M ultiv ariate Splines

P eter Alfeld

Departmen t of Mathematics

Univ ersit y of Utah

Salt Lak e Cit y , UT 84112

801-581-6842 or 801-581-6851

alfeld@math.utah.edu

Univ ersit y of Georgia, No v em b er 10, 1995

supp orted b y NSF with gran t DMS-8701121 and DMS-9203859

Outline of T alk

ffl Splines

ffl Multiv ariate Splines

ffl Generic Dimension

ffl History of Multiv ariate Splines

ffl Unsolv ed Problems k = 2

ffl Unsolv ed Problems k ¿ 2

ffl The Generic Dimension of S

1

d

, k = 3, d ˘ 9

ffl Algebraic T ec hniques

ffl Geometric T ec hniques

ffl F undamen tal Issue

ffl Com binatorial T ec hniques

ffl Putting it T ogether

ffl Additional Remarks

Γ Δ Φ Γ Δ Ψ

Γ Δ

Splines

Splines = smo oth piecewise p olynomial functions.

smo oth usually = C

1

or C

2

.

Example:

a = x

0

¡ x

1

¡ Δ Δ Δ ¡ x

N

= b

S r

d

[a; b] = s 2 C r

[a; b] : s j

[x

iΓ1

;x

i

]

2 I P

1

d

; i = 1; 2; Δ Δ Δ ; N

I P k

d is k +d

d dimensional space of p olynomials of degree d in k v ariables.

Used ubiquitously

, e.g., for:

— In terp olation of data and functions.

— Appro ximation of data and functions.

— Data Represen tation.

— Curv e Design.

— Numerical Differen tiation.

— Numerical In tegration.

— Numerical ODEs.

— Numerical In tegral Equations.

M

n o ultiv ariate Splines

Ho w to generalize to k ¿ 1 v ariables?

Most Natural:

Ω æ I R k

is a triangulated domain, T is the (k -dimensional) triangulation.

S r

d

(Ω) = s 2 C r

(Ω) : sj

4

2 I P k

d

8 4 2 T :

Questions:

— Dimension?

— Basis?

— Lo cal Basis?

— In terp olation?

— Algorithms?

Notes:

ffl The structure of S r

d for k ¿ 1 is extremely complicated and p o orly

understo o d in general.

ffl Only sub- and sup erspaces of S r

d

(with simpler structure) are used

for applications.

ffl The dimension of S r

d

(T ) is affinely and pro jectiv ely in v arian t!

ffl F or k ¿ 1, dimension, basis, and in terp olation dep end on the ge-

ometry as w ell as the com binatorics of the triangulation. F or k = 1,

only the com binatorics matter. But there is a generic dimension.

m Generic Di ension

The generic dimension is suc h that if dimS r

d

(T ) do es not equal

it then there is an arbitrarily small p erturbation in the lo cation of the

v ertices that will cause dimS r

d to equal the generic v alue.

The generic dimension is alw a ys the smallest p ossible v alue for a

giv en top ology of T .

A VJiggle in terior v ertex and the dimension of S

1dwill drop b y 1.(F

2dit will drop b y 1 or 3—but not 2.)5 v ery of Disclaimer: 0 trivial. ecial are studiedwidely division triangles done in finite elemen ts. ximation order widely studied. ersplines subspaces. these topics will b e omitted.y ear 1973 1973

1975 Scott

1979 w er b ound h umak er 1984 er b ound h umak er 1986 1; g ; w er b ound

1987 r

1987 f 1; ; 3g r er

1987 er

1988

1990 r 1 S

1991 r + 1 S

1991 r + 1 1992 3, k 8r c. basis S & Sirv en t1993 S & Whiteley

1995 er, w er b ounds

1995 spline on the sphere S & Neam tu6 Algebraic hniquesWill for k = Giv en I

2and triangulation T v1 , 2 , v3 v ertices of a general triangle.Define b entric or dinates:x

3i=1 biviwhere bi= 1:An y olynomial p 2 I

2dcan e written uniquely in its Bernstein-B ´ form p(x) i+j +k =d d!i!j k !

