Effects of Non-Generic T riangulations

on Biv ariate Spline In terp olan ts

V anderbilt Univ ersit y , Ma y 1, 1997

P eter Alfeld

Departmen t of Mathematics

Univ ersit y of Utah

Salt Lak e Cit y , UT 84112

801-581-6842 or 801-581-6851

alfeld@math.utah.edu

URL: h ttp://www.math.utah.edu/~alfeld/

Outline of T alk

ffl Biv ariate Splines

ffl T riangulations

ffl Spline Spaces on T riangulations

ffl The Bernstein-B ´ ezier F orm

ffl A lo w er b ound on the dimension of S

3

1

ffl Singular V ertices

ffl In terp olating with S

1

3

ffl The Comm utation Problem

ffl Examples

ffl Conclusions

Biv ariate Splines

“biv ariate” = t w o indep enden t v ariables.

ffl Tw o meanings of “spline”:

Γ Minimize a v ariational principle

Γ smo oth piecewise p olynomial function

Used for man y purp oses:

ffl In terp olation of data and functions.

ffl Appro ximation of data and functions.

ffl Data Represen tation.

ffl Curv e Design.

ffl Surface Design

ffl Numerical Differen tiation.

ffl Numerical In tegration.

ffl Numerical ODEs, PDEs.

[

T riangulations

Let

T = fø

i

: i = 1; 2; Δ Δ Δ ; N g (1)

b e a finite set of non-degenerate triangles in I R

2

and let

Ω =

T

i=1 ø

i

: (2)

Let

X = fx

i

2 Ω; i = 1; 2; Δ Δ Δ ; V g (3)

b e the set of all v ertices of triangles in T . Then T is a triangulation

of Ω pro vided that

1. The in teriors of the triangles in T are pairwise disjoin t.

2. Eac h edge of a triangle in T is either on the b oundary of

Ω or else is a common edge of exactly t w o triangles in T .

3. Eac h triangle in T con tains no p oin ts of X other than its

v ertices.

4. Ω is homeomorphic to the unit square.

m Co binatorics of T riangulations

Let

V

B

= n um b er of b oundary v ertices in T

V

I

= n um b er of in terior v ertices in T

E

B

= n um b er of b oundary edges in T

E

I

= n um b er of in terior edges in T

N = n um b er of triangles in T

Then

E

B

= V

B

E

I

= V

B

+ 3V

I

Γ 3

N = V

B

+ 2V

I

Γ 2

Γ Δ

m

Spline Spaces on T riangulations

S r

d

(T ) = fs 2 C r

(Ω) : sj

ø

2 P

d

; 8ø 2 T g

where P

d is the d+2

2

-dimensional space of biv ariate p olynomials

of degree d.

Notes:

ffl T riangle base finite elemen ts are a sp ecial case

ffl Lo cal Bases are kno wn if d ˘ 3r + 2

ffl Dimension dep ends on the geo etry of the triangulation

ffl F o cus on d = 3 ; r = 1 .

A v ertex10

Consequence: of a spline space dep ends on thegeometry as w ell as the com binatorics of a triangulation.Mo dify lo w er ound:dimS

13˘ VB

+ VI

+ 1 + œwhere is the n um b er of singular v ertices.Note: e v e enough parameters to in terp olate to functionv the v ertices of the triangulation.s(v ) f v )8v T for function f data).V e! S

12is o small.)Op en ffl esdimS

13= VB

+ 1 + œ ?ffl in terp olation and smo alw a ysconsisten t.11 In terp olating S

13Supp ose e can alw a ys in terp olate. ho ose a larger p oly-nomial hic h of the man y in terp olan ts do w e pic k?Most natural: suitable v sub to terp olation.Example (clamp ed elastic plate functional)Find s S

13(T ) h thatΩ s2xx+ s

2xy+ s

2y y dxdy minsub s(v ) f v ) v T 12

The Using Multipliers this giv es rise to the linear system:A

TDTC D c˘¯=0b0whereΩ s2xx+ s

2xy+ s

2y y dxdy

12cTAcffl p ositiv e semi-definite and has rank-deficiency 3 (sincethe clamp ed elastic plate functional is zero for linear functions).ffl the v ector of co efficien ts of s S ffl ¯ are Lagrange m ultipliers (for in terp olation andsmo othness resp ectiv ely).ffl b the in terp olation conditions ffl c 0 the (cen tral quadrilateral) smo othness condi-tions.ffl is rank deficien t when the dimension of S

31do es notequal generic v VB

+ VI

+ 1).13

The efficien t matrix dep ends on the triangulation.Consider a situation where the triangulation approac hes degen-eracy (i.e., rank deficiency of D ).uestionsffl es in terp olan t c hange discon tin uously at degener-acy ffl w ords, do es the diagramS

13Δ(T13Δ(T0

)# sT

! T0

(4)comm ute? a ys)ffl do es not comm ute for the clamp ed elastic plate func-tional, there other (reasonable) functionals for whic h the diagram alw a ys comm utes? w)ffl w w e handle degeneracy n umerically of ho c pro cedures.)Note sp ecial structure (most of the system is homogeneous).

Homogeneit y due to nature of v Buc kling14

Exa 66

61 1 ”0 1 0

0 1 ”

1 1 0 0” Γ” 0

777666c1c2c3˘¯

777=66600010777Solution ” = 0):c1

=25; 2

=15; c3

=25; ˘ Γ

15;15”Solution ” 0):c1

= 0; 2

= ; 3

= ; 0; arbitraryThe do es not comm ute. kling ccurs.15

Exa 66

61 0 0 1 0 Γ” 0 0 1 1 1 ” ” 0 0

777666c1c2c3˘¯

777=66600010777Solution all ”):c1 = 2 = ˘ = 0; 3

= ;and 0 ” = 0 arbitrary otherwise.So in this case the diagram do es comm ute!16

Exa Find S

13(T ) h thatΩ s2x+2ydxdy mina 00001 000111000 2:5e 2 5:1e 5 4:3e 5 2:4e 22 3:6e 2 2:4e 2 6:6e 6 1:2e 2

1 3:6e 2 3:6e 2 8:8e 6 6:8e 61=2 3:6e 2 4:8e 2 6:6e 6 1:2e 20 2:5e 2 4:9e 2 5:5e 6 2:5e 2Γ1=2 1:2e 2 4:8e 2 6:6e 6 3:6e 2Γ1 2e 6 3 :6 e 2 8: 8e 6 3 :6 e 2

Γ2 1:2e 2 2:4e 2 6:6e 6 3:6e 2Γ1000 Σ2:5e 2 :4e 5 4:3e 5 2:4e 220

Conclusionsffl utation that the limit dep ends on theprecise in whic h singularit y is obtained, and the span all p ossible limits has dimension greater than 1.ffl e could come up with a sc heme for whic hthe alw a ys comm utes.ffl kno w what degeneracies there are for S

13.ffl not clear ho w to handle the n umerical complications.

ffl erhaps most pruden t w a y out is to a v oid degeneraciesb y appropriate subspaces of S rd(finite elemen ts).21