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Drilling short geodesicsn hyperbolic 3-manifolds

K. Brombeg?

Abstract

We give an expository accountof the deformationtheory of geometrically
nite, 3-dimensionahyperboliccone-manifoldsndits applicationto threeclas-
sical conjecturesaboutKleinian groups.

1. Intr oduction

In aseriesof paperg[HK98, HK02, HK]), HodgsorandKerckhof developedadefor
mationtheoryfor 3-dimensionahyperboliccone-manifoldsvhich they usedto prove
variousimportantresultsaboutclosedand nite volumehyperbolic3-manifolds.This
deformationtheorywas extendedto in nite volume,geometrically nite hyperbolic
cone-manifoldsn [Br2, Br04]. In this settingthe deformationtheoryhashada num-
berof applicationgo classicakonjecturegboutKleinian groups.

Hereis an exampleof a basicproblemthatcanbe addressedia the deformation
theory Let (M;qg) be a geometrically nite hyperbolic 3-manifold that containsa
simpleclosedgeodesiqg. Let M = Mng bethe complemenbf g. Therewill bethen
be a unique,geometrically nite, completehyperbolicmetric § on M suchthat the
conformalboundariesf (M; g) and(M; §) agree We have thefollowing theorem

Theorem 1.1 (|[BB04]). For each K > 1 there existsan ™ > 0 sud thatif thelength
of gin (M; g) islessthen thenthere existsa K-bi-Lipschitzmap

f:(MnT;g) ! (MnT;g)

whee T andT are Margulistubesaboutg andtheranktwo cusp,respectively

We call suchatheorema“drilling theorem™for we have drilled thegeodesiq out
of thehyperbolicmanifold (M; g).

The way we obtain geometriccontrol of the metric § is to interpolatebetween
g andg usinghyperboliccone-metrics The Hodgson-kerckhof deformationtheory
givesmeango boundthe changan geometryasthis one-parametdiamily of metrics
varies. The rst partof this paperwill be anexposition of this deformationtheory
emphasizinghe mostgeometricparts. For an expository accountof Hodgsonand

1Supportedy a grantfrom the NSF



2 Brombeg

Kerckhof's work see[HKO03]. To keepthis papersomeavhat self-containedhereis
somenecessargverlapbetweerthetwo papers.

In thesecondpartof thepapemwewill applythedeformatiortheoryto acollection
of classicalconjecturesn Kleinian groups:the densityconjecture densityof cusps
on the boundaryof quasiconformabeformationspacesand the endinglamination
conjecture.Ratherthan discussingheseconjecturesn their full generalitywe will
restrictto the specialcaseof a Bers' slice. Thiswill allow usto demonstrat&ow the
deformatiortheoryplaysarolein approachingheconjecturesn a simplersetting.

Acknowledgments.This paperis anexpandedrersionof atalk givenatthework-
shopon Space®f Kleinian groupsandHyperbolic3-manifoldsheld at the Newtown
Institutein August2003. Theauthorwould lik e to thankCarolineSeries,Yair Minsky
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Theauthorwould alsolik e to thankhis collaboratoyJef Brock, with whomhedid
muchof thework describedn this paper

2. Deformations of hyperbolic metrics

We will begin by examingthe variousdifferentways one canstudya family of hy-
perbolicmetrics: as Riemanniammetrics,as(G; X)-structuresandasrepresentations
of the fundamentabroupin the spaceof hyperbolicisometries.We will seethe ad-
vantage®of eachviewpoint andthe connectiondetweerthe differentviewpoints. A
referencdor this materialis x1 andx2 of [HK98].

In the nal subsectiorwe will discusscomplex projective structureson surfaces.
Thesearisenaturallyasthe boundaryof hyperbolic3-manifoldsandwill play anim-
portantrole in the extensionof the Hodgson-kerckhof deformationtheoryto in nite
volumeandgeometrically nite hyperboliccone-manifolds.

2.1. One-parameterfamilies of metrics

We startwith a family of metrics,g; : V' V ! R, ona nite dimensionalvector
spaceV. For eacht thereis auniqueh; 2 hom(V;V) suchthat

900 - 20, u(w): (2.1)

Sinceg; is symmetric,h is self-adjoint,i.e.

gt (he(v);w) = ae(v; he(w)):

basisfor V in theg; metric. Thende ne thenormof h; by theformula

khik?>= & ai(hi(e); hi(e)): (2.2)
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Forary v;w 2 V wethenhave
g (v; he(w))  2khekge(vw):

By integrating(2.1) we seethatif khik K for allt 2 [0; T] then

e XTgo(vv)  gr(vv) e Tgo(vv):

In particularthe identity maponV is a KT-bi-Lipschitz mapfrom the go-metric to
gr-metric.

Thetraceof h; is thedivergenceandit is thederivative of thevolume. Thetraceless
partof h; is thestrain andit measureshe changen the conformalstructure.

2.2. Metrics on a manifold

Now we applythe abore work to a family of metrics,g;, on a differentiablemanifold
M. In this setting h; is a one-parametefamily in hom(TM; TM). Let khy(p)k be
the pointwisenormof h;. Letfi: (M;gg) ! (M;g) betheidentity mapon M. If
khi(p)k K forall p2 M andallt 2 [0;T] thenf; is a KT-bi-Lipschitz diffeomor
phism.

Theidentity mapon M maynothavethesmallesbi-Lipschitzconstantf all maps
from (M;gop) to (M;gt). In particularfor anarbitraryfamily of metricsthereis norea-
sonto hopethatwe cancontrolthenormof h;. Thedriving ideabehindthe Hodgson-
Kerckhof deformatiorntheoryis to nd one-parameteiamiliesof hyperbolicmetrics
o wherethe derivative h; is aharmonicstrain eld. As we will seebelow, this extra
structurewill allow usto controlthenormof h.

2.3. Hyperbolic metrics on a manifold

LetH (M) bethespaceof all hyperbolicmetricson M. Two metricsgandhin H (M)

areequialentif thereis adiffeomorphismy : M | M isotopicto theidentity such
thath= y g. Giventwo equialenceclasse®f metricswe wantto nd anefcient

pathbetweerthem.Thatis wewantto nd apathg; thatminimizesthe derivative h;.

Thelaststatementanbeinterpretedn anumberof ways.For example,we couldtry

to minimizethepointwiseor L2-normof hy. However, if M is notcompacthenbothof
thesenormscanandwill bein nite. Ourefcient pathswill havetwo propertiesFirst,
they will bedivergencefreesothath; is astrain eld. Secondhey will be harmonic.
We will notformally de ne harmonic.Informally, onecanthink of a harmonicstrain
eld aslocally minimizing the L2-norm(seeAppendixB of [Mc96]).

A harmonicstrain eld satis esthefollowing importantequation:

Theorem2.1. Let(M;g) bea compacthyperbolicmanifoldwith boundaryandlet h

bea harmonicstrain eldi Then .

khk?+ kNhk? = Nh~ h: (2.3)
M ™M
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This formulais very importantbecauset allows usto computethe L?-norm of
astrain eld by only knowing informationon the boundary We alsonotethath is
harmonicif it satis es(2.3)for all compactsubmanifolds.

