m

m

M m m

Scattered Data In terp olation

and Appro xi ation on the Sphere

and Si ilar Surfaces

P eter Alfeld *

Departmen t of Mathematics

Univ ersit y of Utah

Salt Lak e Cit y , UT 84112

801-581-6842 or 801-581-6851

alfeld@math.utah.edu

join t w ork with arian Nea tu and Larry Sc h u ak er.

(Mistak es and disagreeable statemen ts are m y o wn.)

In ternational Conference on Scattered Data Fitting, Cancun,

Mexico, Marc h 2–8, 1995.

ffl Bernstein-B ´ ezier Theory on the Sphere

ffl m uc h lik e planar case

ffl T alk fo cuses on Differences

P ap ers to app ear, submitted, in the w orks. Ask us!

* Supp orted with NSF gran t DMS 92-03859.

( )

X

m

W

Φ Ψ

The Idea

v

1

; v

2

; v

3

; v : p oin ts on the (unit) sphere.

v = b

1 v

1

+ b

2 v

2

+ b

3 v

3

no Normalization!

b

i

: spherical barycen tric co ordinates SBCs .

SBCs are unique (Their span is the only rotation in v arian t three

dimensional space of functions on the sphere that for ev ery great

circle con tains a non-zero function whic h v anishes on that cir-

cle).

p(v ) =

i+j +k =d d !

i!j !k !

c

ij k b i

1 b j

2 b k

3

p: spherical Bernstein-B ´ ezier p olyno ial.

hat’s a graph?

Graph: x 2 I R

3

: x = p(v )v

graphs do indeed lo ok differen t!

blank slide

blank slide

W

Earth

Spheres are imp ortan t b ecause w e liv e on one.

But w e don’t!

Earth more closely resem bles an ellipsoid with a semima jor axis

of

6; 378; 137m

and a semiminor axis of

6; 356; 752m:

Difference = 21; 385m:

The “geoid” = an equip oten tial surface of gra vit y .

Definition of “sea lev el”.

It matters e.g., when mo deling altitude.

hat’s higher: Moun t Ev erest or K2?

m

X

m

Ho ogeneous Extension

Ma jor observ ation: the Equations

v = b

1 v

1

+ b

2 v

2

+ b

3 v

3

and

p(v ) =

i+j +k =d d !

i!j !k !

c

ij k b i

1 b j

2 b k

3

mak e sense for all v 2 I R

3

!

They are ordinary triv ariate p olynomials!

They are ho ogeneous:

b

i

(ff v ) = ffb

i

(v ) and p(ff v ) = ff d

p(v )

Moreo v er: The b

i are ordinary co ordinates of v with resp ect

to the basis

fv

1

; v

2

; v

3 g :

¡

2

4

3

5

=

Nesting of Spaces

Let

H

d

denote the space of all triv ariate homogeneous p olynomials of

degree d.

Clearly ,

d 6=

¯

d = ) H

d

“ H

¯

d

= f0g :

Th us the triv ariate spaces surely are not nested.

The spaces of restrictions to sphere-lik e surfaces ma y b e nested.

Examples:

S = sphere = ) H

d j

S æ H

d+2 j

S

:

S =

8

:

v = x

y

z

: x

4

+ y

4

+ z

4

= 1

9

;

= ) H

d j

S æ H

d+4 j

S

:

In suc h cases, degree raising is p ossible.

But usually (Earth!) the restrictions of H

d to sphere-lik e surface

will not b e nested.

m P olyno ial Precision

F or a general sphere-lik e surface the restriction of H

d will not

con tain constan ts.

Higher degree p olynomial precision?

Study things in I R

3

and extend functions b eing appro ximated

to I R

3

b y homogeneit y .

W m

Spline Spaces

Defining an in terp olation or appro ximation sc heme b y ha ving a

p olynomial on eac h triangle that joins smo othly with the p oly-

nomials on neigh b oring triangles giv es rise to spline spaces.

Let T := fT

[i]

g

N

1 b e a planar triangulation of a set Ω 2 I R

2

.

Usual biv ariate spline space:

S r

d

(Δ) := fs 2 C r

(Ω) : s j

T

[i]

2 P

d

; i = 1; : : : ; N g

P

d

= space of biv ariate p olynomials of degree d.

Questions:

ffl Dimension (form ula)

ffl Basis

ffl Solv abilit y of in terp olation problems.

ffl Algorithms

ell kno wn: Answ ers to some questions dep end on geo etry

as w ell as the top ology of the triangulation.

m Generic Di ension

ffl The generic dimension is suc h that if dimS r

d

(T ) do es not

equal it then there is an arbitrarily small p erturbation in

the lo cation of the v ertices that will cause dimS r

d to equal

the generic v alue.

ffl Result: The generic dimension is alw a ys the smallest p os-

sible v alue for a giv en top ology of T .

A Vffl in terior v ertex and the dimension of S

1dwill dropb y 2dit will drop b y 1 or 3 2.)13

Degenerate An is degenerate at one of its end p oin ts if the t w oneigh b oring emanating from that p oin t are parallel.Ob vious: of a planar triangulation can b e degenerateat most one of its end p oin ts.On a sphere-lik e surface an edge ma y b e degenerate at b oth itsendp oin ts, neigh b oring v ertices (connected b y an edge) ma y b oth e singular.T BoundaryOb vious prop ert y spherical triangulation: y not ha v e ab oundary

Consequences spline spaces?14

T ositionsLet v1 ; 2 ; v3 g e a set of linearly indep enden t unit v ectors inI

3. T = v 2 I

3: = b1 v1+ 2 v2+ b3 v3with i

˘ gthe b y fv1 g.Let T

[i]gNi=1 b e non-empt y set of trihedra, and let Ω [T

[i]. e call T decomp osition of Ω pro vided1) teriors of the trihedra in T disjoin t, 2) Ω “ S to a t w o-dimensional disk or equalsS S unit sphere,3) h of a trihedron in T on the b oundary of Ω orit is a common face of precisely t w o trihedra in T H rd= of functions in C r(Ω) that on eac h trihedron reduceto a homogeneous p olynomial of degree d.15

Degenerate Let e in terior face of a trihedral decomp osition T let b e one of its t w o edges. y that F at e if the t w o faces sharing e and neigh b oring F In other w ords: e cut across e with a plane the in tersectionof plane is degenerate at the in tersection of e with the An terior edge e of a trihedral decomp osition is singular if eac hof faces sharing e is degenerate at e.16

Geo terpretation.Lac king far:ffl trol oin tsffl ffl terpretation of Smo othness Conditions.20

Su ffl .... tric co ordinates ffl ariate ffl Sphere-Lik e Surfaces ffl SBCs ffl y hnology ffl are just lik e in the planar cases, except:

ffl ok bizarre ffl Spaces ffl b e degenerate at b oth end p oin ts ffl b oring ertices ma y b oth b e singular ffl y ha v e no b oundaries ffl terpretation of Smo othness Conditions is lac king21