Scattered Data In terp olation in Three or More V ariables

b y

P eter Alfeld

Abstract

This is a surv ey of tec hniques for the in terp olation of scattered

data in three or more indep enden t v ariables. It co v ers sc hemes that

can b e used for an y n um b er of v ariables as w ell as sc hemes sp ecifically

designed for three v ariables. Emphasis is on breadth rather than

depth, but there are explicit illustrations of differen t tec hniques used

in the solution of m ultiv ariate in terp olation problems.

List of Con ten ts

1. In tro duction

2. Rendering of T riv ariate F unctions

3. T ensor Pro duct Sc hemes

4. P oin t Sc hemes

4.1 Shepard’s Metho ds

4.2 Radial In terp olan ts

4.2.1 Hardy Multiquadrics

4.2.2 Duc hon Thin Plate Splines

5. Natural Neigh b or In terp olation

6. k -dimensional T riangulations

7. T etrahedral Sc hemes

7.1 P olynomial Sc hemes

7.2 Rational Sc hemes

8. Simplicial Sc hemes

8.1 P olynomial Sc hemes

8.2 Rational Sc hemes

8.3 A T ransfinite Sc heme

9. Multiv ariate Splines

10. T ransfinite Hyp ercubal Metho ds

11. Deriv ativ e Generation

12. In terp olation on the sphere and other surfaces

Conclusions

1

lfeld

x1. In tro duction

Multiv ariate scattered data in terp olation problems arise in man y differen t

w a ys, as suggested b y the follo wing examples (others can b e found in the

literature listed at the end of this pap er):

1. Gra vitational Field of the Earth [53]. Earth’s gra vitational field

constitutes a v ector v alued function of three comp onen ts. It has b een

measured with great accuracy at man y p oin ts on the surface of the earth,

and in space. Y et no comprehensiv e mo del is curren tly a v ailable that is

sufficien tly accurate for all applications. Ma jor difficulties in mo deling

the field are caused b y the presence and significance of disparate spatial

scales: On the surface of the planet the field ma y c hange appreciably

within a few miles. It is affected—b oth in strength and direction—e.g.,

b y the presence of moun tain ranges. Gra vitational effects on a larger scale

affect a satellite in a t ypically lo w orbit of a few h undred kilometers.

Finally

, for the purp oses of na vigating a space craft in the vicinit y of

another planet, the Earth can b e though t of as a p oin t source of gra vit y .

2. Color Film Pro cessing [48]. In generating color prin ts or slides, a

pro cessing system has to b e corrected for effects, e.g., of film, c hem-

istry

, lenses, and filters. The correction is a (v ector v alued) function of

the in tensities of three colors (Red, Green, Blue, i.e., R

GB) on certain

test slides. Appropriate corrections can b e determined for sp ecific R GB

v alues. Corrections for other R

GB v alues can then b e obtained b y in ter-

p olation.

3. Implicitly Defined Surfaces [73]. T om Sederb erg has explored the

design and represen tation of (t w o-dimensional) surfaces as the con tour

surfaces of triv ariate piecewise p olynomial functions. Suc h functions can

b e constructed b y in terp olation. The data then serv e as Design Handles.

4. Oil exploration. In exploratory oil drilling an abundance of data is

obtained at eac h b ore hole. The data are distributed in a p eculiar fashion:

they are dense along b ore holes and widely scattered otherwise.

In this pap er, w e consider the scattered data in terp olation problem:

Giv en

(x

i

; y

i

) 2 Ω Θ I

R; i = 1; 2; Δ Δ Δ ; N ; Ω æ I R k

; (1)

find s 2 S (Ω) suc h that

s(x

i

) = y

i

; i = 1 ; 2 ; Δ Δ Δ ; N : (2)

The p oin ts (x

i

; y

i

) are the data p oin ts (or just data). W e refer to the x

i as

data sites to separate them from the function v alues y

i

. The in teger k is the

n um b er of indep enden t v ariables. Our case of in terest is

k ¿ 2 : (3)

The in teger N is the n um b er of data to b e in terp olated to, and Ω is a suitable

domain con taining the data sites. S (Ω) is the in terp olating space, i.e., a

olation 3

(usually finite dimensional) linear space of functions defined on Ω. Usually ,

S (Ω) æ C

1

(Ω).

It is often con v enien t (e.g., for describing an in terp olation sc heme) to

think of the data as ha ving b een generated b y a primitiv e function f , i.e.,

y

i

= f ( x

i

); i = 1 ; 2 ; Δ Δ Δ ; N : (4)

Ho w ev er, w e do not assume that an y information ab out f is a v ailable other

than the data themselv es.

A completely sp ecified pro cedure of prescribing an in terp olation space S

and an in terp olan t s (for general Ω and general data) constitutes an in terp ola-

tion sc heme. This is distinguished from a tec hnique whic h is used to build an

in terp olation sc heme. An algorithm is a scheme that has b een implemented in

a commercially or freely a v ailable computer program. Emphasis in this pap er

is on tec hniques, and not on sc hemes or algorithms.

T o mak e the scop e of this pap er manageable, a n um b er of topics and

issues had to b e omitted:

1. Appro ximation Problems where the residuals e

i

= s(x

i

) Γ y

i are to

b e made small in some appropriate sense. F or practical applications, this

is probably a more imp ortan t ob jectiv e than actual in terp olation (whic h

renders the residuals zero) since realistic data usually are comprised of

measured v alues and include errors whose exact repro duction is p oin tless.

Sometimes an appro ximation sc heme can b e turned in to an in terp olation

sc heme b y c ho osing the dimension of the appro ximating space equal to the

n um b er of data. Used frequen tly , and related to some of the tec hniques

describ ed in this pap er, are smo othing splines [82], i.e., functions that

minimize

I (s) =

N

X

i=1

Γ

s(x

i

) Γ y

i

Δ

2

+ ˘J (s) (5)

where ˘ is a parameter and J ( s) is a suitable semi-norm, measuring for

example the strain energy in a clamp ed elastic plate (see section 4.2.2).

There are man y additional references on smo othing splines in the bibli-

ograph y [41].

2. In terp olation Error. This is the difference ks Γ f k for some primitiv e

function f (and a suitable norm k Δ k), usually considered a function of

the densit y of the data sites. This is an issue in classical appro ximation

theory .

3. Multiv ariate B-Splines. This is a large and fascinating area in its

o wn righ t. Ho w ev er, to date m ultiv ariate B-splines do not app ear to

ha v e b een particularly comp eten t in solving m ultiv ariate scattered data

in terp olation problems. There is a large n um b er of pap ers on m ultiv ariate

B-splines in the bibliograph y [41].

4. Geometric Con tin uit y . In Computer Aided Geometric Design (of one

and t w o dimensional surfaces em b edded in I R

3

) a cen tral ob jectiv e is to

recognize, obtain, and represen t prop erties of a surface that are indep en-

den t of an y particular parameterization. This allo ws a great degree of

lfeld

flexibilit y in the c hoice of the parameterization, and in the structure of

the surfaces that can b e designed. F or higher dimensional surfaces this

issue has not y et pla y ed a prominen t role. The only reference on this

topic kno wn to the author is Dieter Lasser’s recen t thesis [50]. In this

pap er, w e restrict ourselv es to the functional case (1) (whic h of course

includes v ector v alued functions defined on Ω).

I ha v e attempted to co v er existing tec hniques as widely as p ossible. Ho w-

ev er, only primary references are listed at the end of this pap er. Their bib-

liographies should b e consulted for further information. A recen t extensiv e

bibliograph y of 1107 en tries on m ultiv ariate appro ximation and in terp olation

is [41]. Recen t collections of pap ers include [31], [36], and the fiv e v olumes

of the CA

GD journal that ha v e app eared to date. A ric h source of infor-

mation and ideas is the Win ter 1984 issue of the Ro c ky Moun tain Journal

of Mathematics whic h is en tirely dev oted to m ultiv ariate in terp olation and

appro ximation problems.

It is unlik ely that m ultiv ariate in terp olation sc hemes are going to emerge

that are truly general purp ose in the sense that they will solv e satisfactorily

the bulk of realistic problems. This applies to problems in three or more v ari-

ables ev en more so than the case of just t w o indep enden t v ariables. There is a

tremendous degree of v ariet y and p eculiarit y presen t in m ultiv ariate interp ola-

tion problems. Th us it is imp ortan t to b e a w are of many different techniques

of designing in terp olation sc hemes, and of obtaining certain effects. Man y

suc h tec hniques are illustrated explicitly in this pap er. The purp ose of these

illustrations is alw a ys the tec hnique itself, and not a detailed description of

the particular in terp olation sc heme to whic h it is applied.

