � )) is the closur e of

the orbit p ar ametrize d by

�

c ( p

r

; q

r

) �

�

c ( p

r � 1

; q

r � 1

) �� � � [ c ( p

1

; q

1

) � c ( p

0

; q

0

) � c ( p

1

; q

1

)]

c

�� � �� c ( p

r � 1

; q

r � 1

)

�

c

� c ( p

r

; q

r

)

�

c

;

with notation as in Se ctions 2.5 and 2.7.

Sk etc h. This is v ery similar to Prop osition 4.1. The inductiv e analysis sho ws that p

r

plus

signs m ust b e added to b oth the b eginning and ends of T

0

, and lik ewise for q

r

min us signs.

The app earance of the collapse algorithm is explained b y Prop osition 2.3. �

Corollary 5.2. L et O

K

2 K nN ( p ) b e p ar ametrize d by T 2 YT

�

( S p ( p; q )) . Then O

K

is

R ichar dson if and only if ther e exists and inte ger N such that

(1) F or e ach j < N , al l r ows of length 2 j + 1 b e gin with the same sign; and

(2) F or e ach j > N , the numb er of r ows of length 2 j is less than or e qual to 4 .

Pro of. As in the case of S p (2 n; R ) it a detailed but elemen tary com binatorial c hec k to

v erify that ev ery Ric hardson orbit is of the indicated form. W e omit the details.

W e no w sho w that ev ery orbit O

K

app earing in the corollary is indeed Ric hardson b y

constructing a � -stable q suc h that A V ( A

q

) = O

K

. As in the case of Corollary 4.2, the con-

struction is inductiv e, reducing the corollary to the case that O

K

is the zero orbit and hence
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ob viously Ric hardson. Fix O

K

as in the corollary , and let T b e the tableau parametrizing

it (Prop osition 2.2), and retain the notation for the index N as ab o v e. W rite

T = (2 k + 1)

n

�

2 k +1

�

(2 k )

n

�

2 k

�

� � � ;

and assume that n

2 k +1

+ n

2 k

is nonzero. There are a n um b er of cases to consider.

Case (I) N = k , so all o dd ro ws of length less than 2 k + 1 b egin with the same sign � . De�ne

T

0

= (2 k � 1)

n

�

2 k +1

�

(2 k � 2)

n

�

2 k

(2 k � 3)

n

�

2 k � 1

�

(2 k � 4)

n

m

p

2 k � 2

� � � (1)

n

�

3

�

:

Then T

0

satis�es the condition of the corollary (with N

0

= N � 1), and inductiv ely there

exists a q

0

parametrized b y the sequence �

0

suc h that T

0

parametrizes the orbit dense in

A V ( A

q

0

). Let q b e parametrized b y

�

0

;

�

n

+

1

= 2 +

2 k +1

X

i =2

n

+

i

; n

�

1

= 2 +

2 k +1

X

i =1

n

�

i

�

:

Then T parametrizes the orbit dense in A V ( A

q

).

Case (I I) N < k .

(a) : n

2 k

= 0. Mo dify the ro ws of length greater than 2 k � 2 in T as follo ws

T

0

= (2 k � 1)

n

�

2 k +1

+ n

�

2 k � 1

�

(2 k � 2)

n

�

2 k � 2

�

� � � :

Then T

0

satis�es the condition of the corollary so w e can �nd q

0

parametrized b y �

0

so that

T

0

parametrizes the dense orbit in A V ( A

q

0

). Let q b e parametrized b y

�

0

;

�

n

+

2 k +1

; n

�

2 k +1

) :

Then T parametrizes the dense orbit in A V ( A

q

).

