Chapter 2 Problems

1. Let W = {windy} and H = {hit}. We know:

e Pr(H|W) =0.4;
o Pr(H|WeS) =0.7;
e Pr(W)=0.3.

() Pr(WNH) = Pr(H|W)Pr(W) = 0.4 x 0.3 = 0.12.
(b) Write Pr(H) = Pr(H|W) Pr(W) + Pr(H|W*¢) Pr(W¢) to find that

Pr(H) = (0.4 x 0.3) + (0.7 x 0.7) = 0.61.

(c) Let H; = {hit on jth shot}, were j = 1, 2. We want
Pr(H; NHS) + Pr(H{ N Hy).

If we assume that the behavior of the wind, and the hitting of the
shots are all independent, from shot to shot, then the preceding is
equal to Pr(H;) Pr(H$) 4+ Pr(H{) Pr(Hz) = (0.61 x 0.39) + (0.39 x
0.61) = 0.4758.

(d) We want Pr(W¢|H¢) = 1 — Pr(W|H¢). First recall that Pr(H¢) =
1—0.61 = 0.39. Therefore,

=0.6 x 03 ~ 0.4615385.

Pr(W|H®) = Pr(HE
r(WIHT) = Pr(HT W) < 5506 0.39

2. (a) By definition, Pr(A|B) = Pr(A N B)/Pr(B). If B is a subset of A,
then A N B = B, and hence Pr(A |B) = Pr(B)/Pr(B) = 1.

(b) Similar to (a), butnow ANB = A.

4. (a) Since ENE = E, it follows that Pr(E) = {Pr(E)}?. The equation x = x>
has only two solutions: One of them is x = 0; if x # 0, then we can
divide that equation by x to find that x = 1.

(b) If Pr(A),Pr(B) > 0, then Pr(A|B) = Pr(ANB)/Pr(B) =0 # Pr(A).
Therefore, A and B are not independent. If one of them, say A, has
zero probability, then Pr(ANB) = Pr(A) Pr(B), so they are indepen-
dent [but this is uninteresting, since A is an “impossible” event in
any event].

(c) If A and B are independent, then Pr(A¢|B) =1 —Pr(A|B) =1 —
Pr(A) = Pr(A°), and hence A® and B are also independent. An

application of this very fact itself shows that A¢ and B¢ are also in-
dependent [change labels].



10. Let Gj denote the even that the jth child is a girl. We observe that A N B
denotes the event that this family has exactly one girl and three boys.
Therefore,

Pr(ANB) = Pr(GiNG5NGNGY) +Pr(GiNG2NGsNGY)
+Pr(GING5NGsNGY) +Pr(GI NG5 NG5NGy)

= p1—pP+(1—ppl—p)P+1—p)*pA—p)+(1—p)°p

4p(1—p)°.

11. Let F; denote the event that these parents have j children; we know that
Pr(Fy) = Pr(Fz) = Pr(F3) = 1/3. If G = {at least one girl}, then

1
Pr(GIF) = 5
Pr(G|Fy) = 1—Pr(G°|F2):%
Pr(G|F3) = 1—Pr(G°|F3):g.
Therefore,
Pr(G) = Pr(G|F1)Pr(F1)+Pr(G|Fy)Pr(Fs) + Pr(G|F3)Pr(F3)
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We use the preceding to find
B Pr(F,) 1 1/3 4
Prif[G) = PriGIR) 5 ey =5 721~ 17
B Pr(F) 3 1/3 6
Pr(fa]G) = Pr(GIR)5ray = 17751 ~ 17
B Pr(Fs) 7 1/3 7
Pr(Fs|G) = Pr(GIR)5ay = 37721 ~ 17
If N = {no older girl}, then
Pr(N|F, NG) = 1. 1)

In order to compute Pr(N|F2 N G) let by go define the event that the first
child is a boy, the second is a girl, and so on. Then,

PI‘(N“:QQG) = PI‘(N mb192|F2mG)+PI‘(Nﬂglb2‘FgﬂG)
+Pr(NNgig2[F2NG).



