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AUB = {zx|xz€Aorxe€ B}
ANB = {z|xz€ Aandzx € B}
A-B = {x|ze€Aandzx ¢ B}
A+ B (A-—B)U(B—-A4)

The mapping f : S+ T is onto or surjective if every
t € T is the image under f of some s € S; that is, iff,
VteT, 3seSsuchthatt= f(s).

The mapping f : S — T is said to be a bijection if f
is both 1-1 and onto.

Ifh:S—T,g:T—U,and f:U +— V, then,

fo(goh)=(fog)oh

Suppose f: S+— T, and U C S, then the image of U
under f is

fU) ={f(u) |ueU}
If V C T then the inverse image of V under f is

fHV)={seS|f(s) eV}

These flashcards and the accompanying IXTEX source
code are licensed under a Creative Commons
Attribution-NonCommercial-ShareAlike 2.5 License.
For more information, see creativecommons.org. You
can contact the author at:

jasonu [remove-this] at physics dot utah dot edu

For A, BCS

A'UB
A'NnB

The mapping f : S — T is injective or one—to—one
(1-1) if for s; # s2in S, f(s1) # f(s2) in T.

Equivalently:

f injective <= f(s1) = f(s2) = 51 = 59

Suppose g : S +— T and f : T +— U, then the com-
position or product, denoted by f o g is the mapping
fog:S+— U defined by:

(fog)(s) = flg(s))

fog:foa andfislflz>g=§

fog=fogand gisonto = f=f
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If S is a nonempty set, then A(S) is the set of all 1-1
mappings of S onto itself.

When S has a finite number of elements, say n, then
A(S) is called the symmetric group of degree n and is
often denoted by S,,.

A nonempty set G together with some operator * is
said to be a group if:

1. Ifa,be G thenaxbe G
2. If a,b,c € Gthen ax* (bxc) = (axb)*c

3. G has an identity element e such that

axe=exa=a VaeG

4. Vae G, dbeGsuchthataxb=bxa=c¢e

A group G is said to be abelian if Va,be G

axb=bxa

A nonempty subset, H of a group G is called a
subgroup of G if, relative to the operator in G, H itself
forms a group.

A cyclic subgroup of G is generated by a single element
a € G and is denoted by (a).

(a) = {a' | i any integer}

Suppose f : S +— T. An inverse to f is a function
f~':T — 8 such that

fof™ = ir
fTlof = g

Where ir : T + T is defined by ir(t) = ¢, and is called
the identity function on T. And similarly for S.

A(S) satisfies the following:
1. f,ge A(S) = foge A(S)
2. f,9,h € A(S) = (fog)oh=fo(goh)

3. There exists an 4 such that fo¢ =40 f = f
Vf e A(S)

4. Given f € A(S), there exists a g € A(S)
such that fog=go f =1

The number of elements in G is called the order of G
and is denoted by |G].

If G is a group then
1. Its identity element, e is unique.
2. Every a € G has a unique inverse a=! € G.

3. If a € G, then (a™ 1)~ ! =a.

>~

. For a,b € G, (ab)~! =b~ta~!, where ab=a *b.

A nonempty subset A C G is a subgroup < A is closed

with respect to the operator of G and given a € A then
-1

a ' €A
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Suppose H and H’ are subgroups of G, then
e HN H'is asubgroup of G

e HUH' is not a subgroup of G, as long as neither
H nor H' is contained in the other.

If ~ is an equivalence relation on a set S, then the
equivalence class of a denoted [a] is defined to be:

[a| ={be S|b~a}

If G is a finite group and H is a subgroup of G, then
the order of H divides the order of G. That is,

G| = k|H|

for some integer k. The converse of Lagrange’s theo-
rem is not generally true.

If a is an element of G then the order of a denoted by
o(a) is the least positive integer m such that ™ = e.

If G and G’ are two groups, then the mapping
f:G—d
is a homomorphism if

f(ab) = f(a)f(b) Va,beG

Suppose that G is a group and H a nonempty finite
subset of G closed under the operation in G. Then H
is a subgroup of G.
Corollary If G is a finite group and H a nonempty
subset of G closed under the operation of GG, then H
is a subgroup of G.

A relation ~ on elements of a set S is an equivalence
relation if for all a,b,c¢ € S it satisfies the following
criteria:

1. a ~ a reflexivity
2. a ~b=b~ asymmetry

3. a~band b~ c= a~ ctransitivity

If ~ is an equivalence relation on a set S, then ~ par-
titions S into equivalence classes. That is, for any
a,b € S either:

If G is a finite group, and H a subgroup of G, then the
index of H in G is the number of distinct right cosets
of H in G, and is denoted:

Gl _

[G:H| =1

| =ig(H)

If G is a finite group of order n then a™ = e for all
a €.
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Suppose f : G — G’ and h : G’ — G” are homomor-
phisms, then the composition of A with f, ho f is also
a homomorphism.

