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A ∪B = {x | x ∈ A or x ∈ B}
A ∩B = {x | x ∈ A and x ∈ B}
A−B = {x | x ∈ A and x 6∈ B}
A+B = (A−B) ∪ (B −A)
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The mapping f : S 7→ T is onto or surjective if every
t ∈ T is the image under f of some s ∈ S; that is, iff,
∀ t ∈ T, ∃ s ∈ S such that t = f(s).

For A, B ⊆ S

(A ∩B)′ = A′ ∪B′

(A ∪B)′ = A′ ∩B′

The mapping f : S 7→ T is said to be a bijection if f
is both 1-1 and onto.

The mapping f : S 7→ T is injective or one–to–one
(1-1) if for s1 6= s2 in S, f(s1) 6= f(s2) in T .

Equivalently:

f injective ⇐⇒ f(s1) = f(s2) ⇒ s1 = s2

If h : S 7→ T, g : T 7→ U , and f : U 7→ V , then,

f ◦ (g ◦ h) = (f ◦ g) ◦ h

Suppose g : S 7→ T and f : T 7→ U , then the com-
position or product, denoted by f ◦ g is the mapping
f ◦ g : S 7→ U defined by:

(f ◦ g)(s) = f(g(s))

Suppose f : S 7→ T , and U ⊆ S, then the image of U
under f is

f(U) = {f(u) | u ∈ U}

If V ⊆ T then the inverse image of V under f is

f−1(V ) = {s ∈ S | f(s) ∈ V }

f ◦ g = f ◦
∼
g and f is 1–1 ⇒ g =

∼
g

f ◦ g =
∼
f ◦ g and g is onto ⇒ f =

∼
f
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If S is a nonempty set, then A(S) is the set of all 1–1
mappings of S onto itself.

When S has a finite number of elements, say n, then
A(S) is called the symmetric group of degree n and is
often denoted by Sn.

Suppose f : S 7→ T . An inverse to f is a function
f−1 : T 7→ S such that

f ◦ f−1 = iT

f−1 ◦ f = iS

Where iT : T 7→ T is defined by iT (t) = t, and is called
the identity function on T . And similarly for S.

A nonempty set G together with some operator ∗ is
said to be a group if:

1. If a, b ∈ G then a ∗ b ∈ G

2. If a, b, c ∈ G then a ∗ (b ∗ c) = (a ∗ b) ∗ c

3. G has an identity element e such that
a ∗ e = e ∗ a = a ∀ a ∈ G

4. ∀ a ∈ G, ∃ b ∈ G such that a ∗ b = b ∗ a = e

A(S) satisfies the following:

1. f, g ∈ A(S) ⇒ f ◦ g ∈ A(S)

2. f, g, h ∈ A(S) ⇒ (f ◦ g) ◦ h = f ◦ (g ◦ h)

3. There exists an i such that f ◦ i = i ◦ f = f
∀f ∈ A(S)

4. Given f ∈ A(S), there exists a g ∈ A(S)
such that f ◦ g = g ◦ f = i

A group G is said to be abelian if ∀ a, b ∈ G

a ∗ b = b ∗ a
The number of elements in G is called the order of G
and is denoted by |G|.

A nonempty subset, H of a group G is called a
subgroup of G if, relative to the operator in G, H itself
forms a group.

If G is a group then

1. Its identity element, e is unique.

2. Every a ∈ G has a unique inverse a−1 ∈ G.

3. If a ∈ G, then (a−1)−1 = a.

4. For a, b ∈ G, (ab)−1 = b−1a−1, where ab = a ∗ b.

A cyclic subgroup of G is generated by a single element
a ∈ G and is denoted by (a).

(a) =
{
ai | i any integer

} A nonempty subset A ⊂ G is a subgroup⇔ A is closed
with respect to the operator of G and given a ∈ A then
a−1 ∈ A.
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Suppose H and H ′ are subgroups of G, then

• H ∩H ′ is a subgroup of G

• H∪H ′ is not a subgroup of G, as long as neither
H nor H ′ is contained in the other.

Suppose that G is a group and H a nonempty finite
subset of G closed under the operation in G. Then H
is a subgroup of G.
Corollary If G is a finite group and H a nonempty
subset of G closed under the operation of G, then H
is a subgroup of G.

If ∼ is an equivalence relation on a set S, then the
equivalence class of a denoted [a] is defined to be:

[a] = {b ∈ S | b ∼ a}

A relation ∼ on elements of a set S is an equivalence
relation if for all a, b, c ∈ S it satisfies the following
criteria:

1. a ∼ a reflexivity

2. a ∼ b⇒ b ∼ a symmetry

3. a ∼ b and b ∼ c⇒ a ∼ c transitivity

If G is a finite group and H is a subgroup of G, then
the order of H divides the order of G. That is,

|G| = k |H|

for some integer k. The converse of Lagrange’s theo-
rem is not generally true.

If ∼ is an equivalence relation on a set S, then ∼
partitions S into equivalence classes. That is, for any
a, b ∈ S either:

[a] = [b] or [a] ∩ [b] = �

If a is an element of G then the order of a denoted by
o(a) is the least positive integer m such that am = e.

