m Spline Spaces on k -di ensional

T riangulations

P eter Alfeld*

Departmen t of Mathematics

Univ ersit y of Utah

Salt Lak e Cit y , UT 84112

801-581-6842 or 801-581-6851

alfeld@math.utah.edu

ffl Definitions

ffl What can b e exp ected?

ffl Lo w er Bounds

ffl Upp er Bounds

ffl Comparisons

ffl An Estimate

ffl Examples

ffl Op en Problems

Emphasis on b ounds, and the basic ideas of their deriv ation. Details in

the pap er.

* Supp orted with NSF gran t DMS 92-03859.

[

Γ Δ

Definition 1. Let

T = fœ

i

: i = 1; 2; Δ Δ Δ ; T g (1)

b e a finite set of non-degenerate simplices in I R k

and let

Ω =

T

i=1 œ

i

: (2)

Let

X = fx

i

2 Ω; i = 1; 2; Δ Δ Δ ; N g (3)

b e the set of all v ertices of simplices in T . Then T is a triangulation of

Ω pro vided that

1. The in teriors of the simplices in T are pairwise disjoin t,

2. Eac h (k Γ 1)-dimensional face of a simplex in T is either on the

b oundary of Ω or else is a common face of exactly t w o simplices in

T ,

3. Eac h simplex in T con tains no p oin ts of X other than its v ertices.

Definition 2. A triangulation T is r e gular if Ω is homeomorphic to the

unit cub e.

Definition 3. A regular triangulation T is said to b e shel lable if it con-

sists of a single simplex or a smaller shellable triangulation

~

T can b e

obtained b y remo ving one simplex from T .

Definition 4. Let P k

d denote the k +d

d

-dimensional space of p olynomials

in k v ariables of degree d. Then the space S r

d

(T ) is the set of all functions

that can b e represen ted as a p olynomial in P k

d on eac h simplex in T , and

that are r -times differen tiable across eac h in terior facet of T .

m Generic Di ension

ffl The dimension of S r

d

(T ) dep ends on the ge ometry as w ell as the

top olo gy of a triangulation T .

ffl The generic dimension is suc h that if dimS r

d

(T ) do es not equal it

then there is an arbitrarily small p erturbation in the lo cation of

the v ertices that will cause dimS r

d to equal the generic v alue.

ffl The generic dimension is alw a ys the smallest p ossible v alue for a

giv en top ology of T .

A Vffl in terior v ertex and the dimension of S

1dwill drop b y 1.3

hat b e Exp ected?V Solving problem for k v large d requires the solution of thesame problem for k 1 All v d.

Coning.4

A Kno wn: of S

1d, k = 8.Details eter Larry L. Sc h umak er, W Generic of the Space of C

1Splines of degree d ˘ 8 on Thedral ositions”, SIAM JNA 30 (June 1993), pp. 889-920.Required tec hniques from sev eral areas: binatorics, analy-sis, rigidit y theory 5 B-for 0. -v olynomial p of degree d can b e written in its Bernstein B ´ form ciated with a simplex œ .1. ´ of p are asso ciated with d+kk domain p are o v er œ .2. and e t w o p olynomials defined on t w o simplices œ and

, ec-tiv ely share a facet Œ. B

´ of p are giv en. Then, order for p and join smo othly of order r the the smo othness conditions determine uniquely the B

´ in the first r 1 y ers in Œ.3. um b er of domain p oin ts in œ remaining after remo ving a total of sla y ers parallel to faces of œ is d+k Γsk

.4. a simplex to a regular triangulation at ˇ facets, ccan a ys b e obtained b y c ho osing the B

´ at the faces to b e iden tical to the corresp onding B

´ on the adjoining simplices.

The B

´ can b e c hosen arbitrarily 6 An er BoundTheorem 7. e triangulation, faˇ

: = 0; Δ Δ ; k 1g set ofdisman tling and d r ˘ 1 tegers. dimS rd(Tˇ

ˇ+1ˇ=0

Ψǎˇ(8)whereΨˇ

=d + k Γ ˇ(r + 1)k

: 10

Co BoundsTheorem 0 ; ; Δ Δ Δ ; k , ˇ

, flˇ

, Ψˇ b e defined as in Theorems5, and 7, resp ectiv ely ˇ ˇˇ ˇ Ψˇ

: Moreo v er,Ψˇ Γˇ =k Γ2(11)as .11

Exa d fl Ψ2 6 6

46 63 10

5106134

115418518624751213304335336397613424935245555566177 29

16327838148458469078 36

1992114

3117

4120

5120

6126

79 43

1142

2157

3160

4163

5163

6169

7T The Morgan-Scott Split, r 1: (d) = d 202: (d) = d

2=2 Γ33d=2 3: d) d

2=2 Γ33d=2 +224: = d

2=2 Γ33d=2 +255: d) d

2=2 Γ33d=2 +286: dim(d) = 7d

2=2 Γ33d=2 +287: d) = d

2=2 Γ33d=2 +3412

d fl Ψ2 10 10 10 103 20

520 4 35

535 5

156 56

556 6

184 84

587771120

4176

5154

6284

781165

4305

5274

6449

791220

3420

4500

5460

6680

7101286

3678

4776

5727

6992

7111364

31032

41148

51090

61400

7121455

31497

41631

51564

61919

7131728

21852

32088

42240

52164

62564

7T The Morgan-Scott Split, r 1: (d) = d 692: (d) = d

3=2 Γ27d

2Γ29d=2 133: d) d

2+151d=2 594: gdim = d

2+187d=2 575: d) d

2+223d=2 Γ1396: dim(d) = 5d

2+205d=2 987: d) = d

2+295d=2 Γ28313

An the Di Idea: simple (non-generic) geometry that is easy to analyze.hic h one? ( k 1-dimensional) terfaces are parallel (andinfinite).That’s a triangulation! an arrangemen t of in terfaces, forwhic h e can consider smo othness conditions.Resulting dimension will b e larger than generic dimension.

Of spline space on arrangemen t of in terfaces, not triangulation.

Unfortunately can b e ev en more degenerate, e.g., in thethree Clough-Tc her 6 planes meet at the cen troid,whereas generic v ould b e 3 planes.S rd(H1): v e k 1 of p oin ts in I eing the in tersections ofthe terfaces with the line. ciate univ olynomial with eac h suc h k 1 -th order smo othness across eac h suc h p oin t.Consider the corresp onding spline space.dimS rd(T ß dimS rd(Π) = dik=0ikik Γ1

=0Δ Δ i3i2=0dimS ri2(H1) 14

Another d fl Ψ2 10 10 3 20

5214

4355395

1564565666 10

1844875105

77 14

1120

4132

5159

781165

4195

5231

791220

3285

4280

5325

7101286

3397

4391

5445

7111364

3539

4532

5595

7121455

3715

4707

5779

7131596

2845

3929

4920

51001

7T The Clough-Tc her r 1: (d) = d 142: (d) = d

3=2 Γ5d

2Γ5d=3 23: d) d

3=3 Γ5d

2+55d=3 134: = 2d

2+79d=3 335: d) d

2+76d=3 297: Ψ(d) = d

2+103d=3 Γ6515 Wh y ab out b ounds? en tually w ould lik e to solv e the follo wingOp en What minimal v d as a function of k , for S rd— v e a lo cal basis— v e full appro ximation order

— e able to in terp olate to function v v ertices

— e large enough to in terp olate to function v v er-tices?16