If f is a homomorphism of G into G’, then
1. Kerf is a subgroup of G.

2. If a € G then a~!(Kerf)a C Kerf.

N <G iff every left coset of N in (G is also a right coset
of N in G.

If N <@, then there is a homomorphism ¢ : G — G/N
such that Kery = N.

If p is a prime that divides |G|, then G has an element
of order p.

Suppose the mapping f : G — G’ is a homomorphism,
then:

o If fis 1-1 it is called a monomorphism.
e If fis 1-1 and onto, then it is called an isomorphism.

e If f is an isomorphism that maps G onto itself then
it is called an automorphism.

e If an isomorphism exists between two groups then
they are said to be isomorphic and denoted G ~ G’.

If f is a homomorphism from G to G’ then the kernel
of f is denoted by Kerf and defined to be

Kerf={a€ G| f(a)=¢}

A subgroup N of G is said to be a normal subgroup of
G if a='Na C N for each a € G.

N normal to G is denoted N < G.

If N < G, then we define the factor group of G by N
denoted G/N to be:

G/N ={Na|a€ G} ={[a] |a € G}

G/N is a group relative to the operation

(Na)(Nb) = Nab

If G is a finite group and N < G, then

el
G/N| = 1—
G/N] = 15
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Let ¢ : G — G be a homomorphism which maps G
onto G’ with kernel K. If H' is a subgroup of G’, and
it H ={a € G| y(a) € H} then

e H is a subgroup of G
e KCH
o H/K ~H'
Also, if H' <G’ then H < G.

If ¢ : G — G’ is an onto homomorphism with kernel
K and if N’ <« G’ with N = {a € G | ¢(a) € N’} then

G/N ~G'/N’

or equivalently

_G/K
GIN =

Suppose G, ...,G, is a collection of groups. The ex-
ternal direct product of these n groups is the set of all
n—tuples for which the ith component is an element of
G;.

G1 xGyx...xGp={(91,92,---,9n) | 9i € Gi}

The product is defined component—wise.

(a‘17a’27 ... Jan) (b17b27 . 7bn) = (a1b17a2b27 .. 7anbn)

If G is the internal direct product of its normal sub-
groups N1, Na, ..., N, then for i # j, N, N N; = {e}.

A finite abelian group is the direct product of cyclic
groups.

If ¢ : G — G’ is an onto homomorphism with kernel
K then,
G/K ~G

with isomorphism ¢ : G/K — G’ defined by

P(Ka) = ¢(a)

Let H be a subgroup of G and N <1 G, then
1. HN ={hn | h € H,n € N} is a subgroup of G
2. HONN<H
3. H/(HNN)~(HN)/N

If G is a group of order pg (p and ¢ primes) where
p>gqand g J/p—1 then G must be cyclic.

A group G is said to be the internal direct product of
its normal subgroups Ny, No,..., N, if every element
of G has a unique representation, that is, if a € G
then:

a=ai,as,...,a, where each a; € N;

Let G be a group with normal
Ny, No, ..., N,, then the mapping:

subgroups

’(/JZN1XN2X---XN»,L'—>G
defined by
,Qn)) = a1az - - ap

w((a1,a2, .

is an isomorphism iff G is the internal direct product
of ]\[1,]\727 [N 7]\/vn.
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If a € G, then C(a) is a subgroup of G.

Gl=12(G)|+ ) [G:C(a)]

agZ(G)

If G is a group of order p? (p prime), then G is abelian.

If G is a group of order p”"m where p is prime and
p fm, then G is a p—Sylow group.

If G is a p-Sylow group (|G| = p™m), then any two sub-
groups of the same order are conjugate. For example,
if P and @ are subgroups of G where |P| = |Q| = p"
then

P=z"1'Qz forsomezeG

If G is a group and a € G, then the centralizer of a in
G is the set of all elements in G that commute with a.

C(a) ={g € G | ga = ag}

Let G be a finite group and a € G, then the number of
distinct conjugates of a in G is [G : C(a)] (the index
of C(a) in G).

If G is a group of order p™, (p prime) then Z(G) is non—
trivial, i.e. there exists at least one element other than
the identity that commutes with all other elements of

G.

If G is a group of order p" (p prime), then G contains
a normal subgroup of order p"~!.

If G is a p-Sylow group (|G| = p™m), then G has a
subgroup of order p™.
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If G is a p-Sylow group (|G| = p"™m), then the number
of subgroups of order p™ in G is of the form 1+ kp and
divides |G|.