In spite of the the complexit y of real problems, most of the sc hemes de-

fined in this pap er are general purp ose in the sense that they are designed

for generic situations rather than sp ecific applications. (The exceptions are:

tensor pro duct sc hemes, in terp olation on the sphere and other surfaces, and

h yp ercubal metho ds). Calling a metho d general purp ose requires certain un-

derlying assumptions that should b e made explicit:

1. There is no readily utilizable structure in the data that calls for the use of

a more sp ecific in terp olation sc heme. (In particular, it is hard to conceiv e

of a situation where one w ould w an t to in terp olate to tensor pro duct data

with a scattered data sc heme.)

2. On the other hand, there is no p eculiar structure that w ould upset a gen-

eral purp ose metho d. F or example, a sc heme based on a (k -dimensional)

triangulation of the data sites is lik ely to p erform p o orly in a situation

where data arise densely along scattered lines.

3. There is no appreciable noise in the data. (Otherwise one w ould use an

appro ximation rather than an in terp olation sc heme.)

4. The represen tation of the data b y a smo oth (e.g., C

1

) function is ap-

propriate. This is often not the case. F or example, in Computer Aided

T omograph y one is particularly in terested in surfaces across whic h the

densit y of the h uman b o dy c hanges discon tin uously (i.e., the b oundary

olation 5

of organs and b ones). Similarly

, in oil exploration a ma jor issue is the

lo cation of faults (where subterranean la y ers of ro c k ha v e b een ruptured).

The prediction and mo deling of unkno wn discon tin uities is an op en and

difficult problem that most lik ely will ha v e to b e addressed in the con text

of individual applications.

5. W e will alw a ys assume that the data are suc h that the existence and

uniqueness of an in terp olan t is assured. In sev eral v ariables there are

man y settings where this is not the case. F or example, it is imp ossible

to in terp olate to three data b y a biv ariate linear function if the data

sites are situated along a straigh t line. Similarly

, one cannot in terp olate

with a biv ariate quadratic to six p oin ts whose sites lie on a conic section.

T ypically

, suc h situations are singular in the sense that existence and

uniqueness of the in terp olan t can b e restored b y an arbitrarily small

p erturbation of the data sites. In this con text, the opp osite of singular

is generic. F or all of our in terp olation sc hemes, existence and uniqueness

are assured at least generically .

In designing, c ho osing, or using a m ultiv ariate in terp olation sc heme sev-

eral issues ma y ha v e to b e considered:

1. Ho w can a function of more than three v ariables b e rendered?

2. Is the sc heme lo cal or global, i.e., is the v alue of the in terp olan t at a

giv en p oin t dep enden t on all data or only a small subset of data sites

close to the p oin t of ev aluation? A precise and general definition of these

terms is not p ossible, but for an y particular sc heme it usually mak es

sense to classify it as lo cal or global. Lo cal sc hemes are more attractiv e

for applications, while global sc hemes are easier to build and to design so

as to p ossess other desirable prop erties (whic h dep end on the particular

problems that are to b e solv ed).

3. What is the degree of precision of a sc heme? This is the largest n um b er

m suc h that s = p whenev er p is p olynomial of degree up to m and

y

i

= p(x

i

), i = 1; 2; Δ Δ Δ ; N . The degree of precision is lo osely related

to the shap e fidelit y of a sc heme. No precise statemen ts can b e made,

but it is hard to en vision viable sc hemes that do not ha v e at least linear

precision. On the other hand, a high degree of precision has no v alue in

itself.

4. What is the degree of smo othness of the in terp olan t, i.e., ho w often is it

differen tiable? Usually

, first order differen tiabilit y is required.

5. What kind of data are required for the construction of the in terp olan t?

As a rule, only functional data are pro vided b y the problem, as indi-

cated in (1). Ho w ev er, other data, e.g., v alues of deriv ativ es at data sites,

or function and deriv ativ e v alues at p oin ts other than data sites, ma y

b e required b y the sc heme to obtain prop erties suc h as lo calness, or in-

creased precision. See section 11 for a discussion of deriv ativ e generation

tec hniques.

6. Is the sc heme in v arian t under affine transformations? Let A b e a non-

singular k Θ k matrix, fl a non-zero real n um b er, and let ¯ s b e the so-

t

æ lfeld

lution of the mo dified in terp olation problem with the data (Ax

i

; fl y

i

),

i = 1; 2; Δ Δ Δ ; N . The in terp olation sc heme is affinely in v arian t if, for all

data sets, and all p oin ts x 2 Ω, ¯ s (Ax ) = fl s (x ). Affine in v ariance implies

for example that in terp olated ph ysical quan tities are indep enden t of the

units c hosen for expressing the data.

7. Do es the in terp olan t dep end con tin uously on the data sites? This prop-

ert y is clearly desirable y et it is not presen t e.g., for an y triangulation

based sc heme since the triangulation itself dep ends discon tin uously on

the data sites.

8. A v ariet y of prop erties ma y b e desirable dep ending on the particular

in terp olation problem. F or example, the v alue of the in terp olan t ma y

b e constrained to b e brac k eted b y the minim um and maxim um function

v alues; the in terp olan t ma y ha v e to b e con v ex, or monotone with resp ect

to some or all of the indep enden t v ariables; or it ma y b e required to

minimize a ph ysically relev an t v ariational principle o v er an affine space

of p oten tial in terp olan ts.

W e conclude this section b y in tro ducing a few terms and some notation

that will b e used throughout the pap er:

When it is necessary w e will denote the comp onen ts of x 2 I R k

b y ¸

i

,

i = 1; 2; Δ Δ Δ ; k , to a v oid confusion with the data sites. The norm k Δ k will b e

the Euclidean Norm, i.e.,

kxk = v

u

u k

X

i=1

¸

2

i

: (6)

The expression I P k

d denotes the

Γ

d+k

k

Δ

-dimensional linear space of p olyno-

mials of k v ariables of total degree d .

The in terp olan t s will b e sough t in the finite dimensional linear in terp o-

lation space

S (Ω) = span

Φ

w

i

2 C

1

(Ω): i = 1; 2; Δ Δ Δ ; M

Ψ

: (7)

where M ˘ N . Thus it will b e of the form

s(x) =

M

X

i=1 ff

i w

i

(x) (8)

where the ff

i are co efficien ts that are determined b y the in terp olation condi-

tions (2) and, if M ¿ N , b y additional auxiliary conditions that are imp osed

to enforce certain useful prop erties of s. The w

i are the basis functions.

W e define the Kronec k er Delta as usual b y

ffi

ij

=

1 if i = j

0 if i 6= j

: (9)

A frequen tly arising sp ecial case is giv en when M = N and

w

i

(x

j

) = ffi

ij

(10)

`´

æ lfeld

and ha ving lo cal supp ort in some appropriate sense. F or example, the

F rank e-Little w eigh ts [22] are giv en b y

¯

i

(x) = 1 Γ kx Γ x

i k

R

i

˚

+

(21)

where

x

˚

+

= x

˚

if x ¿ 0

0 if x ˇ 0

; (22)

the R

i are suitably c hosen radii of circles around the data sites that

constitute the supp ort of the mo dified basis function, The smo othness of

the m ultiplying factor is ˚ Γ 1. This tec hnique yields an in terp olan t

s(x) =

N

X

i=1 y

i

¯

i

(x)w

i

(x) (23)

whic h is still in cardinal form. Ho w ev er, the (constan t) precision of the

sc heme has b een destro y ed.

2. In terp olation to T a ylor op erators. T o increase the precision of Shep-

ard’s metho d one can in terp olate to T a ylor expansions instead of function

v alues. F or example, the in terp olan t defined b y

s(x) =

N

X

i=1 w

i

(x)

Γ

f (x

i

) + rf (x

i

)

T

(x Γ x

i

)

Δ

(24)

has linear precision (since the w eigh ts w

i add to 1 and the individual

T a ylor op erators ha v e linear precision). Since rw

i

(x

j

) = 0 for all i and j

it also follo ws that S

1

p f in terp olates to rf (x

i

). The precision can b e in-

creased further b y in terp olating to T a ylor op erators of order greater than

linear. Ho w ev er, for Shepard’s metho d, if higher order T a ylor op erators

w ere to b e used, higher order deriv ativ es w ould not b e in terp olated to.

Ob viously

, the tec hnique calls for additional deriv ativ e v alues that are

not normally a v ailable as data.

3. Bo olean Sums. Let P and Q b e t w o linear op erators defined on a

suitable function space, and suc h that the comp osition P Q is defined.