(b) : n

2 k

6= 0. The conditions of the corollary imply that n

2 k

= 2 or 4. In the former

case, c ho ose ( a

+

; a

�

) 2 f (0 ; 1) ; (1 ; 0) g ; in the latter case, set ( a

+

; a

�

) = (1 ; 1). Mo dify the

ro ws of length greater than 2 k � 2 in T as follo ws,

T

0

= (2 k � 1)

n

�

2 k +1

+2 a

�

+ n

�

2 k � 1

�

(2 k � 2)

n

�

2 k � 2

�

� � � :

Inductiv ely w e can assume there exists q

0

parametrized b y �

0

suc h that T

0

parametrizes the

dense orbit in A V ( A

q

0

). Let q b e parametrized b y

�

0

;

�

n

+

2 k +1

+ a

+

; n

�

2 k +1

+ a

�

) :

Then T parametrizes the dense orbit in A V ( A

q

) �

6. S O

�

(2 n ) .

The K conjugacy classes of � -stable parab olic subalgebras for S O

�

(2 n ) are parametrized

b y a tuple consisting of a p ositiv e in teger m � n and an ordered sequence of pairs ( p

1

; q

1

) ; : : : ; ( p

r

; q

r

)

suc h that m +

P

i

( p

i

+ q

i

) = n . The corresp onding Levi subgroup of S O

�

(2 n ) is isomorphic

to S O

�

(2 m ) � U ( p

1

; q

1

) � � � � � U ( p

r

; q

r

).

Prop osition 6.1. In the ab ove notation let q b e p ar ametrize d by

m; ( p

1

; q

1

) ; : : : ; ( p

r

; q

r

) ;
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and r e c al l the d -c ol lapsing algorithm of Pr op osition 2.3(3). Then A V ( A

q

( � )) is the closur e

of the orbit p ar ametrize d by

�

c ( p

r

; q

r

) �

�

c ( p

r � 1

; q

r � 1

) �� � � [ c ( p

1

; q

1

) � c ( m; m ) � c ( q

1

; p

1

)]

d

�� � � � c ( q

r � 1

; p

r � 1

)

�

d

� c ( q

r

; p

r

)

�

d

;

with notation as in Se ctions 2.5 and 2.7.

Pro of. This is v ery similar to the cases already treated. W e omit the details. �

Corollary 6.2. L et O

K

2 K nN ( p

�

) b e p ar ametrize d by a signe d table aux T . Then O

K

is

R ichar dson if and only if ther e exists an inte ger N such that

(1) F or e ach j < N , the numb er of r ows of length 2 j + 1 is less than or e qual to 4 ; and

(2) F or e ach j > N , al l r ows of length 2 j b e gin with the same sign.

Sk etc h. This is v ery similar to the S p ( p; q ) case treated ab o v e. W e omit the details. �

7. O ( p; q )

The K conjugacy classes of � -stable parab olic subalgebras for O ( p; q ) are parametrized

b y a tuple consisting of a pair of p ositiv e in tegers ( p

0

; q

0

) and an ordered sequence of pairs

( p

1

; q

1

) ; : : : ; ( p

r

; q

r

) suc h that

(1) p

0

+ 2

P

i

p

i

= p ;

(2) q

0

+ 2

P

i

q

i

= q ; and

(3) p + q � p

0

+ q

0

(2).

The corresp onding Levi subgroup of O ( p; q ) corresp onding is isomorphic to O ( p

0

; q

0

) �

U ( p

1

; q

1

) � � � � � U ( p

r

; q

r

).

Prop osition 7.1. In the ab ove notation let q b e p ar ametrize d by

( p

0

; q

0

) ; ( p

1

; q

1

) ; : : : ; ( p

r

; q

r

) :

Then A V ( A

q

( � )) is the closur e of the orbit p ar ametrize d by

c ( p

r

; q

r

) � c ( p

r � 1

; q

r � 1

) � � � � c ( p

1

; q

1

) � c ( p

0

; q

0

) � c ( p

1

; q

1

) � � � � � c ( p

r � 1

; q

r � 1

) � c ( p

r

; q

r

) ;

with notation as in Se ctions 2.5 and 2.7 .