Since b1go NG =b;ygo,

PI‘(N ﬂbng|F2ﬂG) = PI‘(N‘blggﬂFQQG) XPI‘(blgg‘FgﬂG)

_ ler(b192|F2): 1/4 _

1
Pr(G|F;) 1-1 3

Similarly,
1
Pr(NNgiby [FoNG) = 3
and )
PT(N N 9192“:2 N G) = 6
Therefore, L1 1 s
Pr(N|F =+ -+ - =—. 2
r(N[F2 N G) s T3 6756 (2)

In order to compute Pr(N|F3 N G) we appeal to symmetry to simplify
things a little at first, viz.,

PI‘(N |F3 N G) = 3PI(N ﬂblbggg |F3 n G) + ?)PT(N ﬂblgggg, |F3 N G)
+Pr(NNgig293|F3NG). 3)
Now:
Pr(NNbibags|F3NG) = Pr(N|bibags NF3N G) x Pr(bibags|F3 N G)
— 1x Pr(b;bybs | Fs) _ ﬁ o 1
N Pr(G|F3)  7/8 T’

Pr(NNbig2g3|F3NG) Pr(N[b1g293 NF3 N G) x Pr(big2g3|F3 N G)

Pr(byg203|F3)

1
= 2% T Pr(G|Fs)
1 1/8 1
= §x%7ﬁ, and

Pr(NNgig2931F3NG) Pr(N|gi1g293NF3NG) x Pr(g19293|F3 N G)

1 Pr(919295(Fs)
3 Pr(G|Fs)
1 1/8 1
3

X’Y/igfﬁ.

Therefore, (3) tells us that

3 3 1 29



This, (1), and (2) together imply the following:

w

Pr(N|G) = Pr(NNF;|G) Z r(N|F; N G)Pr(F; | G)

nl\/]w
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20. Let S = {score =2} and T = {first toss was tails}. Then, Pr(S|T) = 1/6. If
we toss a coin five times, independently, then the chances are 5 x (1/2)°
that we toss exactly one head and four tails. Therefore, Pr(S|T¢) = 5 x
(1/2)%, and hence

Pr(S) = Pr(S|T) Pr(T) + Pr(S | T¢) Pr(T¢) = % '

Consequently,

f(T) 1 1/2 16

f(S) 6 31/192 31

Pr(T|S) =Pr(SIT)

31. Let D denote the event that the document is in box number 1; also define
S denote the event that a search of box 1 discovers the document. We
know that Pr(S|D) = p;

(a) Since

Pr(S) =Pr(S|D)Pr(D) + Pr(S|D¢) Pr(D¢) = (p1 X ;) +0= 2—17

it follows that

Pr(D N
Pr(D15%) = PrS* Dl sy =1 =) X 70 = 5=
3

(b) Let F denote the event that box one is searched twice and the docu-
ment has not been found. By independence, Pr(F|D) = (1 —p;)?,
Pr(F|D¢)=1,and

Pr(F) = Pr(F|D)Pr(D)+ Pr(F|D¢)Pr(D€)
_ 2L 2 3-2pi+7p]
= ((1 p1) X3>+3—3 .
Therefore,
Pr(D) _ (1—py)?

Pr(D|F) = Pr(F|D)

Pr(F)  3—2p; +p3



(c) Let T denote the event that all three boxes were searched one and
the document was not found. Let D; denote the event that the doc-
ument is in box j [D and D; denote the same event]. Then,

PI‘(T) = PI‘(T ‘ Dl) PI’(Dl) + PP(T | Dg) PI’(DQ) + PT(T | Dg) PI‘(Dg)

l—p1  1—p2  1-—7p3 _
— + :1— 3
3 3 73 b

where p = (p1 + p2 + p3)/3 is the average the p;’s. Therefore,
Pr(D)

Pr(D|T) = Pr(TID) o = (1*101)111315 = ;,:5;