The Bo olean Sum of P and Q is defined b y

S = P Φ Q = P + Q Γ P Q (25)

Barnhill and Gregory sho w in [18] that S has (at least) the in terp olation

prop erties of P and the precision prop erties of Q . Th us one can obtain

an in terp olation sc heme with an arbitrarily high degree of precision m ,

sa y , b y letting P f b e Shepard’s in terp olan t and Qf 2 I P k

m b e a Least

Squares Appro ximation.

4. Delta Sums [38], [39]. A Bo olean Sum can b e formed only if the

op erator Q can b e applied when f is represen ted solely b y the giv en

olation 11

data. This fact rules out, e..g., tensor pro duct based op erators. This

motiv ated F oley to define a Delta Sum of t w o op erators P and Q as

S = P 4 Q = P Φ ( QP ) = QP + P (

I Γ QP ) :

The pro cess can b e rep eated to yield a Delta Iteration. Sev eral Bo olean

Sum and Delta Sum based in terp olation sc hemes are describ ed and dis-

cussed in [22].

A recen t pap er on Shepard’s metho d is [37]. It surv eys the prop erties of

the metho d, and in particular analyzes its appro ximation order. Other pap ers

on implemen tations, mo difications, and tests of Shepard’s metho d include [15],

[17], [40], [42], [49], and [56].

4.2 Radial In terp olan ts

The term radial is due to Rippa [68]. Radial in terp olan ts are of the form

s(x) =

N

X

i=1 ff

i g (kx Γ x

i k) + p

m

(x) (26)

where g is a giv en univ ariate so-called radial function, and p

m

2 I P k

m

. The

co efficien ts of s are determined b y the in terp olation condition (2) and the

additional requiremen t that

N

X

i=1 ff

i q (x

i

) = 0 (27)

for all p olynomials q 2 I P k

m

. Ob viously

, if y

i

= p(x

i

), i = 1; 2; Δ Δ Δ ; N for some

p olynomial p 2 I P k

m

, then the c hoice ff

i

= 0, i = 1; 2; Δ Δ Δ ; N and p

m

= p will

satisfy all requiremen ts. Th us radial in terp olan ts ha v e degree of precision m .

Recen t discussions of radial sc hemes are in [35], [57], and [62]. Micc helli’s

pap er establishes in particular that for man y radial sc hemes, including those

describ ed here, the in terp olan t exists and is unique for all data sets (pro vided

only that the in terp olation problem with I P k

m as in terp olation space has at

most one solution for all sets of function v alues). Remark ably

, this fact w as

established only after Multiquadrics had b een used with great success for

fifteen y ears. Dyn and her co-w ork ers in [35] and some of the references listed

there dev elop particular radial sc hemes and n umerical tec hniques to deal with

the large and ill-conditioned linear system defining the in terp olan ts.

The follo wing subsections describ e t w o sp ecific c hoices of the radial func-

tion g .

Z

`´

Z

æ lfeld

4.2.1 Hardy Multiquadrics

These in terp olan ts are defined b y

g (t) = ( h

2

+ t

2

) ff

; ff = Σ

1

2

; h ¿ 0 ; m = 0 (28)

and w ere first prop osed b y Hardy in 1971 [44]. The parameter h is at the user’s

disp osal and its b est c hoice is related to the distance b et w een data p oin ts.

Multiquadrics constitute one of the most successful and widely used general

purp ose in terp olan ts for m ultiv ariate data. Un til recen tly , that success w as

based en tirely on n umerical exp erimen ts. F urther insigh t in to the effectiv eness

of Multiquadrics w as gained b y Buhmann [28], [29], and Jac kson [47] who

study the appro ximation prop erties of Multiquadrics.

4.2.2 Duc hon Thin Plate Splines

These in terp olan ts w ere originally in tro duced b y Duc hon [34] for the case

k = 2 as solutions of the v ariational principle

I

¯ s =

I R k kD

¯

(s)k

2

dx = min ; (29)

where

D

¯

=

@

¯

@ ¸

i

1

@ ¸

i

2

Δ Δ Δ @ ¸

i

¯

: (i

1

; i

2

; Δ Δ Δ ; i

¯

) 2 [1 ; d ]

¯

; ¯ = m + 1 (30)

o v er all admissible functions, sub ject to the in terp olation conditions (2). In

the sp ecial case ¯ = k = 2,

I

2 s =

I R

2

Γ

s

2

¸

1

¸

1

+ 2s

2

¸

1

¸

2

+ s

2

¸

2

¸

2

Δ

d¸

1 d¸

2

(31)

and the functional I

2 measures the strain energy in a clamp ed elastic plate,

giving rise to the name thin plate spline.

The solution of the minimization problem (29) are radial in terp olan ts,

called surface splines, with

g (t) = t

(2¯Γk )

log t if k is ev en

t

(2¯Γk )

if k is o dd

: (32)

n o

n o olation 13

x5. Natural Neigh b or In terp olation

This sc heme w as in tro duced b y Sibson [77]. It is based on the Diric hlet

(or Thiessen or V oronoi) T essellation of Ω. This is the collection of tiles of

the form

ø

i

= x 2 I R k

: kx Γ x

i k ˇ k x Γ x

j k 8j = 1; 2; Δ Δ Δ ; N “ Ω (33)

Ob viously ,

Ω =

N

[

i=1 ø

i

(34)

and the tiles are disjoin t except for parts of their b oundaries.

W e assume that the domain Ω æ I R k

has finite v olume. In order to

ev aluate the in terp olan t at a p oin t x 2 Ω w e can think of adding x to the set

of data sites and carving its tile from the tiles of neigh b oring data sites. Th us

w e let

ø (x) = z 2 I R k

: kx Γ x

i k ˇ k z Γ xk 8j = 1 ; 2 ; Δ Δ Δ ; N ; (35)

ø

i

(x) = ø (x ) “ ø

i

(36)

and

v (ø ) = v olume( ø ) (37)

Sibson’s natural neigh b or in terp olan t is then defined as

s(x) =

N

P

i=1

˘

i

(x)kx Γ x

i k

Γ1

¸

i

(x )

N

P

i=1

˘

i

(x)kx Γ x

i k

Γ1

(38)

where

¸

i

(x) = f (x

i

) + rf (x

i

)

T

(x Γ x

i

)

˘

i

(x) = v

Γ

ø

i

(x)

Δ

v

Γ

ø (x)

Δ

(39)

Note that if w e replace ˘

i

(x) b y kx Γ x

i k

Γ1

w e obtain a linearly precise

v ersion of Shepard’s metho d. Ho w ev er, ˘

i

(x) 6= 0 only for p oin ts close to x

whic h causes the sc heme to b e lo cal. As for Shepard’s metho d, w e ha v e to

define explicitly s(x

i

) = y

i

.

The natural neigh b or in terp olan t has some remark able prop erties:

1. It has linear precision. In fact it also repro duces spherical quadratics

(i.e., quadratic functions whose matrix of second deriv atives is a multiple

of the iden tit y matrix).

2. It is lo cal.

3. In the sp ecial case k = 1 the function s is piecewise cubic.

lfeld

4. s 2 C

1

(Ω)

5. The v alue s(x) dep ends con tin uously on the data sites x

i

.

The pro of of the last t w o prop erties is in v olv ed.

Ob viously

, in order to construct the in terp olan t (38), gradien t v alues

ha v e to b e supplied. Sibson’s pap er describ es a sc heme in the spirit of natural

neigh b or in terp olation that generates deriv ativ e v alues from giv en function

v alues.

x6. k -dimensional T riangulations

Man y biv ariate in terp olation sc hemes are based on triangulations of the

data set, and it is natural to use the same ideas in more than t w o v ariables.

Let T = ft

i

: i = 1; 2; Δ Δ Δ ; T g b e a set of non-degenerate simplices, and let

Ω =

S

T

i=1 t

i

. It is useful to allo w for the p ossibilit y that Ω is not con v ex. The

follo wing definition is a sligh t v ariation of the definition in [52] (where Ω is

the con v ex h ull of the data sites):

Denote the set of data sites b y X = fx

i

: i = 1; 2; Δ Δ Δ ; N g , Then the set T

is a triangulation of X if the follo wing conditions are satisfied:

1. All v ertices of eac h simplex are mem b ers of X .

2. The in teriors of the simplices are pairwise disjoin t.

3. Eac h facet of a simplex is either on the b oundary of Ω or else is a common

facet of exactly t w o simplices.

4. Eac h simplex con tains no p oin ts of X other than its v ertices.

5. Ω is homeomorphic to [0; 1] k

.