Pro of. This is once again v ery similar to the preceding cases. W e omit the details. �

Corollary 7.2. L et O

K

2 K nN ( p

�

) b e p ar ametrize d by a signe d table aux T . Then O

K

is

R ichar dson if and only if T satis�es the fol lowing c onditions

(1) If p + q is even (r esp. o dd), the numb er of o dd r ows b etwe en c onse cutive even r ows is

even and the numb er of o dd r ows gr e ater than the lar gest even r ow is even (r esp. o dd).

(2) Fix a maximal set (say S ) of o dd r ows b etwe en c onse cutive even r ows. Then al l r ows

of a �xe d length (say 2 k + 1 ) in S b e gin with the same sign (say � (2 k + 1) ). Mor e over

if r ows of length 2 k + 1 and 2 l + 1 app e ar in S , then � (2 k + 1) � (2 l + 1) = ( � 1)

k + l

.

In p articular, given a c omplex sp e cial orbit O , ther e exists some O

K

2 Irr ( O \ p

�

) such that

O

K

is R ichar dson.

Sk etc h. This is v ery similar to the case of S p (2 n; R ). W e omit the details. �
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Remark 7.3. F or simplicit y , w e ha v e th us far restricted ourselv es to the disconnected group

G

R

= O ( p; q ). W e no w discuss the case of G

0

R

= S O ( p; q ). Supp ose O

K

is a Ric hardson orbit

for O ( p; q ) corresp onding to a � -stable parab olic q . It is w ell-kno wn ho w O

K

splits in to (at

most t w o) orbits for S O ( p; q ). Supp ose this is indeed happ ens, and write O

K

= O

I

K

[ O

I I

K

.

A simple argumen t using the equiv ariance of the momen t map sho ws that the K orbit O

q

(notation as in the in tro duction) splits in to t w o K

0

orbits O

q

I

[ O

q

I I

; i.e. the K conjugacy

class of q splits in to t w o K

0

conjugacy classes represen ted b y q

I

and q

I I

. W e conclude

that b oth O

I

K

and O

I I

K

are Ric hardson for S O ( p; q ). The iden tical argumen t applies to the

connected group S O

�

( p; q ), where a single K orbit ma y split in to t w o or four orbits for

S O ( p; C ) � S O ( q ; C ) . Hence w e obtain the follo wing result.

Prop osition 7.4. Supp ose G

R

= S O ( p; q ) or S O

�

( p; q ) , and O

K

is a nilp otent K orbit on

p which is a union of irr e ducible c omp onents of a R ichar dson orbit for O ( p; q ) . Then O

K

is

R ichar dson.

8. Annihila tors of A

q

modules

In this section, w e compute the annihilators of the A

q

mo dules for classical groups. Some

motiv ation for these calculations is pro vided b y Theorem 1.3 from the in tro duction, whic h

is pro v ed in 8.2 b elo w.

8.1. Coincidences among A

q

mo dules. F or completeness, w e iden tify when A

q

= A

q

0

;

see [T2, Prop osition 3.10], for instance.

Prop osition 8.1. Supp ose G

R

is one of the gr oups discusse d ab ove, and let q b e a � -stable

p ar ab olic of g p ar ametrize d by a se quenc e

� ; ( p

1

; q

1

) ; : : : ; ( p

r +1

; q

r +1

);

her e � is empty if G

R

= U ( p; q ) , � = m as ab ove for G

R

= S p (2 n; R ) , and � = ( p

0

; q

0

) as

ab ove for O ( p; q ) . Supp ose ther e is an index j , 1 � j � r , such that q

j

= q

j +1

= 0 . De�ne a

new se quenc e of p airs

� ; ( p

0

1

; q

0

1

) ; : : : ; ( p

0

r

; q

0

r

) ;

by c ombining the j th and ( j + 1) st entries,

( p

0

i

; q

0

i

) =

8

>

<

>

:

( p

0

i

; q

0

i

) = ( p

i

; q

i

) if i < j ;

( p

0

i

; q

0

i

) = ( p

j

+ p

j

; 0) if i = j ; and

( p

0

i

; q

0

i

) = ( p

i � 1

; q

i � 1

) if i > j + 1 ,

and let q

0

denote the c orr esp onding p ar ab olic. Then A

q

' A

q

0

. The analo gous statement

holds if p

j

= p

j +1

= 0 . Mor e over, these c onditions describ e al l c oincidenc es among the A

q

mo dules.