If G is a finite group, and H a subgroup of G, then the
index of H in G is the number of distinct right cosets
of H in G, and is denoted:

[G : H] =
|G|
|H|

= iG(H)

If G and G′ are two groups, then the mapping

f : G→ G′

is a homomorphism if

f(ab) = f(a)f(b) ∀ a, b ∈ G

If G is a finite group of order n then an = e for all
a ∈ G.
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Suppose f : G 7→ G′ and h : G′ 7→ G′′ are homomor-
phisms, then the composition of h with f , h ◦ f is also
a homomorphism.

Suppose the mapping f : G → G′ is a homomorphism,
then:

• If f is 1–1 it is called a monomorphism.

• If f is 1–1 and onto, then it is called an isomorphism.

• If f is an isomorphism that maps G onto itself then
it is called an automorphism.

• If an isomorphism exists between two groups then
they are said to be isomorphic and denoted G ' G′.

If f is a homomorphism of G into G′, then

1. Kerf is a subgroup of G.

2. If a ∈ G then a−1(Kerf)a ⊂ Kerf .

If f is a homomorphism from G to G′ then the kernel
of f is denoted by Kerf and defined to be

Kerf = {a ∈ G | f(a) = e′}

NCG iff every left coset of N in G is also a right coset
of N in G.

A subgroup N of G is said to be a normal subgroup of
G if a−1Na ⊂ N for each a ∈ G.

N normal to G is denoted N CG.

If NCG, then there is a homomorphism ψ : G 7→ G/N
such that Kerψ = N .

If N C G, then we define the factor group of G by N
denoted G/N to be:

G/N = {Na | a ∈ G} = {[a] | a ∈ G}

G/N is a group relative to the operation

(Na)(Nb) = Nab

If p is a prime that divides |G|, then G has an element
of order p.

If G is a finite group and N CG, then

|G/N | = |G|
|N |
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Let ϕ : G 7→ G′ be a homomorphism which maps G
onto G′ with kernel K. If H ′ is a subgroup of G′, and
if H ′ = {a ∈ G | ϕ(a) ∈ H ′} then

• H is a subgroup of G

• K ⊂ H

• H/K ' H ′

Also, if H ′ CG′ then H CG.

If ϕ : G 7→ G′ is an onto homomorphism with kernel
K then,

G/K ' G′

with isomorphism ψ : G/K 7→ G′ defined by

ψ(Ka) = ϕ(a)

If ϕ : G 7→ G′ is an onto homomorphism with kernel
K and if N ′ CG′ with N = {a ∈ G | ϕ(a) ∈ N ′} then

G/N ' G′/N ′

or equivalently

G/N ' G/K

N/K

Let H be a subgroup of G and N CG, then

1. HN = {hn | h ∈ H,n ∈ N} is a subgroup of G

2. H ∩N CH

3. H/(H ∩N) ' (HN)/N

Suppose G1, . . . , Gn is a collection of groups. The ex-
ternal direct product of these n groups is the set of all
n–tuples for which the ith component is an element of
Gi.

G1 ×G2 × . . .×Gn = {(g1, g2, . . . , gn) | gi ∈ Gi}

The product is defined component–wise.

(a1, a2, . . . , an) (b1, b2, . . . , bn) = (a1b1, a2b2, . . . , anbn)

If G is a group of order pq (p and q primes) where
p > q and q 6 | p− 1 then G must be cyclic.

If G is the internal direct product of its normal sub-
groups N1, N2, . . . , Nn, then for i 6= j,Ni ∩Nj = {e}.

A group G is said to be the internal direct product of
its normal subgroups N1, N2, . . . , Nn if every element
of G has a unique representation, that is, if a ∈ G
then:

a = a1, a2, . . . , an where each ai ∈ Ni

A finite abelian group is the direct product of cyclic
groups.

Let G be a group with normal subgroups
N1, N2, . . . , Nn, then the mapping:

ψ : N1 ×N2 × · · · ×Nn 7→ G

defined by

ψ((a1, a2, . . . , an)) = a1a2 · · · an

is an isomorphism iff G is the internal direct product
of N1, N2, . . . , Nn.
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If a ∈ G, then C(a) is a subgroup of G.

If G is a group and a ∈ G, then the centralizer of a in
G is the set of all elements in G that commute with a.

C(a) = {g ∈ G | ga = ag}

|G| = |Z(G)|+
∑

a6∈Z(G)

[G : C(a)] Let G be a finite group and a ∈ G, then the number of
distinct conjugates of a in G is [G : C(a)] (the index
of C(a) in G).

If G is a group of order p2 (p prime), then G is abelian.
IfG is a group of order pn, (p prime) then Z(G) is non–
trivial, i.e. there exists at least one element other than
the identity that commutes with all other elements of
G.

If G is a group of order pnm where p is prime and
p 6 |m, then G is a p–Sylow group.

If G is a group of order pn (p prime), then G contains
a normal subgroup of order pn−1.

If G is a p–Sylow group (|G| = pnm), then any two
subgroups of the same order are conjugate. For exam-
ple, if P and Q are subgroups of G where |P | = |Q| =
pn then

P = x−1Qx for some x ∈ G

If G is a p–Sylow group (|G| = pnm), then G has a
subgroup of order pn.
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If G is a p–Sylow group (|G| = pnm), then the number
of subgroups of order pn in G is of the form 1+kp and
divides |G|.