The last of the ab o v e conditions rules out degenerate triangulations con-

sisting for example of t w o tetrahedra touc hing in just one v ertex or edge.

There are some significan t differences b et w een biv ariate and higher di-

mensional triangulations. These include for example:

1. Sp ecification of X and Ω do es not determine the n um b er of simplices.

Coun ter examples are giv en in [19] and [52].

2. If k ¿ 3, p ossible triangulations ma y not b e distinguishable b y informa-

tion ab out connectivit y of p oin ts, i.e., b y the sp ecification of edges. F or

examples see [52].

3. A standard tec hnique of building 2-dimensional triangulations consists of

adding one triangle at a time, main taining at eac h stage a v alid triangu-

lation. F or some triangulations, this is not p ossible if k ¿ 2. A simple

coun ter example (consisting of 14 p oin ts and 41 tetrahedra) is giv en in

[69], a more complicated one for man y differen t triangulations of a par-

ticular domain is giv en in [24] and also describ ed in [70], p. 17. If the

construction is p ossible the triangulation is said to b e shellable.

Man y criteria ha v e b een prop osed for selecting particular 2-dimensional

triangulations. P erhaps the easiest to generalize is that of the Delauna y tri-

angulation. This is the dual of the Thiessen tessellation: t w o p oin ts are

connected if their tiles share a line segmen t. An equiv alen t requiremen t is

that for an y t w o neigh b oring triangles the circumcircle of one triangle do es

olation 15

not con tain the opp osite v ertex of the other triangle. This is the lo cal circle

test. It implies the stronger global circle test : the circumcircle of an y triangle

in the triangulation do es not con tain an y other data site at all. (W e ignore

sp ecial cases where four or more p oin ts lie on the circumference of a circle.)

La wson [52] generalizes these concepts. He sho ws:

1. A set of k + 2 p oin ts in I R k

ma y b e triangulated in at most 2 differen t

w a ys.

2. The (lo cal) sphere test (the ob vious generalization of the lo cal circle test)

selects a preferred one of these t w o triangulations.

3. A triangulation that satisfies the lo cal sphere test also satisfies the global

sphere test.

4. A triangulation satisfying the global sphere test is dual to the Thiessen

tessellation, i.e., the tiles of t w o p oin ts connected b y an edge share a k Γ 1

dimensional b oundary p olygon (again w e consider only the generic case).

P ascal co des for constructing k -dimensional triangulations are giv en in

[45]. They con tain facilities for forcing certain facets to b e con tained in the

triangulation. This option can b e used e.g., to generate non-con v exities, holes,

and ca vities.

W e no w giv e a precise definition of the lo calness of triangulation based

sc hemes that is suitable for the purp oses of this pap er. More sp ecifically , w e

generalize the term minimally supp orted defined in [13] for triangular sc hemes.

The star of a ˇ-face ’ is the union of all simplices that con tain ’. A

function s defined on a k -dimensional triangulation is said to b e minimally

supp orted if there is a ˇ -face ’ in the triangulation suc h that the supp ort of s is

con tained in the star of ’. A linear space S (Ω) is minimally supp orted if it has

a basis consisting of minimally supp orted functions. An in terp olation sc heme

is minimally supp orted if the in terp olation space S is minimally supp orted.

Note that in spite of the term’s negativ e connotation, it is highly desirable

for a space or a sc heme to b e minimally supp orted.

If S æ C (Ω) con tains all constan t functions, then for an y face ’ there

m ust b e a function s 2 S whose supp ort comprises all simplices con taining ’.

Otherwise, all functions s 2 S w ould ha v e to v anish on ’ . This fact ga v e rise

to the term minimally supp orted. It is reasonable to consider a minimally

supp orted sc heme to b e lo cal. On the other hand, a sc heme migh t also b e

called lo cal without b eing minimally supp orted. It is, ho w ev er, no easy task

to find a reasonable more general definition of the w ord lo cal. F or example, in

the case of of 2-dimensional triangulations an easy fallacy w ould b e to define a

sc heme to b e lo cal if for eac h basis function w there exists a v ertex V suc h that

the supp ort of w consists of the union of the stars of all v ertices con tained

in the star of V . Ho w ev er, simple examples sho w that suc h a supp ort set

ma y not ev en b e simply connected, whic h renders the utilit y of the definition

doubtful. The problem is comp ounded for triangulations of dimension greater

than 2.

lfeld

x7. T etrahedral Sc hemes

In this c hapter, w e consider sc hemes that ha v e b een sp ecifically designed

for in terp olan ts on a three-dimensional triangulation. In terp olan ts that apply

to triangulations of a general dimension are describ ed in the next c hapter.

The original motiv ation for defining in terp olan ts piecewise on tetrahedra

is the prosp ect of obtaining lo cal sc hemes. Indeed, all sc hemes describ ed in

this c hapter are minimally supp orted. Ho w ev er, with the increasing a v ailabil-

it y of parallel pro cessing tetrahedral (and, more generally

, simplicial) sc hemes

are lik ely to b ecome ev en more attractiv e since individual tetrahedra can b e

pro cessed indep enden tly and sim ultaneously!

7.1 P olynomial Sc hemes

It is natural to consider the use of finite elemen ts as an in terp olan t, partic-

ularly since there is a large and sophisticated mac hinery a v ailable for handling

them. If a piecewise defined in terp olan t is to b e p olynomial on eac h tetrahe-

dron and globally differen tiable, then its p olynomial degree m ust b e at least

9 [86]. Rescorla [67] giv es an explicit description of suc h a sc heme. It requires

220 (i.e., the dimension of the space of triv ariate nonic p olynomials) data p er

tetrahedron. These include deriv ativ es through fourth order at the v ertices of

the tetrahedron, as w ell as function and deriv ativ e v alues at v arious p oin ts on

the faces and the cen troid of the tetrahedron. The degree of precision of the

sc heme is nine. Rescorla’s approac h consists of constructing a basis of I P

3

9

(in

terms of barycen tric co ordinates) that renders triangular the V andermonde

matrix asso ciated with the data.

In the biv ariate case, the minimal p olynomial degree for a piecewise p oly-

nomial C

1

sc heme is fiv e. A w ell-kno wn tec hnique of reducing that degree, as

w ell as the degree of the deriv ativ e v alues required as data, is to sub divide the

triangle in to subtriangles. Splitting a triangle ab out its cen troid in to three

subtriangles and letting the p olynomial degree b e 3 giv es rise to the widely

used Clough-T o c her sc heme [3], [80], whic h requires only first order deriv ativ e

data.

A similar approac h to the triv ariate problem is tak en in [3]. The tetrahe-

dron is split ab out its cen troid in to 4 subtetrahedra, the in terp olan t is quin tic

on eac h subtetrahedron, and the degree of the required deriv ativ e data is 2 (as

opp osed to 4 required for the nonic p olynomial finite elemen t). The sc heme is

suc h that p erp endicular first order cross-b oundary deriv ativ es across a face of

the tetrahedron ha v e only quadratic precision. The o v erall degree of precision

is therefore only cubic. A p eculiarit y of the sc heme is that four of its co effi-

cien ts are not needed for either in terp olation or forcing global differen tiabilit y ,

and ha v e to b e condensed, i.e., conditions ha v e to b e made up that eliminate

them. The in terp olan t is giv en in B ´ ezier-Bernstein F orm. The MR

C rep ort

[4] lists explicit expressions for the co efficien ts of the sc heme.

An alternativ e approac h is describ ed in [85]. The biv ariate P o w ell-Sabin

split [63] is applied to eac h facet of the tetrahedron and all p oin ts obtained in

lfeld

The latter approac h is tak en b y W orsey and F arin [84] who prop ose a

sc heme with sev eral remark able prop erties: it is piecewise cubic, applicable to

an y k -dimensional triangulation, requires only function and first order deriv a-

tiv e v alues, and has cubic precision. The k ey to obtaining the sc heme is a

particular triangulation of a k -simplex. More generally

, the triangulation of

a ˇ-simplex ’ (ˇ ˇ k ) is defined recursiv ely as follo ws:

1. If ˇ = 1, ’ is not split. (In this case, ’ is an edge.)

2. If ˇ ¿ 1 then first all faces of ’ are split. Then an in terior p oin t P of

’ is c hosen and connected b y a line segmen t to all b oundary p oin ts of ’

and all previously c hosen in terior p oin ts on the faces of ’.