De�nition 8.2. Consider a sequence of pairs app earing in Prop osition 8.1. W e sa y the

sequence is satur ate d if there are no adjacen t terms with p

j

= p

j +1

= 0 and no adjacen t

terms with q

j

= q

j +1

= 0. (Th us with this terminology , Prop osition 8.1 sa ys that the A

q

mo dules are parametrized b y saturated sequences of the form app earing in the prop osition.)
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8.2. Pro of of Theorem 1.3. Fix G

R

. Let B b e a � -stable Borel in G corresp onding to a

c hoice of p ositiv e ro ots �

+

, write � = � (�

+

), and b = h � n . Let q b e a � -stable parab olic

con taining b . Let A V ( A

q

) = O

K

and recall the orbit O

q

of K on B := G=B de�ned in the

in tro duction. Fix a generic p oin t N 2 A V ( A

q

) and consider the v ariet y of Borel subalgebras

in g con taining N , B

N

= f b j N 2 b g . F or a dominan t w eigh t � 2 h

�

, consider the in teger

p ( � ) de�ned to b e the Euler c haracteristic of the Borel-W eil line bundle G �

B

C

�

restricted

to the in tersection of B

N

with T

�

O

q

B , the conormal bundle to O

q

. Then it is kno wn (see,

e.g., [J2 ]) that � 7! p ( � ) extends to a harmonic p olynomial in S ( h

�

). In more classical

language, p is a Joseph p olynomial.

Consider the coheren t family X ( � + � ) based at X ( � ) = A

q

. A simple argumen t sho ws

that for � dominan t A V ( X ( � + � )) = A V ( X ( � )). Consider the function q that tak es � 2 h

�

dominan t and maps it to the m ultiplicit y of O

K

in the asso ciated cycle of X ( � + � ). Then

q extends to a harmonic p olynomial on S ( h

�

). It is kno wn ([Ch]) that q is prop ortional to

the Goldie rank p olynomial q

I

of I := Ann

U ( g )

( X ( � )), the annihilator of A

q

.

In the in tro duction w e sk etc hed the computation of the c haracteristic v ariet y of A

q

. This

argumen t in fact sho ws that the c haracteristic cycle of A

q

is the closure of the conormal

bundle to O

q

with m ultiplicit y one. A result of Chang ([Ch]) implies that for � dominan t,

p ( � ) = q ( � ). In other w ords, as harmonic p olynomials on h

�

, p coincides (up to a constan t)

with the Goldie rank p olynomial of I . No w Theorem 1.3 follo ws from the main theorem

of [J1 ]. �

8.3. The � -in v arian t. Fix a Borel b in g , let X b e a simple U ( g ) mo dule, and let 
 b e

a b -dominan t represen tativ e of its in�nitesimal c haracter. Let � b e a p ositiv e simple ro ot,

and supp ose h �; 
 i is in tegral and nonzero. Then � is said to b e in the � -in v arian t of X if

the translation functor from in�nitesimal c haracter 
 to the w all de�ned b y � is zero when

applied to X (see [V2 ], for example).

Prop osition 8.3. L et q = l � u b e a � -stable p ar ab olic c ontaining b . Then the set of simple

r o ots c ontaine d in l is c ontaine d in � ( A

q

) . Mor e over, in the setting of Pr op osition 8.1, if

we exclude adjac ent c omp act factors of the same signatur e (i.e. if q is p ar ametrize d by a

satur ate d se quenc e in the terminolo gy of De�nition 8.2), then this c ontainment is in fact

e quality.