Anotherfeatureof harmonicstrain elds is thatthey satisfya meanvalueinequal-
ity:

Theorem 2.2. Let(M;g) bea hyperbolicmanifoldand h a harmonicstrain eld. If
Bisaball in M of radiusR> p% centeedat p then

r z
3 g 2

khk2dV
4pf(R) 8

kh(p)k

whee f(R) = coshR) sin(IO 2R) P 2sinh(R) cos(p 2r).

Togethey Theorem=2.1 and2.2 will allow usto getpointwiseboundson the the
normof h, atleastfor pointsin thethick partof (M;g).

2.4. Developing maps

Anotherway to think of a hyperbolicstructureis asa (G; X)-structure,whereX is
hyperbolicspaceand G the groupof hyperbolicisometries.A (G;X) structureis an
atlasof chartsto X with transitionmapswhich arerestrictionsof elementof G. A
(G; X)-structuredetermines developingmapanda holonomyrepresentation.

Here's how it works for a hyperbolic3-manifold: A developingmapis a local
diffeomorphism,
D:M ! H3
andthe holonomyrepresentatioris arepresentationf thefundamentagroup,

r:pi(M) ! PS,C= Isom' (H3):

The developingmap commuteswith the actionof the fundamentabroupwherethe
fundamentabroupsactson M asdecktransformationsndon H? via the holonomy
representationrhatis

D(g(x)) = r (9D (2.4)

for all g2 p1(M). Let § bethepull backof the hyperbolicmetric. Then(2.4) implies
that§ is equivariantanddescendso a hyperbolicmetricg on M.

Corverselyahyperbolicmanifold,(M; g), determinesidevelopingmapandholon-
omy representationThe developingmapis uniqueup to post-compositiorwith hy-
perbolicisometriesIf we post-compos¢hedevelopingwith anisometrya 2 PS.,C
thenwe conjugatehe holonomyby a.
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Givena smoothfamily of hyperbolicmetrics(M; g;), thereis a smoothfamily of
developingmapsD;, andholonomyrepresentations;. The derivative of the devel-
oping mapsdetermines family of vector elds v; onM in thefollowing way. For a
pointx 2 M, Dy(X) is smoothpathin H3. Let w(X) bethe pull-back,via Dy, of the
tangentvectorof this pathattimet. Thesevector elds arenotequiariant. However,
they do satisfythe following automorphicproperty For all g2 p1(M) thedifference,
gVt W, is anin nitesimal isometryin the §;-metric. Thatis, the o w of the vector
eld gw v isanisometry This follows directly from differentiating(2.4).

The automorphicvector elds v, leadto the connectiorbetweenthe developing
mapsandthederivative, h;, of themetricsg;. Thecovariantderivative, Ny v, is anele-
mentof hom(TM; TM). Let symN;v; beits symmetricpart. The covariantderivative
of anin nitesimal isometryis skew. Thereforetheautomorphigropertyof v; implies
thatsymN,v; is equivariantanddescendso anelementof hom(TM; TM). By noting

thatthederivative W is theLie derivativeL v, g (v, w) we seethatsymNev; = hy.

2.5. Holonomy representations

Let R (M) bethespaceof representationsf p;(M) in PS.,C. We areonly interested
in representationap to conjugay sowe would like to studythe quotientof R (M)
underthe actionof PS_,C by conjugag. Unfortunately this quotientmay not be a
nice object. For instancet may not even by Hausdorf. Insteadonetakesthe Mum-
ford quotientof R (M) which we denoteR(M). The Mumford quotientis analgebraic
variety andits Zariski tangentspaceat a representatiom is the cohomologygroup
H(p1(M);Adr). It will turn out, thatat all pointswereareinterestedn, R(M) is
simply the topologicalquotientof R (M) by conjugag. Furthermoreat thesepoints
R(M) will be a differentiablemanifold andthe the Zariski tangentspacewill be nat-
urally identi ed with the differentiabletangentspace.For this reasonwe will ignore
thedistinctionbetweerthe Mumford quotientandthetopologicalquotient.

By differentiatinga smoothfamily of representations; we canseehow the dif-
ferentiabletangentspaceat eachr is identi ed with H(p(M);Adr¢). Let gbean
elementof p;(M). Thenr(g) is a smoothpathin PS.,C. Eachtangentspaceof
PS.,C is canonicallyidenti ed with theLie algebrasl,C. Thereforethederivative ry
canbethoughtof asamap

ry:pi(M) ! shC

for eacht. This mapsatis esthecocgyle condition
ri(gb) = ri(g) + Adri(g)ri(b)
for all gandb in p1(M) andthereforedeterminescohomologyclassn H(p1(M); Adry).

We alsoremarkthat r{(g) correspondgo the vector eld gvi w. The latter
vector eld isidenti ed with anelementof sl,C by pushingforwardg vi v via Dy.
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This pushfoward is an in nitesimal isometryon H3 andthe spaceof in nitesimal
isometriesof H? is canonicallyidenti ed with shC.

2.6. Complex projective structur es

A comple projective structuie on a surfaceS is an atlasof chartsto the Riemann
sphereb, wherethetransitionmapsarerestrictionsof elementof PS_,C. A projec-
tive structureis anotherexampleof (G; X)-structurewhereG = PS_,C andX = e
Let P(S) bethespaceof projective structureon S. Sincetheactionof PS.,C is con-
formal, a projective structurealsodetermines conformalstructureon S sothereis a
map
PO ! T(9

whereT(9) is the Teichmilller spaceof marked conformalstructureson S. Oneis
ofteninterestedn the spaceof projective structureswith a x ed conformalstructure
X. We denotethe spaceof suchstructuredP(X).

Elementsof PS.,C take roundcirclesin € to roundcircles. Therefore thereis
awell de ned notion of a roundcircle on a projective structure. A conformalmap
f betweentwo projective structuresS and S° will distort theseroundcircles. The
Sdwarzianderivative Sf, measureshis distortion. We will not give anexactde ni-
tion of Sf althoughwe will describeanin nitesimal versionbelon. We will however
statethe key propertiesof the Schwarzianderivative thatwe will use. First, Sf is a
holomoprhicquadratiadifferentialon X. Thequotientof the absolutevalueof a holo-
morphicquadratiadifferentialandametricis a function. Usingthe uniquehyperbolic
metricon X we cantakethesup-nornof thisfunctionto ade ne thesup-normkSfky,
of the Schvarzian. This determinesa metric on P(X) by settingd(S;SY9 = kSfky.
Furthermoregivenary holomorphicquadraticdifferential F on X thereis a projec-
tive structureSPsuchthatfor theconformalmapf :S | S° Sf = F. ThereforeP(X)
is isomorphicto thevectorspaceQ(X) of holomorphicquadratiadifferentialson X.