Th us a k -simplex is split in to (k + 1)!=2 subsimplices. In the case k = 2

one obtains the Clough-T o c her split, except that the in terior p oin t need not

b e the cen troid. If k ¿ 2, the c hoice of the in terior p oin ts of the v arious

simplices and faces m ust satisfy the follo wing geometric requiremen ts:

1. Common faces b et w een neigh b oring simplices are split iden tically on eac h

simplex.

2. When splitting an y t w o simplices sharing a facet in the triangulation, the

in terior p oin ts c hosen in eac h m ust b e collinear with the in terior p oin t

c hosen to split the common face.

W orsey and F arin [84] sho w that these ob jectiv es can indeed b e accom-

plished. On the resulting split they construct their in terp olan t as a general-

ization of the biv ariate Clough-T o c her split [80].

8.2 Rational Sc hemes

The most general discrete simplicial in terp olation sc hemes are p erp en-

dicular in terp olan ts describ ed in [7]. The resulting in terp olan ts are globally

m times differen tiable and ha v e p olynomial degree of precision m or m + 1,

dep ending on the v arian t that is used. The parameter m ˘ 0 can b e c hosen

to suit the application. The only data requiremen ts are function v alues and

deriv ativ es through m-th order at the v ertices of the k -dimensional triangu-

lation. Because of their in trinsic in terest, and b ecause their design illustrates

sev eral useful principles, w e will discuss them in some detail.

A ma jor difficult y in designing smo oth lo cal simplicial sc hemes is to en-

force a certain degree of global differen tiabilit y without making reference to

the geometry of neigh b oring simplices (otherwise the sc heme w ould not b e

lo cal). One therefore t ypically considers deriv ativ es in directions p erp endicu-

lar to a facet and requires that those deriv ativ es are determined uniquely b y

the data giv en on the facet. Since neigh b oring simplices share the facet, the

deriv ativ es on the individual simplices are determined iden tically and agree on

that facet, i.e., they are con tin uous. The reason for c ho osing a p erp endicular

cross-direction is b ecause it m ust b e across the b oundary and it m ust b e c ho-

sen iden tically on neigh b oring simplices without kno wledge of the geometric

configuration of those simplices. This strategy is also used regularly in the

finite elemen t tec hnique.

¡ olation 21

Ho w ev er, directions p erp endicular to facets are in trinsically arbitrary as

far as the geometry of the lo cal simplex is concerned. A m uc h more natural

set of directions is giv en b y the edges of the simplex. Th us man y simplicial in-

terp olation sc hemes (suc h as the BBG sc hemes discussed ab o v e) are designed

in terms of deriv ativ es in the direction of edges, and global smo othness is en-

forced almost as an afterthough t b y expressing p erp endicular cross-b oundary

deriv ativ es in terms of edge deriv ativ es. This mak es the sc hemes exceedingly

un wieldy

, and is the sole reason that e.g., the rational tetrahedral C

1

sc heme

[2] could not b e mo dified to obtain a C

2

sc heme.

The k ey idea in [7] is to incorp orate p erp endicular cross-b oundary deriv a-

tiv es directly. Let S b e the simplex in question, and let F b e a facet of S .

W e think of all faces of S as em b edded in lo w dimensional affine subspaces,

so that an y line can in tersect a face ev en though the line ma y not in tersect

the simplex S itself. The anc hor of F is that facet other than F that forms

the smallest angle with F . With a p oin t x and the facet F w e asso ciate the

straigh t line through x p erp endicular to F . This is the line of fixation of x

with resp ect to F . F is also called the base face of the line of fixation. The

p oin t B

F

(x) where the line of fixation in tersects its base face is the base p oin t

of x and the p oin t A

F

(x) where it in tersects the anc hor is the top p oin t of x

(all with resp ect to the base face). Note that the base p oin t as w ell as the top

p oin t ma y lie outside the simplex S .

No w, for an y giv en p oin t x, w e obtain the v alue of the in terp olan t s(x)

b y in terp olating along eac h line of fixation through x to function v alues and

deriv ativ e v alues through m-th order p erp endicularly to the base face at the

base p oin t. W e ma y also in terp olate to the function v alue at the top p oin t.

The k + 1 v alues so obtained (one for eac h facet of S ) are then blended

together b y forming a suitable con v ex com bination. The resulting sc heme

is transfinite. It is discretized b y replacing the transfinite data on faces of

the simplex b y lo w er-dimensional p erp endicular in terp olan ts. The sc heme

is th us defined recursiv ely . Deriv ativ es are in terp olated to b y less smo oth

in terp olan ts. F or the sp ecial case that a con tin uous function is required w e

use linear in terp olation, and for the sp ecial case that the dimension of the

face is 1 w e use p olynomial Hermite in terp olation of the appropriate degree.

F or simplicit y , w e illustrate only the unanchored case where no in terp o-

lation tak es place at the anc hor. The in terp olan ts are defined b y

P m

S

(f )(x) =

8

¿

¿

:

X

F c m

F

(x)G m

F

(f )(x); if b

¯

(x) 6= 0 8¯ = 1 ; Δ Δ Δ ; k + 1

P m

F

(f )(x) if x 2 some face F

: (55)

Here, the summation is o v er all facets F of the simplex S . F or the defini-

tion of the blending functions c m

F

(x) w e let i b e defined b y F = fx: b

i

(x) = 0 g

n

`´

!

ˇ˘ lfeld

and let

c m

F

(x) =

Y

r 6=i b ȷ (m)

r

k +1

X

j =1

Y

r 6=j b ȷ (m)

r

: (56)

where

ȷ (m) = m + 2 if m is ev en,

m + 1 if m is o dd.

(57)

Th us the exp onen t in the blending functions is alw a ys ev en. This is required

to main tain a con v ex com bination, since some extrap olation ma y b e necessary ,

leading to negativ e barycen tric co ordinates.

The op erators G m

F pro duce T a ylor in terp olan ts to deriv ativ es p erp endic-

ular to the base face F . They are defined b y

G m

F

(f )(x) = m

X

˚ =0 b

˚

i

˚ !

P mΓ˚

F

@

˚

f

@ s

˚

F

Γ

B

F

(x)

Δ

(58)

where

Γ

B

F

(x)

Δ

is the base p oin t of the line of fixation with resp ect ot F

through x, and s

F

= V

i

Γ B

F

(V

i

). Note that G m

F is defined in terms of lo w er

dimensional p erp endicular interp olants. If the op erators P mΓ˚

F w ere replaced

b y the appropriate iden tit y op erator, then a transfinite sc heme (in terp olating

ev erywhere on the b oundary of F ) w ould emerge. T o complete the recursion,

w e also define:

P

0

S

(f ) k +1

X

i=1 b

i

V

i

= k +1

X

i=1 b

i f (V

i

); (59)

dim(S ) = 0 = ) P m

S

(f )(x) = f (V ) (since S = fV g) (60)

and

dim(S ) =1 = ) P m

S

(f )

Γ

tV

2

+ (1 Γ t)V

1

Δ

=

= m

X

j =0 h m

0;j

(t)

@ j

f

@ (V

2

Γ V

1

)

(V

1

) + h m

1;j

(t)

@ j

f

@ (V

2

Γ V

1

)

(V

2

)

; (61)

where the h m

i;j are cardinal p olynomials of degree 2m + 1 defined uniquely b y

the prop erties

@ h m

i;s

(t )

@ x

¯ fi

fi

fi

fi

fi

t = k

= ffi

s¯ ffi

ik

; (62)

s; ¯ 2 f0; 1; Δ Δ Δ ; mg, i; k 2 f0; 1g.

See [7] for a more thorough discussion of p erp endicular in terp olan ts, in-

cluding implemen tational details for k 2 f 2; 3g and n umerical examples.

n o olation 23

8.3 A T ransfinite Sc heme

In [43], Gregory describ es a transfinite simplicial sc heme of arbitrary di-

mension k and arbitrary degree of smo othness m . The sc heme is a con v ex

com bination of Bo olean sums of T a ylor t yp e op erators. It requires deriv ativ e

data up to order m k

ev erywhere on the b oundary of the simplex (and higher

degree deriv ativ e data on lo w er dimensional faces). Its degree of precision is

k (m + 1) Γ 1. A remark able asp ect of the sc heme is that the T a ylor op erators

yield in terp olan ts that are p olynomial along lines parallel to certain edges,

and the blending functions can b e c hosen to b e p olynomial. Gregory also

describ es a rational alternativ e of the p olynomial blending functions. (Ho w-

ev er, a transfinite sc heme cannot b e classified as rational or p olynomial since

its b oundary data ma y render the in terp olan t non-rational.) Because of its

generalit y , the sc heme is a natural candidate for discretization, particularly

for the case m = 1.

x9. Multiv ariate Splines

P erhaps the conceptually simplest approac h to designing a m ultiv ariate

in terp olan t is to generalize the concept of a univ ariate spline. Th us w e assume

that Ω æ I R k

has b een tessellated b y subregions t

i

, i = 1 ; 2 ; Δ Δ Δ ; T , and define

S r

d

(Ω) = s 2 C r

(Ω): sj

t

i

2 I P k

d

8i = 1 ; 2 ; Δ Δ Δ ; k (63)

The elemen ts of S r

d

(Ω) are k -v ariate splines (of p olynomial degree d and degree

of smo othness r ). W e are of course particularly in terested in the case that the

subregions t

i form a k -dimensional triangulation. The hop e in using S r

d

(Ω)

instead of a finite elemen t space, sa y , w ould b e the ability to decrease the

lo cal complexit y of a sc heme (e.g., lo w er its p olynomial degree), in exc hange

for the need to determine the parameters of the in terp olan t globally .