Pro of. The prop osition certainly follo ws from the Langlands parameter computations

of [VZ] and the � -in v arian t calculations of [V1 ]. A more direct argumen t is con tained in [T2,

Lemma 3.12] and its pro of. �

8.4. Primitiv e ideals and tableaux. Supp ose g is complex and reductiv e. Consider the

set of primitiv e ideals Prim ( U ( g ))

�

of primitiv e ideals in U ( g ) con taining the maximal ideal in

Z ( g ) corresp onding to � under the Harish-Chandra isomorphism. W e recall the parametriza-

tion of this set for g classical.

If g is of t yp e A

n

, Joseph parametrized Prim ( U ( g ))

�

in terms of SYT ( n ). (F or precise

details of exactly ho w w e w an t to arrange this parametrization, see [T2, Ssection 3].) Implicit

in this parametrization is a c hoice of p ositiv e ro ots. As in [T2, Section 3], w e mak e the

standard c hoice of p ositiv e ro ots

�

+

A

= f �

j

:= e

j � 1

� e

j

j 2 � j � n g :

If g is classical of t yp e X = B

n

; C

n

; or D

n

, Barbasc h-V ogan and Gar�nkle attac hed a prim-

itiv e ideal I ( T ) 2 Prim ( U ( g ))

�

to eac h T 2 SDT

X

( n ), and sho w ed that this assignmen t is
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bijectiv e when restricted to SDT

X

( n )

sp

, the subset of SDT

X

( n ) of sp ecial shap e (Prop osi-

tion 2.1). In this w a y , w e ma y sp eak of the primitiv e ideal attac hed to a domino tableau. W e

follo w Gar�nkle's con v en tions for this assignmen t. In particular, there is an implicit c hoice

of simple ro ots whic h, in the resp ectiv e three cases, is as follo ws:

�

+

B

= f �

1

:= e

1

; �

j

:= e

j � 1

� e

j

j 2 � j � n g

�

+

C

= f �

1

:= 2 e

1

; �

j

:= e

j � 1

� e

j

j 2 � j � n g

�

+

D

= f �

1

:= e

1

+ e

2

; �

j

:= e

j � 1

� e

j

j 2 � j � n g

When w e discuss the � -in v arian t of I 2 Prim ( U ( g ))

�

(Section 8.3), w e will alw a ys implicitly

mak e the c hoice of p ositiv e ro ots indicated ab o v e.

8.5. � in v arian ts on the lev el of tableaux.

Lemma 8.4. L et g b e a classic al r e ductive Lie algebr a of typ e A

n � 1

, B

n

, C

n

, or D

n

. Fix

I 2 Prim ( U ( g ))

�

, and let T denote the standar d Y oung table au of size n (if X = A

n � 1

) or

standar d domino table au of size n (if X 6= A

n

) p ar ametrizing I as in Se ction 8.4, and r e c al l

the notation establishe d ther e. Then

(1) If X = B

n

or C

n

, �

1

2 � ( I ) if and only if the domino lab ele d 1 in T is vertic al.

(2) F or j � 2 , �

j

2 � ( I ) if and only if the b ox (or domino) lab ele d j � 1 in T lies strictly

ab ove the b ox (or domino) lab ele d j in T . Mor e pr e cisely, c ounting the topmost r ow

as the �rst r ow of T , let r denote the lar gest numb er so that that ther e app e ars a

lab el j � 1 in the r th r ow. Similarly de�ne the index s to b e the smal lest numb er so

that the s th r ow c ontains the lab el j . Then �

j

2 � ( I ) if and only if r > s .

