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Recap

> 1(€) ==Re(1+W(g)) .
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> 1(€) ==Re(1+W(g)) .
> Ee(n) = (2m) ™7 Jpo [A(E)Pr(€) dE.
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Recap

» k(€) :=Re(1+ V(&)
> () = (2m) @ fa [AUE) Pr(€) dE.
> Cap, (F) = 1/inf,c () Ex(11).
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|
Recap

v

k(€) :=Re(1+ V(&)

n(1t) = (2m) =9 [ga |A(&)I2A(€) dE.
Cap, (F) := 1/inf.eF) &x(1)-
Last time: If my(F) = 0 then

v

v

v

/Rd P, {X(t) € F for some t > 0} dx > Cap, (F).
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|
Recap

v

k(€) :=Re(1+ V(&)

n(1t) = (2m) =9 [ga |A(&)I2A(€) dE.
Cap, (F) := 1/inf.eF) &x(1)-
Last time: If my(F) = 0 then

v

v

v

/Rd P, {X(t) € F for some t > 0} dx > Cap, (F).

v

Primary task today: Converse.
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-
A martingale theory

» Recall: Py, (A) := [go Px(A) dx Em,[Z] := Jgo Ex[Z] dx.
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» Z::= sigma-algbera gen. by X(u) forall 0 <u <t.
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A martingale theory

» Recall: Py, (A) := [go Px(A) dx Em,[Z] := Jgo Ex[Z] dx.
» Z::= sigma-algbera gen. by X(u) forall 0 <u <t.

» Em,[Z| 1] defined as usual: For all .#-measurable
Z,Y € L3(Pm,),

Emg[2Y] = Em, [Emy (2] 7) Y|
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-
A martingale theory

» Recall: Py, (A) := [go Px(A) dx Em,[Z] := Jgo Ex[Z] dx.
» Z::= sigma-algbera gen. by X(u) forall 0 <u <t.

» Em,[Z| 1] defined as usual: For all .#-measurable
Z,Y € L3(Pm,),

Emg[2Y] = Em, [Emy (2] 7) Y|
» OST: If T is a bounded stopping time [.#] and
Z € L'(Pm,) N L2(Pm,), then

Emg|Emy (2] 77)| = Em,12].
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The semigroup

> Let P(A) := P{X(t) € A} = E([f(X(1))] = (P f)(x).
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The semigroup

> Let P(A) := P{X(t) € A} = E([f(X(1))] = (P f)(x).
> Pi(&) = exp(—1w(€)).
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The semigroup

> Let P(A) := P{X(t) € A} = E([f(X(1))] = (P f)(x).
> Pi(&) = exp(—1w(€)).
> U(A) == [$° P(A)e~tdt = (Uxf)(x) = [(P=f)(x)e ! dt.
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|
The semigroup

» Let Pi(A) := P{X(t) € A} = Ex[f(X(1))] = (P f)(x).

> Pi(€) = exp(—1W(¢)).

> U(A) = [° P (A)e tdt = (Uxf)(x)= [o°(Pr+f)(x)e tdt.
» We have seen that

Enmy [((X()GX(D)] = [ F2)(Pr-s + 9)(2) dz.
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|
The semigroup

» Let Pi(A) := P{X(t) € A} = Ex[f(X(1))] = (P f)(x).

> Pi(€) = exp(—1W(¢)).

> U(A) = [° P (A)e tdt = (Uxf)(x)= [o°(Pr+f)(x)e tdt.
» We have seen that

Enmy [((X()GX(D)] = [ F2)(Pr-s + 9)(2) dz.

» [fO<s <8< - <8<t then

k
(H (X(57)) 9(X( )))

/ Cﬁ (s7) +x) g(X(1) +x)> dx.
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The semigroup

fO<s) <8 <+ <8<t then
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|
The semigroup

fO<s) <8 <+ <8<t then

k—1
—E [ T 1X(5) = X(s) + )(2)a(X() = X(s1) + 2) oz
j=1
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|
The semigroup

fO<s) <8 <+ <8<t then

— X(sk) + x)f(2)9(X(t) — X(sk) + 2) dz

:L ||:\

— X(sk) + Z)) f(2)(Pt-s, * 9)(2) 0z.