Ho w ev er, the global structure of m ultiv ariate splines turns out to b e b e

extremely ric h and complicated, and is at presen t only p o orly understo o d.

Ev en fundamen tal issues lik e the dimension and basis of spline spaces S r

d ha v e

not b een resolv ed in general, y et similar questions in the univ ariate case can

b e answ ered trivially

. One of the ma jor differences to the univ ariate case

is that the dimension of S r

d dep ends not just on the w a y in whic h simplices

are connected, but also on the precise lo cation of the data sites. Kno wledge

of biv ariate splines is substan tial and rapidly expanding. The sub ject w as

pioneered b y Strang, [79], Morgan and Scott [54], Sc h umak er [67], [68]. The

state of the art (as of this writing) is describ ed in [14] and [46], and the

references listed there.

A few results for triv ariate splines are giv en in [8]. F ollo wing is a summary

and an up date:

Supp ose for the momen t that the 3-dimensional triangulation is shellable

and has b een built b y adding one tetrahedron at a time, main taining at eac h

step a v alid triangulation. Th us at eac h step w e join the new tetrahedron to

the dev eloping triangulation at precisely 1,2, or 3 triangular facets. Let a ,

` ´ ` ´ ` ´ `´

`´

`´

` ´ `´

` ´ ` ´ `´

` ´ ` ´ `´

( ) lfeld

i = 1 ; 2 ; 3 denote the n um b er of times that w e joined at precisely i facets. The

v alues of a

i are crucial in expressing dimensions. They can b e generalized to

non-shellable triangulations b y the definition

a

1

= N Γ 4; a

3

= I ; and a

2

= T Γ 1 Γ a

1

Γ a

3

(64)

where T is the total n um b er of tetrahedra and I is the n um b er of in terior

v ertices.

Because of the paucit y of triv ariate results w e deviate briefly from our

plan of considering only differen tiable functions. It can b e sho wn quite easily ,

using the B ´ ezier-Bernstein form of a p olynomial, that

dim S

0

d

= d + 3

3

+ d + 2

3 a

1

+ d + 1

3 a

2

+ d

3 a

3

(65)

where

m

n

= 0 if n ¿ m (66)

and d ˘ 1. Let

P r

d

=

Φ

s 2 S

0

d

: s is r times differen tiable at the v ertices x

i

Ψ

: (67)

Then, for d ˘ 2 r + 1,

dim P r

d

= æ

0

+

3

X

i=1 æ

i a

i

(68)

where

æ

0

= dim I P

3

d

= d + 3

3

; (69)

æ

1

= d + 2

3

Γ 3 r + 2

3

; (70)

æ

2

= d + 1

3

Γ 2 r + 1

3

Γ 2 r + 2

3

; (71)

and

æ

3

= d

3

Γ r

3

Γ 3 r + 1

3

: (72)

F or d ˘ 3

dim S

1

3

˘ max æ

0

; æ

0

+

3

X

i=1 ø

i a

i

(73)

where

ø

1

=

Γ

d(d

2

Γ 1)

Δ

=6; (74)

ø =

Γ

d(d

2

Γ 6d + 5)

Δ

=6; (75)

olation 25

and

ø

3

= (d

3

Γ 12d

2

+ 29d Γ 18)=6: (76)

The form ulas in [8] also con tain a term accoun ting for singular edges that ma y

b e incorrect if sev eral singular edges emanate from one p oin t.

A similar form ula is giv en in [8] for the case r = 2.

The lo w er b ound (73) giv es the exact dimension in all cases where the

dimension has b een calculated explicitly [9], at least for the generic case. Note,

ho w ev er, that the lo w er b ound is giv en as the maxim um of æ

0

= dim I P

3

d and

another term B , sa y . The reason is that for some 3-dimensional triangulations

B ma y actually b e less than æ

0

, whereas trivially dim S

1

d

˘ dim I P

3

d

= æ

0

. In

[8] there is an example of a (large) triangulation where S b ecomes negativ e if

r 2 f3; 4g.

No useful upp er b ounds are kno wn (excluding trivial ones lik e dim S r

d

ˇ

dim P r

d

). Other wide op en questions include the existence of lo cal bases, and

the abilit y to solv e the in terp olation problem (2).

Sp ecific triv ariate examples where the dimensions c hanges with the geom-

etry of the underlying triangulation are giv en in [9]. In addition, the author

distributes p erio dically a Multiv ariate Spline Newsletter [10] that describ es

recen t dev elopmen ts in the theory of m ultiv ariate splines, and lists further

examples of geometric degeneracies.

The traditional approac h to utilizing m ultiv ariate splines is to emplo y

suitable subspaces of S r

d

. Finite elemen ts constitute an extreme example

where the p olynomial degree is high, and the subspaces allo w the construction

of a minimally supp orted basis. A recen tly dev elop ed in termediate set of sub-

spaces are those of sup ersplines and v ertex splines [30]. These can b e defined

in an y n um b er of v ariables. A sup erspline is a spline s 2 S r

d that is a sp ecified

n um b er R ˘ r times differen tiable at ev ery v ertex of the tessellation. F or ex-

ample, the finite elemen t describ ed in section 7.1, applied to ev ery tetrahedron

of a triangulation, defines a spline in s 2 S

1

d

. Since it is four times differen table

at eac h v ertex, it is also a sup erspline with R = 4. Moreo v er, since it has nonic

precision, ev ery sup erspline in S

1

9 with R = 4 can b e defined lo cally b y the

finite elemen t. A ˇ -v ertex spline v (where ˇ ¡ k ) is a minimally supp orted

sup erspline whose supp ort is the star of a ˇ-face. Of particular in terest for

applications are spaces spanned b y v ertex splines. The finite elemen t in sec-

tion 7.1 can b e used to construct ˇ-v ertex splines for ˇ = 0 ; 1 ; 2. Ch ui and Lai

[30] also in tro duce sup ersplines and v ertex splines defined on a tessellation

comprised of a mixture of simplices and parallelpip eds.

x10. T ransfinite Hyp ercubal Metho ds

Occasionally there are applications in whic h transfinite sc hemes are ap-

propriate. Examples include situations where a discretizing to ol is mo v ed

across a surface, creating dense data along sparsely placed lines. W e consider

the case where the lines ma y b e assumed to form a rectangular mesh. It is

then reasonable to design sc hemes based on the assumption that functional

data are giv en ev erywhere on the b oundary of the tessellating rectangles. The

lfeld

natural generalization of a rectangle to higher dimension is a h yp ercub e whic h

can b e scaled and represen ted b y a cub e [0 ; 1] k

. F or the case k = 2, sev eral

transfinite sc hemes on rectangles ha v e b een prop osed. In [23], Barnhill and

W orsey generalize this concept of a rectangular C

1

transfinite patc h to an

arbitrary n um b er k ˘ 2 v ariables. The difficulty in designing such schemes is

to satisfy compatibilit y requiremen ts on mixed partial deriv ativ es. This is ac-

complished b y incorp orating suitable rational correction terms. The resulting

sc hemes can b e discretized if desired. In [83], W orsey describ es a transfinite

h yp ercubal C

2

sc heme.

x11. Deriv ativ e Generation

It seems inevitable that in order to obtain an in terp olan t that is b oth

lo cal and smo oth one has to supply deriv ativ e data. T ypically

, suc h data are

not part of the in terp olation problem and ha v e to b e made up from existing

functional data. This pro cess is usually referred as deriv ativ e estimation , but

this is probably a misnomer. The ob jectiv e is not to estimate existing but

unkno wn v alues of deriv ativ es. Instead, it is to generate v alues that will yield

a satisfactory in terp olan t. Ev en if an underlying primitiv e function did exist

it migh t b e preferable to use deriv ativ e v alues that differ from the exact ones.

