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Multiple Metastatic T umo rs



OUTLINE

� biological invasions

� cancer metastasis

? derive a mo del

? sho w some results



BIOLOGICAL INV ASIONS

� In nature, all o rganisms expand their ranges to some extent

� Many w ell do cumented examples

? Muskrat through Europ e, 1909-1927

? Califo rnia sea otter along the W est Coast, 1914-p resent

? cheatgrass in w estern No rth America, 1890-1930

� Three asp ects of range expansion

? random movement

? rep ro duction

? long distance disp ersal



� Consider random movement and rep ro duction only

? random movement ! di�usion

? rep ro duction ! gro wth term

Sk ellam Equation : exp onential gro wth
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Fisher Equation : logistic gro wth
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n ( x; t ) = p opulation densit y at time t and lo cation x

D = di�usion co e�cient

r = intrinsic gro wth rate

k = ca rrying capacit y



� with the initial condition: n ( x; 0) = n

0

� ( x )

and... n

0

= 1 r = 1 D = 1

� the results... fo r t = 2 ; 4 ; 6 ; 8 ; 10 ; 12 ; 14

Solutions of the Skellam Equation
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Solutions of the Fisher Equation
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Sk ellam: exact solution ! n ( x; t ) =
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Fisher: numerical solution ! fo rw a rd Euler �nite di�erence scheme



� Consider long distance disp ersal in addition

Scattered Colony Mo del

? consider an initial colony of size x

... could b e radius, o r some other measure of size

? assume the sp ecies expands its colony size at rate g ( x )

... calculated from an equation lik e Sk ellam o r Fisher

? the colony p ro duces long distance migrants at some rate � ( x )

? the migrants sta rt new colonies, and so on...

? k eep track of the densit y of colonies of size x at time t

b(x)

x
g(x)



CANCER

� Prima ry T umo r: o riginal lo cation

� Angiogenesis: in�ltration of blo o d vessels

� Metastasis: sp read of cancer to another pa rt of the b o dy

? colon � ! liver

? lung � ! b rain

? thyroid � ! b one

� Problem: no w a y of telling ho w many other tumo rs exist

? a mathematical mo del is needed!



A Dynamic Mo del fo r the Gro wth and Size Distribution

of Multiple Metastatic T umo rs

pap er b y

K. Iw ata, K. Ka w asaki, and N. Shigesada

Journal of Theo retical Biology , 2000

! apply the scattered colony mo del to the sp read of cancer

� Gro wth of T umo rs:

? cancer cells live in colonies called tumo rs

? x ( t ) = the numb er of cells in a tumo r at time t

? describ e the gro wth of a tumo r b y ,

dx

dt

= g ( x )

? assume all tumo rs sta rt out with one cell, x (0) = 1

? denote the p rima ry tumo r x

p

( t )

... w e really ca re ab out k eeping track of metastatic tumo rs



� Metastatic T umo rs:

? � ( x; t ) = densit y of metastatic tumo rs with x cells at time t

... densit y with resp ect to size rather than space

... dimensions of � ( x; t ) a re \# / unit size"

... � ( x; t )� x = numb er of tumo rs in size range x to x + � x

...

R

1

x

� ( x; t ) dx = total numb er of tumo rs with x o r mo re cells

? w e w ant to k eep track of � ( x; t )



� Conservation Equation:

? it sa ys the tumo rs a re each gro wing at rate g ( x )
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( g ( x ) � ( x; t )) = 0

... the w a y I derived it

? supp ose there a re n tumo rs in the class size x to x + � x

n = � ( x; t )� x

? they all moving into the next class together...

Dx to (x+ x) D DDD

Dt

(x+ x) to (x+ x)+ (x+ x)

? which means after a time � t ,

n = � ( x + � x; t + � t )(�( x + � x ))



? which means that,

� ( x; t )� x = � ( x + � x; t + � t )(�( x + � x ))

? w e also kno w,

dx

dt

= g ( x ) � !

