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A metric space (X,d) is a set X and a function
d: X x X — Rsatisfying Vz,y,z € X

1. d(xz,y) >0

2. d(x,y)=0&x=y

3. d(z,y) = d(y,z)

4. d(z,2) < d(z,y) + d(y, 2)

Suppose (X1,d;) and (X3,ds) are metric spaces. A
function f : X; — X5 is called an isometry if f is
one—to—one, onto and

dQ(f(LE),f(y)):dl(I,y) vzvyEXl

If (X,d) is a metric space, then for each z € X and
for each r > 0, B(z,r) is open in X.

Let (X, d) be a metric space, F' C X is closed iff X — F
is open.

A closed ball B(z,7), is a closed set.
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If (X, d) is a metric space, and A C X then (A,d|axa)
is a metric space and is called a subspace of (X, d).

Supposing (X, d) is a metric space, then a subset U C
X is open iff

V€ U,3r >0 such that B(z,r) CU

Let (X,d) be a metric space and let {Ua}, 4 be any
collection of open sets in (X, d), then

1. X, @ are open.
2. Upea Uq is open.

3. Let {Uy,...,U,} be a finite collection of open
sets, then (_, U; is open.

é closed ball centered at = of radius r is denoted
B(z,r), and defined to be:

B(z,r) ={y € X [ d(x,y) <r}
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Let (X,d) be a metric space with A C X. The
interior of A denoted A° is defined to be:

A° ={x € A|3r > 0such that B(z,r) C A}

Let (X, d) be a metric space with A C X.
The exterior of a set A is defined to be (X — A)°.

The frontier of a set A is defined to be A — A°.

Suppose (X, d) is a metric space. A sequence {x,} C
X has limit z, denoted lim,,_,o {2, } = = iff

Ve >0, dN € N such that

n> N =z, € B(z,¢)

A sequence {z,} converges iff lim {z,} exits.

A metric space (X,d) is complete iff every Cauchy
sequence in X is convergent.

Let (X,d) be a metric space and let {F,} ., be any
collection of closed sets in (X, d), then

1. X, are closed.
2. Naea Fa is closed.

3. Let {F1,...,F,} be a finite collection of closed
sets, then |J7_, F; is closed.

Let (X, d) be a metric space with A C X. The closure
of A denoted A is defined to be:

A={z e X |Vr>0B(x,r)NA#a}

Suppose (X,d) is a metric space with A C X and
x € X. We define the distance from x to A by

d(z,A) = inf{d(z,y) | y € A}

Suppose (X, d) is a metric space. A sequence {z,} C
X is called a Cauchy sequence iff

Ve >0, dN € N such that

m,n > N = d(xm,,z,) <€

If a sequence {x,} is convergent then it is Cauchy.
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Suppose (X, d) is a metric space, and z,y € X with
x # y, then 3 r > 0 such that B(z,r) N B(y,r) = @

Suppose (X1,d1), (Xa,ds) are metric spaces. A func-
tion f: X; — X5 is continuous on X; iff

Vaxe Xy, Ve>0, 3§ >0 such that

f(B(x,0)) C B(f(x),e)

If f: X7 — X5 is Lipschitz on X7, then f is uniformly
continuous on Xj.

A function f: X; — X5 is continuous iff
VY U open C Xy = f~1(U) open C X,
Or equivalently:

Y U closed C Xy = f~1(U) closed C X3

A function f (X1,d1) — (Xa2,d2) is called a
homeomorphism iff

1. f is continuous
2. f is 1-1 and onto

3. f~1is continous

If the limit of {x,} exists, then that limit is unique.

Suppose (X1,d1), (X2, ds) are metric spaces. A func-
tion f: X; — X5 is continuous at x € X7 iff

Ve >0, 30(z,e) > 0 such that

di(z,y) <6 = da(f(2), fy)) <e

Suppose (X1,d1), (X2, ds) are metric spaces. A func-
tion f: X; — Xs is called Lipschitz iff

Va,y € X1 3¢ > 0 such that

do(f (), f(y)) < cdi(z,y)

A Lipschitz function can be thought of as a “bounded
distortion.”

Suppose (X1,d1), (Xa,ds) are metric spaces. A func-
tion f: X; — Xs is called bi-Lipschitz iff

Va,y € X1 3c1,co > 0 such that

cidi(z,y) < dao(f(2), f(y)) < cadi(z,y)

A function f: (X1,d1) — (X3,d3) is continuous iff
vV convergent sequences {z,} C Xi,

lim f(zn) = f( lim {x,})

n—oo
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Two metrics, dyi, do are equivalent iff id : (X,d;) — Two metrics dy, ds are called equivalent iff they have
(X, d2) is a homeomorphism. the same open sets.

Two metric spaces are homeomorphic iff there exists Suppose f: X; — Xoand g: Xo — X3. If fand g
a homeomorphism between them. are continuous then g o f is continuous.

Suppose X is a set. A collection 7 of subsets of X is
called a topology on X iff

1. XerTand g €T
A topological space (X, 7) is a set X and a topology 2. U,eT forae A= U U, €T

Ton X. acA

3. Uy, Up,....Uper= Ui €T
i=1