(F or example, a maxim um error migh t b e decreased b y using the “wrong”

deriv ativ e v alues.) Therefore, I prefer the term Deriv ativ e Generation rather

than Deriv ativ e Estimation.

Most existing deriv ativ e generation sc hemes ha v e b een dev elop ed sp ecif-

ically for biv ariate problems. Ho w ev er, most of the underlying ideas apply

in more than t w o v ariables. It is desirabble to generate deriv ativ e v alues lo-

cally in order to k eep the o v erall sc heme lo cal. On the other hand, n umerical

exp erimen ts [40] generation sc hemes tend to yield b etter results.

W e no w list a few sp ecific lo cal tec hniques:

1. Akima [1] discusses sev eral v ersions of a gradien t generation sc heme that

is based on a v eraging the normals defined b y pairs of v ectors connecting

data p oin ts. Second deriv ativ es can b e obtained b y applying the tec h-

nique to gradien t v alues.

2. Sibson [77] describ es a sp ecific sc heme designed (for an arbitrary n um b er

of v ariables) in the spirit of his natural neigh b or tec hnique.

3. Stead [78] compares sev eral tec hniques, including:

— A Shepard based metho d where, for eac h data p oin t, Shepard’s in-

terp olan t is computed for the six closest sites (excluding the data

site itself ), and differen tiated at the data site.

— A similar Hardy Multiquadric based metho d where the in terp olan t

is computed for t w en t y sites in a rectangular domain including the

data site itself. That in terp olan t is then differen tiated at the data

site.

— A w eigh ted Least Squares approac h where the gradien ts are obtained

b y differen tiating a quadratic appro ximation to the data at the 10

closest sites plus the data site.

lfeld

addition, m y w ork has b enefited greatly from the congenial en vironmen t and

the excellen t computing facilities at the Univ ersit y of Utah.

References

(Note: References not con tained in the bibliograph y [41] in the form giv en

here are mark ed with a sup erscript

+

.)

1. Akima, H., On estimating partial deriv ativ es for biv ariate in terp olation

of scattered data, Ro c ky Moun tain J. Math. 14 (1984), 41–52.

2. Alfeld, P

., A discrete C

1

in terp olan t for tetrahedral data, Ro c ky Moun-

tain J. Math. 14 (1984), 5–16.

3. Alfeld, P

., A T riv ariate Clough-T o c her Sc heme for T etrahedral Data,

Comput. Aided Geom. Design 1 (1984), 169–181

4. Alfeld, P

., A T riv ariate Clough-T o c her Sc heme for T etrahedral Data,

MR C T ec hnical Summary Rep ort #2702, Mathematics Researc h Cen ter,

Univ ersit y of Wisconsin–Madison, 1984.

5

+

: Alfeld, P

., T riangular Extrap olation, MR C T ec hnical Summary Rep ort

#2707, Mathematics Researc h Cen ter, Univ ersit y of Wisconsin–Madison,

1984.

6. Alfeld, P

., Deriv ativ e generation from m ultiv ariate scattered data b y func-

tional minimization, Comput. Aided Geom. Design 2 (1985), 281–296.

7. Alfeld, P

., Multiv ariate P erp endicular In terp olation, SIAM J. Numer.

Anal. 22 (1985), 95–106.

8

+

: Alfeld, P

., On the dimension of m ultiv ariate piecewise p olynomials, in

D.F. Griffiths and G.A. W atson (ed.), Numerical Analysis, pp. 1–23,

Longman Scien tific & T ec hnical, 1985.

9

+

: Alfeld, P

., 1987, A Case Study of m ultiv ariate piecewise p olynomials, in

[36], pp. 149-160.

10

+

: Alfeld, P

., The Multiv ariate Spline Newsletter, distributed p erio dically ,

to subscrib e con tact the author.

11. Alfeld, P

., and R. E. Barnhill, A transfinite C

2

in terp olan t o v er triangles,

Ro c ky Moun tain J. Math. 14 (1984), 17–40.

12

+

: Alfeld, P

. and B. Harris, Microscop e: a smo othness tester for m ultiv ariate

functions, MR

C Rpt. 2701, Univ. Wisconsin-Madison, 1984.

13

+

: Alfeld, P

., B. Pip er, and L.L. Sc h umak er, Minimally Supp orted Bases for

Spaces of Biv ariate Piecewise P olynomials of Smo othness r and Degree

d ˘ 4 r + 1, Comput. Aided Geom. Design 4 (1987), 105–124.

14. Alfeld, P

., B. Pip er, and L. L. Sc h umak er, An explicit basis for C

1

quartic

biv ariate splines, SIAM J. Numer. Anal. 24 (1987), 891–911.

15. Barnhill, R. E., Represen tation and appro ximation of surfaces, in Math-

ematical Soft w are I I I J. R. Rice (ed.), Academic Press, New Y ork, 1977,

68–119.

16. Barnhill, R. E., Surfaces in computer aided geometric design: A surv ey

with new results, Comput. Aided Geom. Design 2 (1985), 1–17.

17. Barnhill, R.E., R.P

.Dub e, and F.F. Little, Prop erties of Shepard’s Sur-

faces, Ro c ky Moun tain J. Math. 13, 365–382.

olation 31

18. Barnhill, R.E., and J.A. Gregory , P olynomial In terp olation to Boundary

Data on T riangles, Math. Comp. 29 (1975), 726–735.

19. Barnhill, R.E., and F.F. Little, Three and F our-Dimensional Surfaces,

Ro c ky Moun tain J. Math. 14 (1984), 77–102.

20. Barnhill, R.E., B.R. Pip er, and K.L. Rescorla, In terp olation to arbitrary

data on a surface, in [36], 281–290

21

+

: Barnhill, R.E., B.R. Pip er, and S.E. Stead, A m ultidimensional surface

problem: Pressure on a wing, Comput. Aided Geom. Design 2 (1985),

185–186.

22. Barnhill, R. E. and S. Stead, Multistage triv ariate surfaces, Ro c ky Moun-

tain J. Math. 14 (1984), 103–118.

23. Barnhill, R. E. and A. J. W orsey

, Smo oth in terp olation o v er h yp ercub es,

Comput. Aided Geom. Design 1 (1984), 101–113.

24

+

: Bing, R.H., Some asp ects of the top ology of 3-manifolds related to the

P oincar ´ e conjecture, in Lectures on Mo dern Mathematics, v. 2, 93–128,

Wiley

, New-Y ork, 1964.

25. de Bo or, C., A Practical Guide to Splines, Springer V erlag, New Y ork,

1978.

26. de Bo or, C., Efficien t computer manipulation of tensor pro ducts, A CM

T rans. Math. Soft w are 5 (1979), 173–182.

27. de Bo or, C., B-form Basics, in [36], 131–148.

28

+

: Buhmann, M.D., Con v ergence of Univ ariate Quasi-In terp olation using

Multiquadrics, IMA J. Numer. Anal., to app ear.

29

+

: Buhmann, Multiv ariate In terp olation in Odd Dimensional Euclidean

Spaces using Multiquadrics, submitted for publication.

30. Ch ui, C.K., and M. Lai, On Multiv ariate V ertex Splines and Applications,

in [31], 19–36.

31. Ch ui, C.K., L.L. Sc h umak er, and F.I. Utreras, 1987, T opics in Multiv ari-

ate Appro ximation, Pro ceedings of an in ternational w orkshop, Univ ersit y

of Chile, San tiago, Chile, Decem b er 15–19, 1986, Academic Press.

32. Cline, A.K., and R.J. Renk a, A storage efficien t metho d for construction

of a Thiessen triangulation, Ro c ky Moun tain J. Math. 14 (1984), 119–

140.

33

+

: Dongarra, J.J., and E. Grosse, Distribution of Mathematical Soft w are

Via Electronic Mail, Numerical Analysis Man uscript 85-2, A

T&T Bell

Lab oratories, Murra y Hill, New Jersey 07974.

34. Duc hon, J., In terp olation des F onctions de deux v ariables suiv an t le prin-

ciple de la flexion de plaques minces, R.A.I.R.O. Analyse Numeriques 10

(1976), 5–12.

35

+

: Dyn, D., 1987, In terp olation of scattered data b y radial functions, in [31],

47–61.

36. F arin, G.E., (ed.) Geometric Mo deling, SIAM Publication, 1987.

37. F arwig, R., 1986, Rate of Con v ergence of Shepard’s Global In terp olation

F orm ula, Math. Comp. 46, 577–590.