� x

� t

= g ( x )

� ( x; t )� x = � ( x + g ( x )� t; t + � t )( g ( x + � x )� t )

? expand with resp ect to � x and � t

? divide b oth sides b y � x and � t

? then, in the limit that � x ! 0 and � t ! 0,
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( g ( x ) � ( x; t )) = 0



� Initial Condition:

? no metastatic tumo rs exist at t = 0

� ( x; 0) = 0

� Bounda ry Condition:

? metastatic single cells a re b eing created

g (1) � (1 ; t ) =

R

1

1

� ( x ) � ( x; t ) dx + � ( x

p

( t ))

LHS: rate at which tumo rs with 1 cell a re entering the system

? g (1) � (1 ; t ) has dimensions \size/time � #/size" = \#/time"

RHS: rate at which existing tumo rs a re p ro ducing metastases

? sum of the rates at which all of the metastatic tumo rs a re p ro ducing

new metastatic tumo rs plus the rate at which the p rima ry tumo r is

p ro ducing new metastatic tumo rs



� Rate of Metastasis:

? p ro duction of metastases is p rop o rtional to degree of angiogenesis

� ( x ) = mx

�

m = colonization co e�cient (size � time)

� 1

� = fractal dimension of blo o d vessels entering the tumo r

... assume blo o d vessels a re distributed on the surface of a tumo r

) � =2/3 b ecause surface a rea of a tumo r is p rop o rtional to x

2 = 3



� F ull Mo del:

[1]
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( g ( x ) � ( x; t )) = 0

[2] � ( x; 0) = 0

[3] g (1) � (1 ; t ) =
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where,

dx

p

dt

= g ( x

p

) with x

p

(0) = 1

� ( x ) = mx

�

� T umo r Gro wth Rate:

I. Exp onential: g ( x ) = ax

I I. Gomp ertzian: g ( x ) = axl og (

b

x

)

a = gro wth rate constant (time)

� 1

b = tumo r size at saturated level (size)



� Solve using Laplace T ransfo rms:

I. Exp onential: g ( x ) = ax

? p rima ry tumo r ! x

p

( t ) = e

at

? Laplace T ransfo rm the PDE to get an ODE in x ,

s + a

ax

^� ( x; s ) +

d

dx

^� ( x; s ) = 0

solve...

! ^� ( x; s ) = c ( s ) x

� s=a � 1

? Laplace T ransfo rm the BC to get

g (1) ^ � (1 ; s ) =

R

1

1

� ( x ) ^ � ( x; s ) dx +
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1
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� ( x
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( t )) e

� st

dt

? plug in the exp ressions fo r ^� ( x; s ) and x

p

( t ), solve fo r c ( s )

! ^� ( x; s ) =

� m

a ( a� � s + m )

x

� s=a � 1



? tak e the inverse Laplace T ransfo rm to get...

� ( x; t ) =

m

a

e

( a� + m ) t

x

� � � m=a � 1

t=950
t=1000
t=1050

 

Density of Metastatic Tumors with x cells after t days
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? the total numb er of tumo rs can b e found b y integrating,

! N ( x; t ) =

R

1

x

� ( x; t ) dx = # of tumo rs size x o r la rger at time t

N ( x; t ) =

m

a� + m

e

( a� + m ) t

x

� � � m=a

t=950
t=1000
t=1050

 

Total Number of Tumors of Size x or Larger after t days
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I I. Gomp ertzian: g ( x ) = axl og (

b

x

)

Gompertzian growth rate, g(x)=axlog(b/x)
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...using L T in this case is not quite as easy ...

� taking the inverse L T w e get

� ( x; t ) =

1

al og ( b ) x
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F = 0

? YIKES!!!

... Solve it Numerically



� Up wind t yp e of scheme

? fo rw a rd di�erence in t to app ro ximate
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? backw a rd di�erence in x to app ro ximate
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� CFL condition:

� x

� t

>> g ( x )

? cha racteristics of PDE must lie within cha racteristics of numerical scheme

Results...
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� total numb er of tumo rs of size x o r bigger is given b y ( N

b

)
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CONCLUSIONS

� Cancer metastasis can b e thought of as a biological invasion

� Derived a mo del

? gro wth of individual tumo rs

? long distance disp ersal

� Analyzed the mo del

? analytically

? numerically

� If pa rameter values a , b , m , and � could b e quanti�ed

! the mo del could b e a useful to ol
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