A projective structures Fuchsianif it is thequotientof arounddiskin €. Thereis
auniqueFuchsiamprojectie structure Sg, in eachP(X). We will oftenbeinterested
in the distancebetweenan arbitrary projective structureS 2 P(X) and this unique
Fuchsiarprojective structure We therefordet kSkg = d(S; Sg).

Aswith ary (G; X)-structureaprojective structureS on Sdetermines developing
map

anda holonomyrepresentation

r:pi(s9 ' PL,C

satisfying(2.4). Now let S; be a smoothpathof projectie structuresn P(X). Then
thereis a smoothpathof developingmapsD; which determinevector elds v on S,
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The developingmaps,D;, canbe choserto be conformalmapsfrom X to € which
will makethevectors elds v; conformalon X.

Letv(2) beaconformalvector eld onadomainin e Thenv(z) = f(z)ﬂlZ where
f is aholomorphicfunction. A conformalvector eld is projectiveif its o w consists
of elementof PS.,C. The spaceof projective elds is the Lie algebrasl,C andv(z)
will be projective if andonly if f(2) is a quadraticpolynomial. At eachpointzin
the domainlet 5(2) be the uniqueprojective vector eld thatbestapproximatew at
z Notethats(2) is obtainedby takingthe rst threetermsof the Taylor seriesof f
atz. Differentiatings(z) we obtainan sl,C-valued1-form which canbe canonically
associatedavith a holomorphicquadratiadifferential. This quadratiadifferentialis the
Schwarzianderivative, Sv, of thevector eld v.

We now returnto our path of projective structuresS; in P(X). The Schwarzian
derivative of the conformalvector elds v; will be equivariantandthereforeSy; will
be a holomorphicquadraticdifferentialon X. The norm kSviky is the in nitesimal
versionof the metricon P(X) andif we canboundit for all t we boundthe distance
betweerSy andS;.

We needone nal factaboutprojective structures.The holonomyrepresentation
de nesamapfrom P(S) to thespaceR(S) of representationsf p;(S) in PS.,C mod-
ulo conjugag. We the have thefollowing theorem.

Theorem 2.3 ([Hej75, Ea80 Hub80]). Theholonomymap
hol:P(§ ! R(S

is a holomorphicJocal homeomorphism.

3. Hyperbolic cone-maniblds
3.1. Geometrically nite hyperbolic cone-maniblds

Let N be a compactmanifold with boundary C a collectionof simpleclosedcurves
in the interior of N andM the interior of NnC. Let g be a completemetric on the
interior of N thatis a smoothRiemanniarmetricon M. We saythatg is a hyperbolic
cone-metridf the following holds: First g is a hyperbolicmetricon M. Secondfor
pointson C themetrichasthe form

dr?+ sintfrdg®+ costfrdz

whereq is measuredanodulosomecone-anglea. Notethatthe cone-anglenustbe
locally constanibn C. Thereforethereis a cone-angleassociatedo eachcomponent
of C.

Sincethe metricg is completethe boundaryfN consistsof tori andhighergenus
surfaces.Let foN denotethe highergenuscomponentsf theboundary To developa
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gooddeformatiortheorywe needto assumehattheremetricg hascertainasymptotic
behaior aswe approachfiyN. We saythata hyperbolic,cone-metriay is geometri-
cally nite if the hyperbolicstructureextendsto a projectivestructue on fyN. More
explicitly g is geometrically nite if for eachp 2 fyN thereexistsan openneighbor
hoodof pin N andamapy :V ! H3[ € thatis ahomeomorphisnontoits image
andis anisometryonV\ intM. Therestrictionof y toV\ N will determineanatlas
of chartsto €. Sincehyperbolicisometriesof H® extendto projective transformations
of € this atlaswill determinea projective structureon foN.

Let GF(N;C) be equialenceclassesof geometrically nite hyperbolic cone-
manifoldson the pair (N;C). If gis a hyperboliccone-metricon (N;C) we refer
to theinducedprojective structureon foN asthe projectiveboundary The projective
structureinducesa conformalstructureon foN. Thisis the conformalboundary

Notethattheroundcirclesin the projective boundaryarethe boundaryatin nity
of hyperbolicplanesin the hyperbolicmanifold. As the 3-dimensionahyperbolic
metric deformstheseplaneswill not staytotally geodesic.This will be detectecby
thechangen theprojective boundary

3.2. Deformations of hyperbolic cone-maniblds

A meridianfor thepair (N; C) isasimpleclosedcurve g intN thatboundsadiskin

N whichintersect< in asinglepoint. Eachcomponenbf C hasauniquemeridianup

to homotopy in M = intNnC. Furthermoref r is the holonomyof a cone-manifold
structureon (N;C) thenr (g) will be elliptic (or the identity if the coneangleis a
multiple of 2p) for all meridiansg.

On the otherhandtherecertainlywill be representationeherenot all meridians
areelliptic. For this reasonwe let Rg(M) bethe subsebf R(M) wherethe meridians
areelliptic or the identity. We then have the following theoremwhich is essentialy
dueto Thurston([Th79]).

Theorem 3.1. Theholonomymap
hol: GF(N;C) ! Re(M)

is alocal homeomorphism.

With thistheoremour next goalis to give alocal parameterizationf R(M). To do
thiswe rst needto de ne parametersThislocal parameterizatiowill beof aneigh-
borhoodin R(M), not just a neighborhoodn Re(M). Thesemoregeneralrepresen-
tationsalsohave geometricsigni gance. They correspondo Thurstons generlized
Dehnsumgery singularities We will not explain the geometryof thesesingularities
here.

Let
Ly :RM) ! CK
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be the holomorphicmapwhich assigndo eachrepresentatiothe k-tuple of complex
lengthsof thek-meridiansof (N; C). Thisis our rst setof parameters.

The secondsetof parametersomesfrom the conformalboundary Givena com-
ponentSof N we cande ne amapfrom GF(N; C) to the Teichnilller spaceT (S).
This mapassigngo eachgeometrically nite cone-manifoldhe conformalboundary
structureon S, If r 2 R(M) is theholonomyof a cone-manifoldn GF(N;C) thenby
pre-composinghis mapwith hol *, we obtainamap s from aneighborhooaf r in
Re(M) to T(S). Herewe choosethe uniquebranchof hol ! thattakesr to the given
geometrically nite cone-manifold.Thereis thena uniqueholomorphicextensionof
s to aneighborhoof r in R(M).

Repeatinghe constructionfor eachcomponenbf fyN and combiningthe maps
we have asinglemap
T:RM) ! T(THN):

Strictly speakingf is only de ned for a neighborhoodf r in R(M). We alsonote
thatthereareexamplesf distinctgeometricallynite hyperboliccone-manifoldsvith
the sameholonomyrepresentationWhenthis happensachmanifold will de ne a
differentboundarymap 1.

Now we combineour two parametersDe ne
F:RM) ! CK T(TN)

by F(r)=(Lwm(r);1(r)).

Theorem 3.2 ([HK98, HK, Br2]). Letr bethe holonomyof a geometrically nite
cone—manif&lg.lf thecone-anglds 2p or thetuberadiusof the singular locusis
sinh 11=" 2 thenthemapF is a holomorphiclocal homeomorphism.