~.
Il
4
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|
A Strong Markov property

» One way:
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|
A Strong Markov property

» One way:

» Another:

Em, (9(X(t+8)) | Z5) = (Prx g)(X(9)).
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|
A Strong Markov property

» One way:

» Another:
Em, (9(X(1+9)) | Z5) = (P g)(X(s)).
» More or less standard arguments =- V bounded stopping times S,

Em, (9(X(t+9)) | Zs) = (Pt 9)(X(S)).
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-
The upper bound

» Recall:
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» Recall:

» Recall:
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-
The upper bound

» Recall:

J(F) = /O T HX(t))e .

» Recall:
Em, [J(f)ﬂ = &.(f).

» S:=inf{s>0: X(s) € F}, info := .
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The upper bound

» Recall:

J(F) = /O T HX(t))e .

» Recall:
Em, [J(f)ﬂ = &.(f).

» S:=inf{s>0: X(s) € F},info:=c0
» By the strong MP:

Em, (1) | Fs) = Em, (/S f(X(t)e "ot | 7
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-
The upper bound

» Recall:

J(F) = /O T HX(t))e .

» Recall:
Em, [J(f)ﬂ = &.(f).

» S:=inf{s>0: X(s) € F},info:=c0
» By the strong MP:

Em, (1) | Fs) = Em, (/S f(X(t)e "ot | 7

)

— En, (/OOO (X(t+S))etSat
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-
The upper bound

By the strong MP:

Em, (J(f) ] 93)
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-
The upper bound

By the strong MP:
Em, (V(7) ] 7s)

> € "Em, (/OOO f(X(t+ S))e 'at

93) s<m
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-
The upper bound

By the strong MP:
Em, (V(7) ] 7s)

> € "Em, (/OOO f(X(t+ S))e 'at

93) s<m

_ en/OOO(Pt «F)(X(S)e " dt - 1(sp

D. Khoshnevisan (Salt Lake City, Utah) Lecture 5 Sandbjerg Manor, 2007 8/19



-
The upper bound

By the strong MP:
Em, (V(7) ] 7s)

> € "Em, (/OOO f(X(t+ S))e 'at

93) s<m

_ en/ooo(Pt # 1) (X(S))e dt-1 5oy
=e "(Uxf)(X(S)) 1is<n
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The upper bound
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-
The upper bound

>

> OST = 1> e [(Ux)(x) u(dx) - P, {S < n}.
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-
The upper bound

>

> OST = 1> e [(Ux)(x) u(dx) - P, {S < n}.

> If Pm,{S < n}>0,then ue Z(F).
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-
The upper bound

v

OST = 1> e [(U* f)(x) u(ax) - Pm,{S < n}.

v

If Prm,{S < n} >0, then p € Z(F).
If f is smooth, then

v

1 A
JWsndn= g [ HEHE O o
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-
The upper bound

v

OST = 1> e [(U* f)(x) u(ax) - Pm,{S < n}.

v

If Prm,{S < n} >0, then p € Z(F).
If f is smooth, then

v

1 A
JWsndn= g [ HEHE O o

v

Set f:= u * ¢¢, Wwhere &56 > 0 and ¢, is a probab. density.
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|
The upper bound

» We obtain

PmAS < n}x o5 o, 1A W de(€) U(€) de < e

(2 )
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|
The upper bound

» We obtain

PmAS < n}x o5 o, 1A )P de(€) U(E) de < e

(2 )

» By Fatou:
Pm {S < n} x & (n) <é.
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-
The upper bound

» We obtain

PmAS < n}x o5 o, 1A )P de(€) U(E) de < e

(2 )

» By Fatou:
Pm {S < n} x & (n) <é.

> If Pp,{S < n} >0, then 3 € Z(F) such that &, (1) < oo.
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-
The upper bound

v

We obtain

PmAS < n}x o5 o, 1A )P de(€) U(E) de < e

(2 )

v

By Fatou:
Pm,{S < n} x&u(p) <e"

v

If P, {S < n} >0, then 3 € Z(F) such that & (i) < oo.
Pm,{S < o0} >0 = Cap,(F)>0.

v
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-
The upper bound

v

We obtain

PmAS < n}x o5 o, 1A )P de(€) U(E) de < e

(2 )

v

By Fatou:
Pm,{S < n} x&u(p) <e"

v

If P, {S < n} >0, then 3 € Z(F) such that & (i) < oo.
Pm,{S < o0} >0 = Cap,(F)>0.
Pm,{S < 0o} = [ra Px{X(t) € F for some t > 0} dx.

v

v
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The basic theorem

Theorem (Hawkes)
F c RY nonrandom compact. TFAE:
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The basic theorem

Theorem (Hawkes)
F c RY nonrandom compact. TFAE:
1. Cap,.(F) > 0.
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|
The basic theorem