38. F oley

, T.A., Smo oth Multiv ariate In terp olation to Scattered Data,

Ph.D. thesis, 1979, Arizona State Univ ersit y .

lfeld

39. F oley

, T.A., Three-stage in terp olation to scattered data, Ro c ky Moun tain

J. Math. 14 (1984), 141–150.

40. F rank e, R.H., Scattered data in terp olation: test of some metho ds, Math.

Comp. 38 (1982), pp. 181-200.

41

+

: F rank e, R.H. and L.L. Sc h umak er, A Bibliograph y of Multiv ariate Ap-

pro ximation, in [31], 275–335

42. Gordon, W.J., and J.A. Wixom, 1978, On Shepard’s metho d of “metric

in terp olation” to biv ariate and m ultiv ariate in terp olation, Math. Comp.

32 (1978), 253–264.

43. Gregory

, J. A. In terp olation to b oundary data on the simplex, Comput.

Aided Geom. Design 2 (1985), 43–52.

44. Hardy

, R. L., Multiquadric equations of top ograph y and other irregular

surfaces, J. Geoph ysical Res. 76 (1971), 1905–1915.

45

+

: Hazelw o o d, C., A Divide and Conquer Approac h to D -Dimensional T ri-

angulations, Ph.D. Thesis, Departmen t of Computer Science, Univ ersit y

of T exas at Austin, 1988.

46

+

: Ibrahim, A.K., and L.L. Sc h umak er, Sup er Spline Spaces of Smo othness

r and Degree d ˘ 3 r + 2, preprin t.

47

+

: Jac kson, I.R.H., Con v ergence Prop erties of Radial Basis F unctions, Con-

str. Appro x. 4 (1988), 243–264.

48

+

: Kirkpatric k, J., priv ate comm unication, 1988.

49. Lancaster, P

., and K. Salk ausk as, Surfaces generated b y mo ving least

squares metho ds, Math. Comp. 37 (1981), 141–158.

50

+

: Lasser, D., Bernstein-B ´ ezier-Darstellung triv ariater Splines, Ph.D. Dis-

sertation 1987, T ec hnisc he Ho c hsc h ule Darmstadt, FR G.

51. La wson, C.L., C

1

surface in terp olation for scattered data on the surface

of a sphere, Ro c ky Moun tain J. Math. 14 (1984), 177–202.

52. La wson, C.L., Prop erties of n-dimensional triangulations, Comput. Aided

Geom. Design 3, (1986), 231-247.

53

+

: La wson, C.L., priv ate comm unication, 1988.

54. Le M ´ ehaut ´ e, A., Unisolv en t In terp olation in I R n

and the simplicial p oly-

nomial finite elemen t metho d, in [28], 141–151.

55. Ligh t, W. A. and E. W. Cheney

, Appro ximation Theory in T ensor Pro d-

uct Spaces, Springer-V erlag Lecture Notes 1169, New Y ork, 1985.

56. Little, F.F., Con v ex Com bination Surfaces, in R.E. Barnhill and

W. Bo ehm (eds), “Surfaces in Computer Aided Geometric Design”,

North-Holland, Amsterdam, pp. 99–108.

57. Micc helli, C.A., 1986, In terp olation of scattered data: distance matrices

and conditionally p ositiv e definite functions, Constr. Appro x. 2, 11-22.

58. Morgan, J. and R. Scott, A no dal basis for C

1

piecewise p olynomials in

t w o v ariables, Math. Comp. 29 (1975), 736–740.

59. Nielson, G.M., A metho d for in terp olating scattered data based up on a

minim um norm net w ork, Math. Comp. 40 (1983), 253–271.

60

+

: Nielson, G.M., and R. Ramara j, In terp olation o v er a sphere based up on a

minim um norm net w ork, Comput. Aided Geom. Design 4 (1987), 41–57.

olation 33

61. P etersen, C.S., B.R. Pip er and A.J. W orsey

, Adaptiv e Con touring of a

T riv ariate In terp olan t, in [36], 385–396.

62. P o w ell, M.J.D., Radial basis functions for m ultiv ariable in terp olation, in

J.C. Mason and M.G. Co x (ed.), Algorithms for appro ximation, Pro c.

Shriv enham Conf, Clarendon Press, Oxford, 1987.

63. P o w ell, M.J.D., and M.A. Sabin, Piecewise quadratic appro ximations on

triangles A

CM T rans. Math. Soft w are 3 (1977), 316–325.

64. Ramara j, R., In terp olation and Displa y of Scattered Data o v er a Sphere,

M.S. Thesis, Computer Science Departmen t, Arizona State Univ ersit y ,

T emp e, Arizona, 1986.

65. Renk a, R.L., In terp olation of data on the surface of a sphere, A

CM T rans.

Math. Soft w are 10 (1984), 417–436.

66. Renk a, R.L., and A.K. Cline, A triangle based C

1

in terp olation metho d,

Ro c ky Moun tain J. Math. 14 (1984), 223–238.

67

+

: Rescorla, K.L., C

1

triv ariate p olynomial in terp olation, Comput. Aided

Geom. Design 4 (1987), 237–44.

68. Rippa, S., In terp olation and smo othing of scattered data b y radial basis

functions, M. Sc. Thesis, T el Aviv Univ ersit y , T el Aviv, Israel, 1984.

69

+

: Rudin, M.E., A unshellable triangulation of a tetrahedron, Bull. Amer.

Math. So c. 64 (1958), 90–91.

70

+

: Rushing, T.B., T op ological Em b eddings, Academic Press, 1973.

71. Sc h umak er, L.L., On the dimension of spaces of piecewise p olynomials in

t w o v ariables, in Multiv ariate Appro ximation Theory, W. Sc hempp and

K. Zeller (eds.), Birkh¨ auser, Basel, 1979 396–412.

72. Sc h umak er, L.L., Bounds on the dimension of spaces of m ultiv ariate piece-

wise p olynomials, Ro c ky Moun tain J. Math. 14 (1984), 251–264.

73. Sederb erg, T.W., Piecewise algebraic surface patc hes, Comput. Aided

Geom. Design 2 (1985), 53–59.

74

+

: Sew ell, G., Plotting Con tour Surfaces of a F unction of Three V ariables,

A CM T rans. Math. Soft w are 14 (1988), 33–41.

75

+

: Sew ell, G., Algorithm 657: Soft w are for Plotting Con tour Surfaces of a

F unction of Three V ariables, A

CM T rans. Math. Soft w are 14 (1988),

33–41.

76. Shepard, D., 1968, A Tw o-Dimensional In terp olation F unction for Irreg-

ularly Spaced Data, Pro c. 23 Nat. Conf. A

CM, 517–524.

77. Sibson, R., A brief description of natural neigh b or in terp olation, in sl

In terpreting Multiv ariate Data, D.V. Barnett (ed.), Wiley

, New Y ork,

1981, 21–36.

78. Stead, S., Estimation of Gradien ts from Scattered Data, Ro c ky Moun tain

J. Math. 14 (1984), 265–280.

79. Strang, G., Piecewise p olynomials and the finite elemen t metho d, Bull.

Amer. Math. So c. 79 (1973), 1128–1137.

80. Strang, G, and J. Fix, An analysis of the finite elemen t metho d , Pren tice-

Hall, Englew o o d Cliffs, N.J., 1973.

81. W ah ba, G., Surface fitting with scattered noisy data on Euclidean D -

space and on the sphere, Ro c ky Moun tain J. Math. 14 (1984), 281–299.

lfeld

82. W ah ba, G. and J. W endelb erger, Some new mathematical metho ds for

v ariational ob jectiv e analysis using splines and cross v alidation, Mon thly

W eather Review 108 (1980), 36–57.

83. W orsey

, A. J., C

2

in terp olation o v er h yp ercub es, CA

GD 2 (1985), 107–

115.

84. W orsey

, A.J., and G.E. F arin, An n-dimensional Clough-T o c her in ter-

p olan t, Constr. Appro x. 3 (1987), 99–110.

85. W orsey

, A.J., and B. Pip er, A triv ariate P o w ell-Sabin in terp olan t, Com-

put. Aided Geom. Design, to app ear.

86.

ˇ

Zen ´ ı ˇ sek, A., P olynomial Appro ximation on T etrahedrons in the Finite

Elemen t Metho d, J. Appro x. Theory 7, (1973), 334–351.

P eter Alfeld

Departmen t of Mathematics

Univ ersit y of Utah

Salt Lak e Cit y , Utah 84112, U.S.A.

arpanet: ALFELD@SCIENCE.UT

AH.EDU

Supp orted in part b y NSF Gran t DMS-8701121.