Slecthof proof of theoiem3.2. By atheorenof Thurston
dimcR(M)  k+ dimc T(ToN):

SincethemapF is holomorphicif we canshaw thatthederivative,F , is injective at
r thenF will bealocalhomeomorphisnatr .

The rst stepin proving this injectivity is a Hodgetheorem: Any tangentvector
of R(M) atr thatis in thekernelof T is representethy a harmonicstrain eld h on
(M;ga). Notetherearesomesubtleissuesto proving this Hodgetheoremsinceour
manifold is not compactandthe metricis not complete.In particular the harmonic
strain eld h is only uniqueafter makingsomechoiceof boundaryconditionsfor the
solution.

Next we would lik e to calculatethe L2-normof h on M. Theorem2.1tells how to
calculatethe L?-norm of a harmonicstrain eld on a compactmanifold with bound-
ary. We canobtaina similar formula for harmonicstrain elds on a geometrically

nite manifold if the strain eld x esthe conformalboundary Analytically this is
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equivalentto T h = Owheref isthetangentmapof theboundarymap 7 from R(M)
to T(oN). The pointwisenorm of suchconformaldeformationswill decayexpo-
nentially and the boundaryterm in (2.3) will limit to zerofor surfacesexiting the
geometrically nite end. This allows us to calculatethe L2-norm of h even on the
non-compacteometrically nite ends.In particular we have
z Z
khk?+ kNhk? = Nh~ h
MnU U

whereU is tubular neighborhooaf the singularlocus,eventhoughMnU is notcom-
pact.Notethatin generathe L2-normwill bein nite onall of M.

The nal stepis to calculateheboundanterm. Thisis donein thefollowing way.
In a tubular neighborhoodf the singularlocuswe candecomposér asthe sum of
two strain elds, h = hg+ hc. The rst term, hg, is an explicit modeldeformation
completelydeterminedby the derivativesof the complex lengthsof the components
of the singularlocusandthe meridians.The seconderm, he, is a correctionterm. It
doesnotaffectthecomplex lengthof thesingularlocusor themeridians.In particular
thereis a vector eld v on a tubular neighborhoodf the singularlocus suchthat
he = symNv.

Theadwantageof this decompositioris thatwe cannow decomposé¢he boundary

term: A Zz z

NhA™ h = Nho” ho+ Nh:” he: (3.2)
u U U

The rst term on the right can be calculatedexplicitly andwill be non-positve if
(L m) h = 0. Thehardwork is to shawv thatthe secondterm will always be non-
positive. Togethetthisimpliesif F h = Othenh Oandthereforeg= isinjective. [

Thefollowing is a simplecorollaryof Theorem3.1and3.2.

Corollary 3.3. Let My be a geometrically nite cone—manifold/vitrbconeanglea
whosesingularlocushasa tubular neighborhoodfradius sinh ** 2. Then,fort
near a, there existsa one-paameterfamily of cone-manifold$v; with cone-angle
andconformalboundary xed.

We now setsomenotationthatwill be usedthroughoutthe restof the paper For
ary essentiasimpleclosedcurve gin M, L(t) is thethelengthof gin My andL 4(t) is
thecomplex lengthof g. Theimaginarypartof L 4(t) is denotedQg(t). For thespecial
caseof the singularlocus,L¢ (t) is thethe sumof the lengthsof all the components
of the singularlocus. Let U;(R) be the union of the R-tubular neighborhoodsf the
component®f the singularlocus. The n component®f the conformalboundaryare

The next theoremis key in controlling the geometryof the one-parameteiamily
of cone-manifoldsvi;.
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Theorem 3.4. The one parameterfamily of cone-manifoldsvi; can be realizedby
metrics g with derivativesh; sud that h; is a harmonicstrain eld outsideof a
radiusl tubeof the singularlocusand

z

khek?+ kN k2 L(t)
MtnUt (R) t2sinkfR

forallR 1.

Slecthof proof of theolem3.4. The proof hastwo parts: The constructiorof the met-
rics g andtheestimateonthe L?-normof thestrain eld h;. Wewill skipthe rst part
andfocusonthe second.

TheboundontheL2-normof h; follows the samepatternasthe completionof the
proofof Theorem3.2. For eacht we decomposé in Uy ashy = hg+ hc wherehg is
amodeldeformatiorandhc is a correctionterm. We have the samedecompositiorof
theboundarntermasin (3.1) andonceagainthe correctiontermmakesa non-positve
contribution. Theonedifferencewe have is thatthe coneangleis now decreasingnd
so the term comingfrom the modeldeformationwill be positive. However, we can
male anexplicit calculationto boundthis positve numberandseethat

Z
i 2Lc(t)
Niho” h ——
@ Y t2sinkeR

which givesthetheorem. O

We remarkthaBthe only signi cance of thetuberadiusl in the above theoremis
thatl> sinh 11= 2.

4. Thedrilling theorems

We call the procesof decreasinghe coneangle“drilling”. In thethreedrilling the-
oremsthatfollow we controlvariousgeometricquantitesaswe drill. Notethatthese
drilling theoremsonly apply wherethe one-parametefamily of cone-manifoldd\;
is de ned. To be usefulwe needto know thatwe candrill the cone-anglea de nite
amountsayfrom 4p to 2p or 2p to 0. As we will seeoneconsequencef thedrilling
theoremsds thatundercertainconditionswe candrill thisde nite amount.

In the rst drilling theoremwe estimatehow the lengthsof geodesicehangeas
we drill.

Theorem4.1([Br04]). For each L > Other existsane> 0 andanA> 0 suc that
if gis a simpleclosedcurvein M withLg(a) LandLc(a) ethen

e Ac@|a) Lgt) €@y a)

and
(1 Alc(a))Qqla) Qq(t) (1+ Alc(a))Qg(a)

forallt a.
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Slecthof proof of theoem4.1. To prove the rst statementwe needto boundthe
derivative Lg(t). Therearetwo casesThe rst casds whenthelengthof gis bounded
but not very short. In this caseg will bein the thick part of M;. We thenusethe
L2-boundsgiven by Theorem3.4 alongwith Theorem2.2to nd a pointwisebound
on h; for all pointson g. This, in turn, boundsthederiative.

The secondcaseis wheng is very short. By a versionof the Margulis Lemma,g
will have alargetubular neighborhoodJ. We decomposéi; onU into a modelterm,
ho, anda correctionterm, he, asbefore. A boundon the L2-norm of the modelwill
boundthe derivative Lg(t). Themodelterm, hy, is like a deformationof acomponent
of thesingularlocusthatdoesnot changehe coneangle.As in the proof of Theorem
3.2 this determineghe sign of the boundaryterm. However, in this casethe sign
will be positive sincethetorus U hasthe oppositeorientationof the boundarytorus
in Theorem3.2. This is becausave are calculatingthe L?-norm on U ratherthan
its complement. The sign of the boundaryterm for hc will alsobe positive for the
samereason.Thislastfact,togethemwith Theorem3.4 givesthe desiredboundon the
L2-normof hg onU.