Theorem (Hawkes)
F c RY nonrandom compact. TFAE:
1. Cap,.(F) > 0.
2. [gre Px{X(t) € F for some t > 0} dx > 0.
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|
To start at the origin

» By the usual MP:

P{X(t) € F for some t > s}
_ /d P, {X(t) € F for some t > 0} Ps(dx).
R
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|
To start at the origin

» By the usual MP:

P{X(t) € F for some t > s}
_ /d P, {X(t) € F for some t > 0} Ps(dx).
R

» Multiply by e~® and integrate [ds]:
/ P{X(t) € F forsome t > s}e °ds
0

_ /Rd P« {X(t) € F for some t > 0} U(dXx).
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|
To start at the origin

Theorem (Blumenthal-Getoor, Hawkes, Hunt, ...)

F := nonrandom compact. Suppose U(dx) = u(x)dx and u(x) > 0 for
all x. TFAE:
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To start at the origin

Theorem (Blumenthal-Getoor, Hawkes, Hunt, ...)

F := nonrandom compact. Suppose U(dx) = u(x)dx and u(x) > 0 for
all x. TFAE:

1. Cap,.(F) > 0.
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To start at the origin

Theorem (Blumenthal-Getoor, Hawkes, Hunt, ...)

F := nonrandom compact. Suppose U(dx) = u(x)dx and u(x) > 0 for
all x. TFAE:

1. Cap,.(F) > 0.
2. P{X(t) € F forsomet> 0} > 0.
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-
A capacity identity

Recall: Cap,,(F) := [inf,c »(F) &x(1)] ", where

G0 = gy o BOIPO O
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-
A capacity identity

Recall: Cap,,(F) := [inf,c »(F) &x(1)] ", where

G0 = gy o BOIPO O

Final goal (K—Xiao, 2007)
Suppose U(dx) = u(x) dx. Then V Borel F,

Cap,.(F —{ inf // u(x —y) p(dx) p(dy) 1.

HEZ(F

When F is open this is much easier to prove (Hawkes).
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A capacity identity

Let v(x) := F{u(x) + u(—x)}. Note that

[ vt =) uta u(ay) = [[ vix = y)(ax) uay).

We need some basic facts (see Problems).
» Fact 1: k = V in the sense of L2; i.e., if ¢ is well tempered, then

(¢,v) = (27) 9o, k).
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A capacity identity

Let v(x) := F{u(x) + u(—x)}. Note that

[ vt =) uta u(ay) = [[ vix = y)(ax) uay).

We need some basic facts (see Problems).
» Fact1: k =V in the sense of L?;i.e., if ¢ is well tempered, then
(¢,v)=(2m)"%9, k).

» Fact 2: u, and hence v, is lower semicontinuous.
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-
A capacity identity

Let v(x) := F{u(x) + u(—x)}. Note that

[ vt =) uta u(ay) = [[ vix = y)(ax) uay).

We need some basic facts (see Problems).
» Fact1: k =V in the sense of L?;i.e., if ¢ is well tempered, then
(¢,v)=(2m)"%9, k).
» Fact 2: u, and hence v, is lower semicontinuous.

> Fact 3: [fu(x - Y) (ax) p(dy) < (2m) =9 [qa R(E)|R(E)I? dE.
Therefore, Cap,.(F) < 1/inf [[ u(x — y) u(dx) u(dy).
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A capacity identity

» Goal: Cap,.(F) > 1/inf [ u(x — y) u(dx) u(dy) for compact F.
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A capacity identity

» Goal: Cap,.(F) > 1/inf [ u(x — y) u(dx) u(dy) for compact F.
» WLOG RHS > 0;i.e.,

e 2(F): [ ux—y)u(@x) udy) = [(veu)dn < .
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A capacity identity

» Goal: Cap,.(F) > 1/inf [ u(x — y) u(dx) u(dy) for compact F.
» WLOG RHS > 0;i.e.,

e 2(F): [ ux—y)u(@x) udy) = [(veu)dn < .

» By Lusin’s theorem Vn > 0 3 compact A C F s.t. u(A°) <n, and
Vv * 1 is continuous—whence also bounded—on A.
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A capacity identity

v

Goal: Cap,.(F) > 1/inf [ u(x — y) u(dx) u(dy) for compact F.
WLOG RHS > 0;i.e.,

v

e 2(F): [ ux—y)u(@x) udy) = [(veu)dn < .

v

By Lusin’s theorem ¥n > 0 3 compact A C F s.t. u(A°) <n, and
Vv * 1 is continuous—whence also bounded—on A.