cij k bi1bj2bk3:wherecij k

: Ṕij k

=iv1+ 2 + v 3d2: (Pij k

; ij k ) I 3: ´ ol Set B ´ trol p oin ts = B

´ ol or B-net.10

The 11

The Idea.12

Generalization Three-Di Note: = 2, in order to a v oid o v erlaps of edge sets the v ertex setsm ust ha v e radius 2. v oid o v erlap of v ertex sets, d m ust b e at least

5. = order to a v oid o v erlaps of face sets, edge sets m ust ha v e radius 2. order to a v oid o v erlaps of edge sets, v ertex sets m ust ha v e radius 4. to a v oid o v erlap of v ertex sets d m ust b e at least nine.Divide domain p oin ts in to 4 t yp es:0. distance up to 4 from a v ertex.1. distance up to 2 from an edge, but not of t yp e 0.

2. distance up to 1 from a triangular face, but not of t yp eeither 0 or 1.3. are left. precisely the p oin ts that are notin v olv ed an y smo othness conditions at all.)Stum bling c k: yp e p oin ts around individual v ertices. of is equivt analyzing S

14on the star of the v ertex.13

Elab oration Proble Remem b er 10: es Morgan-Scott idea generalize tok ¿ Previous generalizes in an ob vious w a y to k ¿ 3, yieldingp oin ts of t yp e 0 through k (and requiring d r 2 k+ Basic b oils do wn to this:Do induction in the dimension of simplices, y m ˇ k . to ablo c k-triangular A B cmcm+1

= :First c k ro w are smo othness conditions for p oin ts of t yp es up to m,second c k ro w in v olv es p oin ts of t yp e m 1Question:Do es A B = A rankC F 2 2; g answ er is y es. ¿ answ er is not kno wn.14

Geo hniquesNeed analyze S

14on a v ertex star.Let T e triangulation of a the star Ω of a v ertex v .

Pro ertices in T in to a plane.

Obtain a gener d Δ where:1. y o v erlap.2. ma y b e in terior. if v is an in terior v ertex.)15

Pro ertex stars.16

Co hniquesNeed analyze the generic dimension of spline spaces on generalizedtriangulations.W wn smo othness conditions in terms of smo .Obtain homogeneous blo c k system with— c k ro w for eac h in terior v ertex, and — c k column for eac h in terior edge.Need to analyze the rank of that system.Use induction in the n um b er of in terior v ertices V

ΔIto sho w thatF with b oundary the rank is full = the n um b er of ro ws. (F g-triangulations the rank deficiency is constan t, i.e., indep en-den t of V

ΔI.)Use V Whiteley).20

Example: Split.21

¯AA42A43A450 00 54

A53A51A52Γ

A42A43A450 0 0 0 00 54

A53A51A520 00 0 0 0 51

A65A54Γ

A53A51A520 00 0 0 52

A51A65A54Γ

A42A43A450 0 0 00 54

A53A510 ΓA51

ΓA65

ΓA540 0 0 52

A42A43A450 0 0 450 54

A53A510 A65

00 0 0 52

A42A43A450 0 0 0 460 54

A53A510 56

00 0 0 62

A61A65A6422

Putting TdimS

1d(T = EB

+ EI

+ 6VI

+ 5VB(from v ertices )+e an in terior edge

(3d 25) + (d Γ 7)n(e)(from in terior edges)+e a b oundary edge

(3d 25) + (d Γ 7)(n(e) + 1)(from b oundary edges)+ d 72

+d Γ 52

F(from triangular faces)+ d 53

T(from in teriors ofthe individual tetrahedra)= where (e) is the n um b er of triangular faces attac hed to the edge e.23

Additional 1. of do es not yield an explicit basis. y again lieswith v ertex stars. analysis can b e made more incisiv e the basis w ould b e minimally supp orted (i.e., the supp ort of basis function w ould b e con tained in the star of a v ertex).2. r ¿ y b e p ossible, but is not straigh tforw ard.

3. in trinsically generic.

4. k ¿ 3 requires kno wledge for all d in the case k = 3and app ears difficult.5. d ¡ 9, e.g., d = 8 or d = 7 ma y b e p ossible, but isnot tforw ard.6. hniques y b e applicable to w ards analysis of in terp olationproblems.7. S

1d, d ˘ 0, k = 3 is twic tiable atin terior ertices of T 8. oin t of T terdisciplinary of pro of.24