Thesecondstatemenbf thetheoremis provedby a similar method. O

In thenext drilling theoremwe boundthe changen theprojective boundaryof M;
aswedrill. Thisshouldbethoughtof ascontrollingthegeometryof thegeometrically
nite ends.

Theorem 4.2 ([Br04]). Theee existsa C dependingonly on a, the injectivity radius
of theuniquehyperbolicmetricon X' andkS, kg suc that

d(S,;S) Clc(a)

forallt a.

Slecthof proof of theoem4.2. The derivative of the path S| in P(X) is a path of
quadratiadifferentialsF{ in Q(X'). We will boundthesizeof F.

A embeddedounddiskD in S{ boundsanembeddedhalf spaceH in M. The rst
stepis to shaw thata boundon the L?-norm of h; on H implies a boundon the sup
normof F| with respecto the hyperbolicmetricon D. The proof of this factfollows
our previoustheme.We decompos¢heharmonicstrain eld h; into amodelterm, hg,
completelydeterminedy F! andacorrectionterm he. Onceagainthe L2-normof hy
onH is the sumof the L2-normsof hy andh¢ so Theorem3.4 boundsthe L2-normof
ho. Sincehy is explicitly determinedy F! this boundsthe supnormof Fi.

Notice that we have only boundedthe sup norm with respectto the hyperbolic
metricon D, notwith respecto the hyperbolicmetricon X'. To nish the proof we
needto comparethe two metrics. In particularfor every point zwe can nd a disk
D containingz wheretheratio of thetwo metricsis boundedby constantglepending
only ontheinjectivity radiusof X' andkSike. O

Togethertheprevioustwo resultsgive enoughcontrolto preventarny degeneration
astheconeangledecreasedn particularwe have thefollowing theorem:
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Theorem 4.3 ([Br04]). For any a > 0 there existsan * > 0 sud that if M, ig a
geometrically nite cone-manifoldwith Lc(a) ° andtuberadius> sinh 1= 2
thentheoneparameterfamilyis de nedfor all t 2 [0; a].

The nal drilling theoremis alsothe strongest.Theoreml.1is a specialcase.lt
essentiallympliesthe previoustwo drilling theoremsalthoughthe dependencef the
constant®n thelengthof the singularlocusis not socleat

Theorem4.4([BB04]). For anyK > 1therexistsan™ > 0 dependingnlyonK and
a sud thatthefollowing holds. If Lc(a) ° theris for eacht 2 [0; a] a standad
neighborhoodr{(C) of thesingularlocusC anda K-bi-Lipsditz diffeomorphisnof
pairs

he: (ManTa(C);TTa(C)) ! (Mi;T(C); T(C)):

Slecthof proof of theoem4.4. Recallthatin Theoren3.4we constructecfamily of
metrics,M; = (M; g;), whosederivative wasthe harmonicstrain elds h;. For points
in the thick partof M; the combinationof Theorems3.4 and2.2 boundthe pointwise
norm of h;. Therefore,on the thick part of M, the identity mapon M is a K-bi-
Lipschitzmapfrom (M; gy) to (M;g:) whenthe singularlocusis sufciently short.

We are left to extend h; to the thin partsof My which will be a collection of
Margulistubes.Thisis doneby hand. Themapsh; areK-bi-Lipschitzontheboundary
of theseMargulistubesandwe build anexplicit extensionof this mapinsidethetube.
Theconstructioris someavhattediousandwe will notdescribét here. O

5. Geometricin exibility

A nice applicationof the boundaryformula of Theorem2.1 is to shav exponential
decayof the L>-norm. Essentiallythe formulashaws thatthe L2-normof a harmonic
strain eld on the 3-manifoldis equalto its L>-norm on the boundary A function
whoseintegral equalsts boundaryalueswill beexponential. Thisleadsto the expo-
nentialdecayof harmonicstrain elds. Hereis the precisetheorem:

Theorem5.1([BB]). LetM bea completenyperbolic3-manifoldwith boundaryand
h a harmonicstrain eld on M thathas nite L2-norm. Let M(t) bethe subsebf M
consistingof the pointsthat are distancet or greaterfrom M. Then
Z Z
khk?*+ kNhk®> e 2  khk®+ kNhk?:
M(t) M

Slecthof proof of theolem5.1. The rst stepis to seethat Theorem2.1 appliesto M
andM(t) to get 7 7

khk?+ kNhk? = Nh” h
M(t) M)

eventhoughtM(t) is notcompact.Thesecondactwe needs thefollowing inequality

khk?®+ kNhk? 2k Nh~ hk:



14 Brombeg

Now let Z
f(t) = khk?+ kNhKk?
M(t)

whichwe canrewrite as
ZyZ
f(T) = (khk?+ kNhk?)dAdt
T M)
wheredA is theareaform on TM(t). Differentiatingwe have
Z
) = (khk?+ kNhk?)dA
M)

2 Nh~ h
M(t)
2f(t):

Integratingboth sidesof the nal inequalitygivesthetheorem. O

McMullen hasprovenasimilar theoremusingentirely differentmethodsfor har
monicstrain elds arisingfrom quasi-conformadieformation®f completehyperbolic
3-manifolds.He calls his theorem’geometricin e xibilty” whichwe follow.

Oneapplicationof the geometricin e xibility theoremis strongerversionsof the
drilling theorems. For example, the boundson the changein length of a closed
geodesigivenby Theoremd.1will decayexponentiallyin thedistanceof thegeodesic
from thesingularlocus.

To apply geometricin e xibility to Theorem4.2 we needanotherde nition. A
geometrically nite cone-manifoldwill have a corvex corewhich will be a subman-
ifold with boundaryconsistingof corvex surfaces. Therewill be onecomponenbf
theboundarythe corvex corefacingeachcomponentf the projective boundary For
g aclosedgeodesiand S a componenbf the projective boundarylet d(g; S) bethe
shortestistancefrom g to the componenbf the boundaryof the corvex corefacing
S.

Theorem 5.2. Theee existsC; andC; dependingonly on a, the injectivity radius of
the uniquehyperbolicmetricX' andkS, ky sud that

d(S;;8) Ce 2L (a)

forallt a.

6. Applications to the Bers' slice

A Kleinian groupis a discretesubgroupof PS.,C. Herewe will restrictto the spe-
cial classof Kleinian groupsthatariseastheimageof holonomyrepresentationef
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projective structuren a closedsurfaceS. Theadwantageof restrictingto this classis
thatwe canusethetopologyandmetric on the spaceof projective structurego study
thefamily of Kleinian groups.

For a moreprecisede nition let U(X) bethe setof projective structuresn P(X)
whosedevelopingmapis injective. For every projectve S 2 U (X) theimageof the
holonomyrepresentation (p1(S)) will actproperlydiscontinuouslyon theimageof
thedevelopingmap,D(9). Sincethedevelopingmapis injective,D(S) will beanopen
topologicaldiskin e A groupthatactsproperlydiscontinuouslyon a opensubsebf
€ will bediscreteandthereforer (p1(9) is aKleiniangroup.