> pa(e) = p(eNA).
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-
A capacity identity

v

Goal: Cap,.(F) > 1/inf [ u(x — y) u(dx) u(dy) for compact F.
WLOG RHS > 0;i.e.,

v

e 2(F): [ ux—y)u(@x) udy) = [(veu)dn < .

v

By Lusin’s theorem ¥n > 0 3 compact A C F s.t. u(A°) <n, and
Vv * 1 is continuous—whence also bounded—on A.

> pa(e) = p(eNA).
> /14 iS @ measure on F with mass € [1 —n,1].
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-
A capacity identity

> J(vxp)dp > [(vxp)dpa
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-
A capacity identity

> J(vxp)dp > [(vxp)dpa
> ¢ := N(0,el) density on RY; v * p1 % ¢ — V * u, unif. on A.
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A capacity identity

> J(vxp)dp > [(vxp)dpa
> ¢ := N(0,el) density on RY; v * p1 % ¢ — V * u, unif. on A.

> [(vp)dp > limsup,_o [(V* pax* ¢c) dpia.

D. Khoshnevisan (Salt Lake City, Utah) Lecture 5 Sandbjerg Manor, 2007 17/19



-
A capacity identity

> J(vxp)dp > [(vxp)dpa

> ¢ := N(0,el) density on RY; v * p1 % ¢ — V * u, unif. on A.
> [(vxp)dp > limsup o [(V* pax ¢c) dpa.

> Since ¢. € L'(RY) N L2(RY) and ¥ = &,

]
(2m)d

[ ax o) dua= s [ mEla©Fe 192
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-
A capacity identity

> J(vxp)dp > [(vxp)dpa

> ¢ := N(0,el) density on RY; v * p1 % ¢ — V * u, unif. on A.
> [(vxp)dp > limsup o [(V* pax ¢c) dpa.

> Since ¢. € L'(RY) N L2(RY) and ¥ = &,

[ ax o) dua= s [ mEla©Fe 192

1

(2m)d

» Therefore, [(v* u)du > inf(27)~9 [pa k(€)|p(€)[? d€, where “inf’
is over all measures p on F with mass € [1 —n,1].
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-
A capacity identity

» By scaling,
J(vp)dp = (1 =n)2inf e ) (27) 9 Jra 5(8)[P(E)[? dE.
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A capacity identity

» By scaling,
J(vp)dp = (1 =n)2inf e ) (27) 9 Jra 5(8)[P(E)[? dE.
» This proves that Cap, (F) is at most (1 — 1) 2 times
infc (F) JJ U(x = y) p(dx) p(dy).
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-
A capacity identity

» By scaling,
J(vp)dp = (1 =n)2inf e ) (27) 9 Jra 5(8)[P(E)[? dE.
» This proves that Cap, (F) is at most (1 — 1) 2 times

inf,e(F) JS u(x —y) p(ax) p(dy).
» Letn — 0 to finish. &
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Problems

1. Prove Fact 1.
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Problems

1. Prove Fact 1.

2. Prove Fact 2, in the following important special case, Suppose
Jro €xp(—tReV(&)) d¢ < oo for all t > 0 as follows:
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Problems

1. Prove Fact 1.

2. Prove Fact 2, in the following important special case, Suppose
Jro €xp(—tReV(&)) d¢ < oo for all t > 0 as follows:
2.1 First prove that tr. densities exist and are continuous. Moreover,

_ 1 —iEX f—tW(E)
'Dt(X)_W/Rde € ds.
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Problems

1. Prove Fact 1.

2. Prove Fact 2, in the following important special case, Suppose
Jro €xp(—tReV(&)) d¢ < oo for all t > 0 as follows:

2.1 First prove that tr. densities exist and are continuous. Moreover,

_ 1 —iEX f—tW(E)
Pt(X)—W/Rde € ds.

2.2 Consider us(x) := [5° pr(x)edt. Then, us 1 u are continuous.
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Problems

1. Prove Fact 1.

2. Prove Fact 2, in the following important special case, Suppose
Jro €xp(—tReV(&)) d¢ < oo for all t > 0 as follows:

2.1 First prove that tr. densities exist and are continuous. Moreover,

_ 1 —iEX f—tW(E)
Pt(X)—W/Rde € ds.

2.2 Consider us(x) := [5° pr(x)edt. Then, us 1 u are continuous.

3. Prove Fact 3. (Hint: First replace u by u * ¢, and then use
Plancherel and Fatou in this order.)
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