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Recap

I κ(ξ) := Re(1 + Ψ(ξ))−1.

I Eκ(µ) := (2π)−d R
Rd |µ̂(ξ)|2κ(ξ)dξ.

I Capκ(F ) := 1/ infµ∈P(F ) Eκ(µ).
I Last time: If md(F ) = 0 thenZ

Rd
Px {X (t) ∈ F for some t > 0} dx ≥ Capκ(F ).

I Primary task today: Converse.
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A martingale theory

I Recall: Pmd (A) :=
R

Rd Px(A)dx Emd [Z ] :=
R

Rd Ex [Z ]dx .

I Ft := sigma-algbera gen. by X (u) for all 0 ≤ u ≤ t .
Augmented suitably

I Emd [Z |Ft ] defined as usual: For all Ft -measurable
Z ,Y ∈ L2(Pmd ),

Emd

[
ZY
]
= Emd

[
Emd

(
Z
∣∣Ft

)
Y
]
.

∃(!) by Radon–Nikodým and/or the projection theorem
I OST: If T is a bounded stopping time [F ] and

Z ∈ L1(Pmd )∩ L2(Pmd ), then

Emd

[
Emd

(
Z
∣∣FT

)]
= Emd [Z ].
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The semigroup

I Let Pt(A) := P{X (t) ∈ A} ⇒ Ex [f (X (t))] = (Pt ∗ f )(x).

I P̂t(ξ) = exp(−tΨ(ξ)).
I U(A) :=

R∞
0 Pt(A)e−t dt ⇒ (U ∗ f )(x) =

R∞
0 (Pt ∗ f )(x)e−t dt .

I We have seen that

Emd [f (X (s))g(X (t))] =
Z

Rd
f (z)(Pt−s ∗ g)(z)dz.

I If 0 ≤ s1 < s2 < · · · < sk < t , then

Emd

(
k

∏
j=1

fj(X (sj))g(X (t))

)

=
Z

Rd
E

(
k

∏
j=1

fj(X (sj) + x)g(X (t) + x)

)
dx .
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The semigroup

If 0 ≤ s1 < s2 < · · · < sk < t , then

Emd

(
k

∏
j=1

fj(X (sj))g(X (t))

)

=
Z

Rd
E

(
k

∏
j=1

fj(X (sj) + x)g(X (t) + x)

)
dx

= E
Z

Rd

k−1

∏
j=1

fj(X (sj)−X (sk ) + x)fk (z)g(X (t)−X (sk ) + z)dz

=
Z

Rd
E

(
k−1

∏
j=1

fj(X (sj)−X (sk ) + z)

)
fk (z)(Pt−sk ∗ g)(z)dz.
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A Strong Markov property

I One way:

Emd

(
k

∏
j=1

fj(X (sj))g(X (t + sk ))

)

=
Z

Rd
E

(
k−1

∏
j=1

fj(X (sj)−X (sk ) + z)

)
fk (z)(Pt ∗ g)(z)dz.

I Another:

Emd

(
g(X (t + s))

∣∣∣Fs

)
= (Pt ∗ g)(X (s)).

I More or less standard arguments ⇒ ∀ bounded stopping times S,

Emd

(
g(X (t + S))

∣∣∣FS

)
= (Pt ∗ g)(X (S)).
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The upper bound

I Recall:
J(f ) :=

Z ∞

0
f (X (t))e−t dt .

I Recall:
Emd

[
J(f )2

]
= Eκ(f ).

I S := inf{s > 0 : X (s) ∈ F}, inf∅ :=∞.
I By the strong MP:

Emd

(
J(f )

∣∣∣FS

)
≥ Emd

(Z ∞

S
f (X (t))e−t dt

∣∣∣∣∣FS

)

= Emd

(Z ∞

0
f (X (t + S))e−t−S dt

∣∣∣∣∣FS

)
.
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The upper bound

By the strong MP:

Emd

(
J(f )

∣∣∣FS

)
≥ Emd

(Z ∞

0
f (X (t + S))e−t−S dt

∣∣∣∣∣FS

)

≥ e−nEmd

(Z ∞

0
f (X (t + S))e−t dt

∣∣∣∣∣FS

)
· 1{S≤n}

= e−n
Z ∞

0
(Pt ∗ f )(X (S))e−t dt · 1{S≤n}

= e−n(U ∗ f )(X (S)) · 1{S≤n}.
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The upper bound

I Emd

(
J(f )

∣∣∣FS

)
≥ e−n(U ∗ f )(X (S)) · 1{S≤n}.

I OST ⇒ 1 ≥ e−n R
(U ∗ f )(x)µ(dx) ·Pmd{S ≤ n}.

µ(E) := Pmd (X (S) ∈ E |S ≤ n).
I If Pmd{S ≤ n} > 0, then µ ∈P(F ).
I If f is smooth, thenZ

(U ∗ f )dµ =
1

(2π)d

Z
Rd

µ̂(ξ) f̂ (ξ) Û(ξ)dξ.

I Set f := µ ∗ φε, where φ̂ε ≥ 0 and φε is a probab. density.
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(
J(f )

∣∣∣FS

)
≥ e−n(U ∗ f )(X (S)) · 1{S≤n}.

I OST ⇒ 1 ≥ e−n R
(U ∗ f )(x)µ(dx) ·Pmd{S ≤ n}.

µ(E) := Pmd (X (S) ∈ E |S ≤ n).
I If Pmd{S ≤ n} > 0, then µ ∈P(F ).
I If f is smooth, thenZ

(U ∗ f )dµ =
1

(2π)d

Z
Rd
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The upper bound

I We obtain

Pmd{S ≤ n}× 1
(2π)d

Z
Rd
|µ̂(ξ)|2 φ̂ε(ξ) Û(ξ)dξ ≤ en.