A Kleinian groupis quasifudisianif it actsproperlydiscontinuouslyon two dis-
joint opendisksin e. Let T(X) bethesubsebf U(X) wheretheimageof theholon-
omy representatiofs quasifuchsianThe spaceT (X) is a Bers' slice of the spaceof
all quasifuchsiargroups. Let r be the holonomyof a projectie structurein T(X)
andlet Wbe the opendisk, disjoint from D($), onwhich r (p1(S)) actsproperlydis-
continuously ThenW&r (p1(S)) de nesa projective structureandhencea conformal
structureon S, whereS is the orientedsurfaceS with the orientationreversed. This
de nesamapT(X) ! T(§) which we call the Bers' isomorphisnfor reasonghat
thefollowing Theoremmake apparent.

Theorem6.1([Bers60). ThemapT(X) ! T(S_) is a homeomorphism.

The Bers' slice, T(X), is the simplestexample of a quasi-conformaldeforma-
tion space The above theoremimpliesthat T(X) is canonicallyidenti ed with Te-
ichmuller space SinceU (X) is boundedn P(X) theclosureT(X) is acompacti ca-
tion of Teichnilller space.

In whatfollows we will continuallyreferto variousobjectsdeterminedy a pro-
jective structureS in U(X). First thereis the holonomyrepresentatiom . Sinceits
imageis a Kleinian groupisomorphicto p1(S) the quotientH3=r (p.(9)) is a hypekr
bolic 3-manifold M homotopy equialentto S. By the previous theoremif S is in
T(X) it will alsodeterminea conformalstructureY in T(§). If we areexaminingse-
guence®f projective structuresve will addindicesanddecorationgo S. Thesewill
be promotedo all the correspondingbjects.

We now statethreeconjecturesaboutthesespacesNote thatall of theseconjec-
tureshave versionghatapplyto moregenerafamiliesof Kleinian groups.

The rst two conjecturearefrom Bers' seminalpaper[Bers7(Q which beganthe
studyof thethe spaceJ (X).

Thefollowing conjecturas usuallycalledthe Bers' densityconjectue:
Conjecture 6.2 ([Bers70). U(X) = T(X)

A projectvestructuren 1T (X) = T(X)nT(X) is acuspif theimageof theholon-
omy representationontainscusps.
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Y2T(9

M = H3=r (py(9)

S2T(X) U(X)

Figure 1: A quasifuchiarmanifold

Conjecture6.3([Bers7(). Cuspsaredensean theboundaryof T(X).

The nal conjecturewe will stateis Thurstons endinglaminationconjecture.To
do sowe needto de ne anendinglamination.We will putoff doingthistill laterand
atthis point simply statethatto eachS 2 U (X) we cande ne anendinvariantwhich
is determinedy the hyperbolicmanifold M.

Conjecture6.4. An elementbof U (X) is uniquelydeterminedy its end-irvariant.

We notethatall threeof theseconjecturearenow known to be true. In factthe
endinglaminationconjecturampliesthe previoustwo conjecturesOur purposehere
is to describehow the deformationtheory developedin this papercan be usedto
approacttheseconjecturesAt presenthis approactstill hassigni cant gaps(atleast
for the rst andthird conjecture)ut if completedt would provide new proofsof all
threeconjectures.

6.1. The Bers' density conjecture

In its mostgeneralform, the density conjecturestatesthat every nitely generated
Kleinian groupis a limit of geometrically nite Kleinian groups. Very recentlythis
completeversionof the conjecturehasbeenproven. To do so one needsto com-
binea numberof results:the endinglaminationconjecturg[Min02, BCMO04]), tame-
ness([Bon86§, [Ag04], [CG04) andvarioustheoremson limits of Kleinian groups
([Th, Osh9Q Brk00, KS0Z)). Althoughwe will only addressa very specialcaseof
the density conjecturehere, the methodsdescribedapply in greatergenerality(see
[BBO4)).
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Conjecture6.2 wasthe original versionof the densityconjecture.In [Br02] we
provedthefollowing result:

Theorem 6.5. Let S be a projectivestructue in U(X) sud that the image of the
holonomyhasno parabolics.ThenS 2 T(X).

The theoremis provedin two cases.Let M = H3=r (p(S)) be the quotienthy-
perbolic3-manifold. ThenM hasboundedgeometryif thereis alower boundon the
lengthof ary closedgeodesidn M. OtherwiseM hasunboundedjeometry Minsky
proved Theorem6.5whenM hasboundedgeometry Our contribution wasthe case
whenM hasunboundedjeometry We will give a brief sketchof the proof, emphasiz-
ing thosepartsthatusethe deformationtheorywe have describedn this paper

Thestartingpointis thefollowing tamenesgheoremof Bonahon:

Theorem 6.6 ([Bon86]). ThemanifoldM is homeomorphito S (0;1).

A simpleclosedcurvegin S (0; 1) is unknottedf it is isotopicto asimpleclosed
cuneonS f1=2g.

Theorem 6.7 ([Br02]). Let g be an unknottedsimpleclosedgeodesidn M and as-
sumethatthe productstructuie is chosensuch thatgliesonS f 1=2g. Thenthereis
ageometrically nite hyperboliccone-manifoldvig with thefollowing properties:

(i) Thesingularlocushasa singlecomponentvith coneangle4p.

(i) Thelengthofthesingularlocusin Mg is equalto thelengthof gin M. Thetube
radiusof thesingularlocusin Mg is greaterthanor equalto the tuberadiusof
gin M.

(i) M andMg areisometriconS (0;1=2).

The constructiorof Mg is similar to the constructiorof grafting of complex pro-
jective structures. Although we will not go throughit here, it is not dif cult. The
proof that Mg is geometrically nite is moreinvolved. For a proofin the above case
see[Br02]. A proofin amoregenerakettingcanbefoundin [BB04]. An expository
accounttanbefoundin [BBO3].

To apply Theorem6.7 we usethefollowing theoremof Otal:

Theorem6.8([Ot95, Ot03]). Thele existsan gnina > 0 dependingnly onthegenus
of Ssuch thatif gis a closedgeodesidn M of lengthlessthan e thengis unknotted.

Now assumehat M hasunboundedyeometry Thenthereexists a sequencef
closedgeodesicg whoselengthslimits to zero. In particularwe canassumethat
Lg(M)  minf nina; g for all g where’ is the constanin Theorem4.3. Thenfor
eachg, Theorem6.7 givesus a cone-manifold\;; with cone-anglelp. Furthermore,
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by (3) of Theorem6.7thecomponenbf theprojectveboundaryonS  f 0g of M; will
betheoriginal projective structuresS.