Pro of. In t yp e A , this is a w ell-kno wn feature of the Robinson-Sc hensted algorithm. The

assertion for other classical t yp es follo ws from the discussion in [G2 , Section 1] �

Lemma 8.5. L et G

1 ; R

� G

2 ; R

b e two gr oups of the form discusse d in Se ctions 3{7. L et r

i

denote the r ank of g

i

. In the notation of Pr op osition 8.1, let q

1

b e the �

1

-stable p ar ab olic of

g

1

p ar ametrize d by the satur ate d se quenc e (De�nition 8.2)

� ; ( p

1

; q

1

) ; : : : ; ( p

r

; q

r

) ;

and let q

2

b e the �

2

-stable p ar ab olic of g

2

p ar ametrize d by the satur ate d se quenc e

� ; ( p

1

; q

1

) ; : : : ; ( p

r

; q

r

) ; ( p

r +1

; q

r +1

) :

L et T

2

denote the sp e cial-shap e table au p ar ametrizing Ann( A

q

2

) . Then Ann( A

q

1

) is the

primitive ide al attache d (via the discussion in Se ction 8.4) to the subtable au T

1

c onsisting of

the �rst r

1

b oxes (or dominos) of T

2

Sk etc h. The results of [V2 ] (in t yp e A ), [G3 ] (in t yp es B and C ), and [G4 ] (in t yp e D )

imply that the primitiv e ideal attac hed to the �rst r

1

b o xes of T

1

(resp. T

2

) is completely

c haracterized b y the action of certain w all-crossing translation functors in the simple ro ots

�

2

; : : : ; �

r

1

� 1

and (outside of t yp e A ) �

1

on A

q

1

(resp. A

q

2

). Since translation functors

comm ute with deriv ed Zuc k erman (or Bernstein) functors, it is easy to see that the relev an t

w all-crossing information is iden tical for b oth A

q

1

and A

q

2

. The lemma follo ws. �

The follo wing t w o results are crucial observ ations ab out the com binatorial algorithms of

Sections 3{7.

Lemma 8.6. R etain the setting and notation of L emma 8.5. Then the shap e of T

1

c oincides

with that of A V ( A

q

1

) . In p articular, T

1

has sp e cial shap e.
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Sk etc h. Ob viously w e ma y assume that w e are not in T yp e A. The other cases are a little

more delicate. They are treated in Section 8.7. �

Lemma 8.7. R etain the notation of L emma 8.5. Write S for the skew-shap e obtaine d by

r emoving the shap e of A V ( A

q

1

) fr om the shap e of A V ( A

q

2

) . Then ther e is at most one way

to tile S by b oxes (in typ e A ) or dominos (otherwise) lab ele d r

1

+ 1 ; : : : ; r

2

such that e ach

index j lies strictly ab ove j + 1 (in the sense of L emma 8.4).

Pro of. Lemmas 8.5 and 8.6 imply that S can b e tiled b y dominos. It is easy to see from

the form of the algorithms that eac h ro w of S has length at most 2. This immediately giv es

the lemma. �

8.6. An inductiv e computation of annihilators of A

q

mo dules. A t last w e are in a

p osition to compute the tableau T parametrizing Ann( A

q

). W e ma y argue as in [T2, Section

5]. Let s b e the rank of q . Supp ose q is parametrized b y a saturated sequence

� ; ( p

1

; q

1

) ; : : : ; ( p

r

; q

r

) ; ( p

r +1

; q

r +1

) :

If this sequence has a single term, A

q

is the trivial represen tation, whose annihilator is of

course kno wn. Inductiv ely w e ma y assume that w e ha v e computed the sp ecial-shap e tableau

T

0

parametrizing the annihilator of A

q

0

, where q

0

is parametrized b y the saturated sequence

� ; ( p

1

; q

1

) ; : : : ; ( p

r

; q

r

) :

Let s

0

b e the n um b er of b o xes in T

0

. Lemmas 8.5 and 8.6 imply that w e kno w the p osition

of the �rst s

0

b o xes (or dominos) in T : they coincide with T

0

. It remains to sp ecify the

remaining b o xes (or dominos) s

0

+ 1, . . . , s . Prop osition 8.3 and Lemma 8.4 implies that

eac h index j m ust b e en tered ab o v e j + 1. Since w e ha v e computed A V ( A

q

) in Sections 3{7,

w e kno w the shap e of T

0

, and Lemma 8.7 th us implies that there is a unique w a y to p osition

the indices s

0

+ 1, . . . , s in T sub ject to the ab o v e restrictions. This pro cedure explicitly

computes the annihilators of the A

q

mo dules.