I By Fatou:
Pmd{S ≤ n}× Eκ(µ) ≤ en.

I If Pmd{S ≤ n} > 0, then ∃µ ∈P(F ) such that Eκ(µ) < ∞.
I Pmd{S < ∞} > 0 ⇒ Capκ(F ) > 0.

I Pmd{S < ∞} =
R

Rd Px{X (t) ∈ F for some t > 0}dx .
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I By Fatou:
Pmd{S ≤ n}× Eκ(µ) ≤ en.

I If Pmd{S ≤ n} > 0, then ∃µ ∈P(F ) such that Eκ(µ) < ∞.
I Pmd{S < ∞} > 0 ⇒ Capκ(F ) > 0.

I Pmd{S < ∞} =
R

Rd Px{X (t) ∈ F for some t > 0}dx .

D. Khoshnevisan (Salt Lake City, Utah) Lecture 5 Sandbjerg Manor, 2007 10 / 19



The basic theorem

Theorem (Hawkes)
F ⊂ Rd nonrandom compact. TFAE:

1. Capκ(F ) > 0.
2.

R
Rd Px{X (t) ∈ F for some t > 0}dx > 0.
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To start at the origin

I By the usual MP:

P{X (t) ∈ F for some t > s}

=
Z

Rd
Px {X (t) ∈ F for some t > 0}Ps(dx).

I Multiply by e−s and integrate [ds]:Z ∞

0
P{X (t) ∈ F for some t > s}e−s ds

=
Z

Rd
Px {X (t) ∈ F for some t > 0}U(dx).
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To start at the origin

Theorem (Blumenthal–Getoor, Hawkes, Hunt, . . . )
F := nonrandom compact. Suppose U(dx) = u(x)dx and u(x) > 0 for
all x. TFAE:

1. Capκ(F ) > 0.
2. P{X (t) ∈ F for some t > 0} > 0.
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A capacity identity

Recall: Capκ(F ) := [infµ∈P(F ) Eκ(µ)]−1, where

Eκ(µ) :=
1

(2π)d

Z
Rd

κ̂(ξ)|µ̂(ξ)|2 dξ.

Final goal (K–Xiao, 2007)
Suppose U(dx) = u(x)dx . Then ∀ Borel F ,

Capκ(F ) =

[
inf

µ∈Pc(F )

ZZ
u(x − y)µ(dx)µ(dy)

]−1

.

When F is open this is much easier to prove (Hawkes).
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A capacity identity

Let v(x) := 1
2{u(x) + u(−x)}. Note thatZZ
u(x − y)µ(dx)µ(dy) =

ZZ
v(x − y)µ(dx)µ(dy).

We need some basic facts (see Problems).
I Fact 1: κ = v̂ in the sense of L2; i.e., if φ is well tempered, then

(φ ,v) = (2π)−d(φ̂ , κ).

I Fact 2: u, and hence v , is lower semicontinuous.
I Fact 3:

RR
u(x − y)µ(dx)µ(dy) ≤ (2π)−d R

Rd κ̂(ξ)|µ̂(ξ)|2 dξ.
Therefore, Capκ(F ) ≤ 1/ inf

RR
u(x − y)µ(dx)µ(dy).
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A capacity identity

I Goal: Capκ(F ) ≥ 1/ inf
RR

u(x − y)µ(dx)µ(dy) for compact F .

I WLOG RHS > 0; i.e.,

∃µ ∈P(F ) :
ZZ

u(x − y)µ(dx)µ(dy) =
Z

(v ∗ µ)dµ < ∞.

I By Lusin’s theorem ∀η > 0 ∃ compact A ⊂ F s.t. µ(Ac) ≤ η, and
v ∗ µ is continuous–whence also bounded–on A.

I µA(•) := µ(• ∩A).
I µA is a measure on F with mass ∈ [1− η ,1].
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A capacity identity

I
R
(v ∗ µ)dµ ≥

R
(v ∗ µ)dµA.

I φε := N(0 , εI) density on Rd ; v ∗ µ ∗ φε → v ∗ µ, unif. on A.
I

R
(v ∗ µ)dµ ≥ limsupε→0

R
(v ∗ µA ∗ φε)dµA.

I Since φ̂ε ∈ L1(Rd)∩ L2(Rd) and v̂ = κ,Z
(v ∗ µA ∗ φε)dµA =

1
(2π)d

Z
Rd

κ(ξ)|µ̂A(ξ)|2e−ε‖ξ‖2/2 dξ.

I Therefore,
R
(v ∗ µ)dµ ≥ inf(2π)−d R

Rd κ(ξ)|ρ̂(ξ)|2 dξ, where “inf”
is over all measures ρ on F with mass ∈ [1− η ,1].
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A capacity identity

I By scaling,R
(v ∗ µ)dµ ≥ (1− η)2 infρ∈P(F )(2π)−d R

Rd κ(ξ)|ρ̂(ξ)|2 dξ.

I This proves that Capκ(F ) is at most (1− η)−2 times
infµ∈P(F )

RR
u(x − y)µ(dx)µ(dy).

I Let η → 0 to finish. �
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Problems

1. Prove Fact 1.

2. Prove Fact 2, in the following important special case, SupposeR
Rd exp(−tReΨ(ξ))dξ < ∞ for all t > 0 as follows:

2.1 First prove that tr. densities exist and are continuous. Moreover,

pt(x) =
1

(2π)d

Z
Rd

e−iξ·xe−tΨ(ξ) dξ.

2.2 Consider uδ(x) :=
R∞
δ pt(x)e−t dt . Then, uδ ↑ u are continuous.

3. Prove Fact 3. (Hint: First replace u by u ∗ φε, and then use
Plancherel and Fatou in this order.)
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