Next we apply Theorem4.3 to decreasehe cone-angleo 2p obtaininga quasi-
fuschsiarmanifold M? Let S; betheS  f 0g componenbf the projective boundary
of M®. By Theoren¥.2thereexistsaC suchthatd(S;Si) CL4(M;) = CLg(M) and
thereforeS; ! S, asdesired.This completeghe sketchof the proof of Theorem6.5
in the caseof unboundedjeometry

Whatif M hasboundedyeometry?As we have alreadymentionedMinsky proved
Theorem6.5 in this case. He did so by proving the endinglaminationconjecture
for manifoldswith boundedgeometry Onemight hopeto nd adirectapproacho
Conjectures.2 basedon the methodsoutlinedhere.

Therearetwo problems First,theremaynotbeasequencef unknottedyeodesics.
Secondevenif we arefortunateenoughto have a sequencef unknottedgeodesics
thesingularlocusin thecorrespondingone-manifoldsvill notbe shortandwe won't
beableto apply Theoremy.3.

We cancircumwentthe rst problemby lifting to a cover. The secondproblemis
moreserious.For a cone-manifoldvhosesingularlocusis not shortto guarante¢hat
the manifold canbe deformedto coneanglezerowe needto assumehethe singular
locushasa large tubular neighborhoodlIn particularwe have the following theorem
whoseproofis beyondthe scopeof this paper:

Theorem6.9. Givenanya;L > Othere existsanR> 0 sud thatthefollowing holds.
Let My be a geometrically nite hyperboliccone-manifoldwith coneanglea and
Lc(a) L andassumehatthesingularlocushasatuberadius R. Thentheone-
parameterfamily M; existsfor all t 2 [0; a].

The next theoremallows us to circumvent both above problemsby lifting to a
cover. It is directcorollaryof Theorems.1and4.3 of [FGO1].

Theorem®6.10. Letgbea closedgeodesian a hyperbolic3-manifoldM with M home-
ophicS (0;1). GivenR> 0, M hasa nite cover M for which ghasa homeomorphic
lift gthatis unknottedandhasa tubular neighborhoodf radius> R.

The tradeof is that we are now working in a cover insteadof with the original
manifold. Becauseof this we canonly prove thatthe projectie structurelies in the
boundaryof the universal Teichmiiller space. We now de ne this space. Let P(1)
bethe spaceof boundedholomorphicquadraticdifferentialson the unit disk D in e
GivenF 2 P(1) thereexistsalocally conformalmapf : D ! & with Sf = F. This
f is uniqueup to post-compositioiby elementof PS,C. LetU (1) P(1) bethose
guadraticdifferentialswhere f is injective (or univalentin the languageof complec
analysis)andlet T(1) U(1) be thosequadraticdifferentialswhere f extendsto
a quasi-conformahomeomorphisnof all of €. The spaceT (1) is usually called
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theuniversal Teichmilller spacebecausall Teichmiller spaced (X) embedn T(1).
Thatis if S is aprojective structurein P(X) thethe universalcover, S, is a projective
structurein P(1) andthemaptakingS to Sis anisometry

Bers madethefollowing conjecture:

Conjecture6.11. U(1) = T(1)

This conjectureis known to be false. Countergampleswherefound by Gehring
(|Geh78) andlater Thurston([Th86]). However, we canprove thefollowing theorem

Theorem6.12. LetS2 U(X) bea projectivestructue whosenolonomydoesnothave
parabolics. ThenS2 T(1):

Proof. In the courseof proving Theorem6.6, BonahonshonsthatM hasa sequence
of closedgeodesicg with boundedengthandd(g;S)! ¥. (Recallthatd(g;S) is
thedistancdrom thecomponenbf thecorvex coreboundaryfacingSto g.) Now, for
eachg, apply Theorem6.10to obtaina cover to which we canapply both Theorem
6.7 andTheorem6.9. Thatis, in the cover, g lifts to anunknottedgeodesiaj along
which we cangraftto obtainageometricallynite cone-manifoldVi;. Thetuberadius
of singularlocuswill be sufciently large sothatwe candecrease¢he coneangleto
2p andobtaina quasifuchsiamanifold I\7Ii°.

Let S; bethe correspondingover of the projective structureS. Then$S; is acom-
ponentof the projective boundaryof the cone-manifoldVi;. After the cone-manifold
deformatiorthis projective structuredeformsto a projective structu reéio. By Theorem
5.2wehave .

d(5:;8) e MEDL (My): (6.1)
Now d(Si;§) = d(S; g) which limits to zeroandLg (Mi) = Lg(M) is boundedsothe
left handsideof (6.1) limits to zero.ThereforeS;! S= S;inU(1) asdesired. O

6.2. Cuspsaredense

The conjugay classe®f parabolicdn r (p1(S)) correspondo disjoint simpleclosed
cunveson S, In particularthereareatmost3g 3 conjugag classes A cuspwhose
holonomy hasthis maximal numberof conjugay classesof parabolicsis called a
maximalcusp McMullen provedthefollowing strongversionof Conjectures.3.

Theorem6.13([Mc91]). Maximalcuspsare denseontheboundaryof T (X).
Proof. Ourproofwill follow McMullen's exceptthatwe will replacehiskey estimate

with Theoremd.2. The partof theargumentthatwe copy canbefoundon p. 221 of
[Mco1].

2Conjecture$.2and6.11arelabelledConjecturesl andl in [Bers7Q. After statingConjecturdl Bers
remarks‘This would, of course pea consequencef Conjecturd”. Thisis notolviousto this author
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The rst stepis to notethat projectve structuresvhoseholonomydoesnot have
parabolicsaredensdn T (X). Let S besucha projective structure.To provethethe-
oremwe needto shav thatS is approximatedby maximalcusps.To dothis McMullen
nds projective structuresS; 2 T(X) thatlimit to S with thefollowing property:The
projectivestructuresS; correspondo conformalstructures’; 2 T(S). For eachy; there
is apantsdecomposition® suchthatLg(Y;) ! 0wherethelengthis measuredn the
uniquehyperbolicmetriconY;.

OonY; we may assumehat Lp (Y;) %min(eunma;‘) where” is the constantin
Theorem?.3. By Bers'inequality([Bers7Q) thisimpliesthatLp (M;)  min(&@nina; )
whereM, is thequasifuchsiamyperbolicmanifolddeterminedy S;. Now view M; as
acone-manifoldwith singularlocusP andconeangle2p. SinceLp(M;) ~ wecan
decreasehe coneangleof M; to zeroto obtaina manifold M? with rank two cusps.
The projective structureS; is a componenif the projectve boundaryof M; andit
deformsto a projectie structureS’. By Theoren%.2

d(Si;S)  Kilg(M)

andtherefore
limsP= limS = S:
il ¥ il ¥

Whatremainsto shaw is thatthe SParemaximalcusps.Let M bethe cover of M?
correspondingo the boundarycomponents?. SinceLp(Mi)  @inina, the geodesic
representatie of P, is unknottedn M; andthereforeM?is homeomorphito S  (0; 1)
with the curves B removed from the halfway surfaceS f1=2g. ThereforeM; is
homeomorphi¢co S (0;1) andeverycurvein P will be parabolic.Thisimpliesthat
SPis amaximalcusp. O

Thereare versionsof the densityof cuspsfor more generalquasiconformatle-
formationspacesn [CCHS03]and[CHO04]. Both of thesepapersaregeneralizations
of McMullen's methods.We notethat our methodscanalsobe usedto prove these
generalizationsSeex8 of [Br04].