Example 8.8. Let �

i

( i = 1 ; : : : ; 3) b e the sequence consisting of the �rst i en tries of

2 ; (4 ; 0) ; (1 ; 1). According to the Section 4, �

1

parametrizes a � -stable parab olic for S p (4 ; R ),

�

2

parametrized q

2

for S p (10 ; R ), and �

3

parametrizes q

3

for S p (14 ; R ). Of course A

q

1

is

the trivial represen tation whose asso ciated v ariet y is the zero orbit and whose annihilator is

giv en b y

1

2

:

Prop osition 7.1 computes the asso ciated v ariet y of A

q

2

as

+ �

+ �

+ �

+ �

+ �

:
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Lemma 8.5 implies that the domino tableau parametrizing Ann ( A

q

2

) lo oks lik e

1

2

or

1

2

:

with the empt y en tries remaining to b e sp eci�ed. The � -in v arian t considerations of Lemma 8.4

and 8.7 imply that indeed Ann ( A

q

2

) is parametrized b y

1 3

2 4

5

6

:

Theorem 1.3 implies that if the ab o v e tableau is the left tableau that Gar�nkle's algorithm

([G1 ]) attac hed to w 2 W ( C

6

), then the asso ciated v ariet y of the simple highest w eigh t

mo dule L ( w ) for sp (12 ; C ) is irreducible. (More precisely , it is the closure of the orbital

v ariet y corresp onding to the ab o v e tableau in the parametrization of [T3].) Con tin uing

inductiv ely , Prop osition 4.1 computes A V ( A

q

3

) as

+ � + �

+ �

+ �

+ �

+ �

+ �

:

Arguing as ab o v e, w e deduce that Ann ( A

q

3

) is parametrized b y

1 3

7

2 4

5

6

8

:
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Again Theorem 1.3 no w implies that if w 2 W ( C

8

) has the indicated left Gar�nkle tableau,

the asso ciated v ariet y of L ( w ) is irreducible. This completes the example.

8.7. Pro of of Lemma 8.6. Retain the notation of Lemma 8.6. Let s

i

denote the n um b er

of dominos in T

i

. Inductiv ely w e ma y assume that the algorithm of Section 8.6 computes

the sp ecial-shap e domino tableau parametrizing Ann( A

q

1

); write T

0

1

for this tableau. (Since

the algorithm of Section 8.6 apparen tly made use of Lemma 8.6, one m ust b e a little careful

that no circularit y is in v olv ed in the induction. None is.) W e can th us explicitly en umerate

the p ossible shap es of T

1

: they are obtained b y mo ving T

0

1

through certain op en cycles ([G1 ,

Section 5]). W rite S for the sk ew shap e obtained b y remo ving the shap e of T

1

from that of

T

2

. Prop osition 8.3 and Lemma 8.4 imply S can b e tiled b y the indices s

1

+ 1 ; : : : ; s

2

that

eac h index j is en tered ab o v e j + 1. Using the en umeration of the p ossible shap es for T

1

and the e�ect of the relev an t op en cycles ([G1 , Prop osition 1.5.24(i)]), it is a detailed (but

relativ ely straigh tforw ard) c hec k that the only w a y suc h a tiling is p ossible is if T

1

indeed has

the (sp ecial) shap e of T

0

1

. (The saturated h yp othesis is required here.) The precise details

are left to the reader. (All of the essen tial features app ear at the �rst stage of the induction,

and there the ab o v e argumen t is transparen t.) �
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