6.3. The ending lamination conjecture

The endinglaminationconjectureis a classi cation of Kleinian groupsisomorphic
to a x edgroup. The completeconjecturehasrecentlybe provenby Brock, Canary
andMinsky ([Min02, BCMO04]), completinga programof Minsky. In this sectionwe
will discussan alternateapproacho the conjecture.The approaclis motivatedby a
theoremof R. Evans,whichwe will mentionbelovr. We alsonote,thatthis approach,
if successfulusessomeof Minsky'sresultsin akey way andis heavily in uencedby
hisideas.The maindifferences thatwe do not usethe “model manifold”.

The classifyingobjectsareend-irvariantswhich areobjectsassociatedo the sur
facesthat compactifythe highergenusendsof the hyperbolicmanifold. For groups
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without parabolicstheseinvariantsare eithera conformalstructureor a lling lam-
ination on the surfacecompactifyingthe end. With parabolicsthe situationis more
complicated As usual,we will restrictto groupswithout parabolics.

For S2 U(X) thecorrespondingnanifoldsM hastwo endsboth compacti edby

S. OnS fO0g the end-irvariantis alwaysthe conformalstructureX. If S2 T(X)

thenthe end-irvariantfor S f1g will alsobe a conformalstructure. In this case
the conformalstructurewill betheimageof Sin T(S_) underthe Bers'isomorphism.
For S2 U(X)nT(X) the end-irvariantis a lamination. To de ne it we recall that
thereis a sequencef closedgeodesicsg, whoselengthis boundedand suchthat
d(g;S)! 0. FurthermoreBonahon([Bon86) shaws that thesegeodesicsan be
choserto behomotopido simpleclosedcurvesonS f 1=2g. As simpleclosedcurves
on S, the g will limit to a lamination/ . Most importantly this endinglamination
will not dependon theinitial choiceof geodesics.This is alsoa resultof Bonahon
([Bon84]).

The following theoremof Minsky shavs the importanceof the endinglamina-
tion. It is acombinationof his proof of theendinglaminationconjectureor bounded
geometrymanifoldsandoneof the rst stepsin theproof of thegenerakonjecture.

Theorem6.14([Min01]). LetS andSPbe projectivestructuesin U(X) andassume
that the correspondinghyperbolicmanifoldsM and M®havethe sameend-irvariant.
Theneither:

(i) M andMPareisometric.

(i) M andM®bothhaveunboundedieometryandthere existsa sequencef simple
closedcurvesg sothatbothLg4(M) and Lg(M% limit to zeo.

We empasize¢hat(1) and(2) arenotmutuallyexclusive. In factthegoalis to shov
that(1) alwaysholds. This is exactly the endinglaminationconjecture.

For gasimpleclosedcurveons, letU(X;g) U(X) bethoseprojectvestructures
in U(X) wherethe conjugay classof g is parabolicunderthe holonomyrepresenta-
tion. Let dc(g;X) be the distancebetweeng and X in the curve complex. Thatis
dc (g; X) is theminimumnumberk suchthatthereexist k+ 1 essentiakimpleclosed

cunvein the hyperbolicmetricon X.

While we believe thefollowing conjecturas interestingn its own right, aswe will
seebelow it alsoimpliestheendinglaminationconjecturegor manifoldsin U (X) with
unboundedjeometry

Conjecture6.15. Thereexistsa constant€; andC,, dependingnly onthegenusof
S, suchthatthe diameterof U (X; g) in P(X) is boundecby C;e C29c(X:9),

Our motivation for this conjectureis asfollows. The distancedc (g; X) givesa
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lower boundon the thicknessof the cornvex core of every manifoldin U (X; g). One
thenwantsto combinethis with geometrian e xibility to obtainthedesiredbound.

We now shov how Theorem6.14 and Conjectures.15togetherimply the ending
laminationconjecturdor projectve structuresn U (X) with unboundedjeometryand
Nno cusps.

Let S andS®beasin Theorem6.14 andassumehat M andM°® have unbounded
geometryLet g bethesequencgivenby (2) in Theorem6.14.By Theoren6.5there
exists a sequences; in T(X) corvergingto S. Let M; be the associatedhyperbolic
3-manifolds. After passingio a subsequencee canassumehatLg(M;) ! 0. Now
repeatingheconstructionin theproofof Theoren6.13,for eachS; we can nd acusp
Siin U(X;g) suchthat

d(s;S) ClLg(M):
Thereforethe sequenc&; corvergesto S. We similarly nd asequencéiocon/erging
to SPwith eachéioin U(X;g). Finally we notethattheg corvergeto theendinglami-
nationsodc (g; X) limits to in nity . Conjectures.15thenimpliesthatbothsequences
Si andSPhave the samelimit soS= S

Notethat,in theabore agument,if we replacethe curvesg with pantsdecompo-
sitionsP, suchthat
limLp(M) = limLp(M%Y =0
il ¥ il ¥

then$; andéiowill be maximalcusps.Sincemaximalcuspsareuniquelydetermined
by the pantsdecompositors; = éio andthe correspondindimits, S andS° areequal
without appealingo Conjectures.15. This agument,dueto Evans,leadsto the fol-
lowing theorenthatwe mentionedat the begining of this section.

Theorem 6.16 ([Ev03]). Let S and S° be projectivestructuesin U (X) with corre-
spondinghyperbolicmanifoldsM andM®. Assumehatthere exista sequencef pants
decomposition® with

lim Lp (M) = i|!II’TQéLp|(M% =0
Thens= S

We remarkthat having sucha shrinking pantsdecompositions not asrestrictve
asit may seem. In fact, the densityof maximalcusps(Theorem6.13) implies that
thereis a denseG, of suchmanifoldsin T(X). Furthermorejf M hassucha se-
quenceof pantsdecompositionandM®hasthe sameendinglaminationasM thenthe
lengthsof the samesequence®f pantswill limit to zeroin M® This laststatements
provenin [Min02] andis alargepartof the proof of the endinglaminationconjecture.
Namely in [Min02], Minsky constructsa modelfor M thatis completelydetermined
by combinatoriainformationcomingfrom theendinglamination.He thenshowvs that
thereis a Lipschitzmapfrom this modelto the hyperbolicmanifold M. Furthermore,
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every sufciently shortcurvein M will alsobe shortin the model. Therefore if M°
hasthe sameendinglaminationasM thenit will have the samemodelandthe same
shortgeodesics.The nal stepin Brock, Canaryand Minsky's proof of the ending
laminationconjecturds to shaw thatthis modelis alsobi-Lipschitz. This is donein
[BCMO04]. Ontheotherhand,Theorem6.16completelyavoidsthework in [BCMO04]
which seemssigni cant.
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