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Drilling short geodesicsin hyperbolic 3-manifolds

K. Bromberg1

Abstract

We give an expository accountof the deformationtheory of geometrically
�nite, 3-dimensionalhyperboliccone-manifoldsandits applicationto threeclas-
sicalconjecturesaboutKleiniangroups.

1. Intr oduction

In aseriesof papers([HK98, HK02, HK]), HodgsonandKerckhoff developedadefor-
mationtheoryfor 3-dimensionalhyperboliccone-manifoldswhich they usedto prove
variousimportantresultsaboutclosedand�nite volumehyperbolic3-manifolds.This
deformationtheorywasextendedto in�nite volume,geometrically�nite hyperbolic
cone-manifoldsin [Br2, Br04]. In this settingthedeformationtheoryhashada num-
berof applicationsto classicalconjecturesaboutKleiniangroups.

Hereis anexampleof a basicproblemthatcanbeaddressedvia thedeformation
theory. Let (M;g) be a geometrically�nite hyperbolic3-manifold that containsa
simpleclosedgeodesicg. Let M̂ = Mng bethecomplementof g. Therewill bethen
be a unique,geometrically�nite, completehyperbolicmetric ĝ on M̂ suchthat the
conformalboundariesof (M;g) and(M̂; ĝ) agree.We have thefollowing theorem

Theorem 1.1 ([BB04]). For each K > 1 there existsan ` > 0 such that if the length
of g in (M;g) is lessthen` thenthere existsa K-bi-Lipschitzmap

f : (MnT;g) � ! (M̂nT̂; ĝ)

where T andT̂ are Margulis tubesaboutg andtheranktwo cusp,respectively.

Wecall sucha theorema“drilling theorem”for wehavedrilled thegeodesicg out
of thehyperbolicmanifold(M;g).

The way we obtain geometriccontrol of the metric ĝ is to interpolatebetween
g andĝ usinghyperboliccone-metrics. TheHodgson-Kerckhoff deformationtheory
givesmeansto boundthechangein geometryasthis one-parameterfamily of metrics
varies. The �rst part of this paperwill be an expositionof this deformationtheory
emphasizingthe mostgeometricparts. For an expositoryaccountof Hodgsonand

1Supportedby agrantfrom theNSF



2 Bromberg

Kerckhoff 's work see[HK03]. To keepthis papersomewhatself-containedthereis
somenecessaryoverlapbetweenthetwo papers.

In thesecondpartof thepaperwewill applythedeformationtheoryto acollection
of classicalconjecturesin Kleinian groups: the densityconjecture,densityof cusps
on the boundaryof quasiconformaldeformationspacesand the ending lamination
conjecture.Ratherthandiscussingtheseconjecturesin their full generalitywe will
restrictto thespecialcaseof a Bers' slice. This will allow usto demonstratehow the
deformationtheoryplaysa role in approachingtheconjecturesin a simplersetting.

Acknowledgments.Thispaperis anexpandedversionof a talk givenat thework-
shopon Spacesof Kleinian groupsandHyperbolic3-manifoldsheldat theNewtown
Institutein August2003.Theauthorwould liketo thankCarolineSeries,Yair Minsky
andMakotoSakumafor organizingtheworkshopandtheir solicitationof this article.

Theauthorwouldalsoliketo thankhiscollaborator, Jeff Brock,with whomhedid
muchof thework describedin thispaper.

2. Deformations of hyperbolic metrics

We will begin by examingthe variousdifferentwaysonecanstudya family of hy-
perbolicmetrics:asRiemannianmetrics,as(G;X)-structuresandasrepresentations
of the fundamentalgroupin thespaceof hyperbolicisometries.We will seethead-
vantagesof eachviewpoint andtheconnectionsbetweenthedifferentviewpoints. A
referencefor thismaterialis x1 andx2 of [HK98].

In the �nal subsectionwe will discusscomplex projective structureson surfaces.
Thesearisenaturallyastheboundaryof hyperbolic3-manifoldsandwill play anim-
portantrole in theextensionof theHodgson-Kerckhoff deformationtheoryto in�nite
volumeandgeometrically�nite hyperboliccone-manifolds.

2.1. One-parameterfamilies of metrics

We startwith a family of metrics,gt : V � V � ! R, on a �nite dimensionalvector
spaceV. For eacht thereis a uniqueht 2 hom(V;V) suchthat

dgt(v;w)
dt

= 2gt(v;ht (w)) : (2.1)

Sincegt is symmetric,ht is self-adjoint,i.e.

gt (ht (v);w) = gt (v;ht (w)) :

We measurethesizeof ht usingthemetricgt . Let f e1; : : : ;eng beanorthonormal
basisfor V in thegt metric.Thende�ne thenormof ht by theformula

khtk2 = å gt(ht (ei );ht (ei)) : (2.2)
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For any v;w 2 V we thenhave

gt(v;ht (w)) � 2khtkgt(v;w):

By integrating(2.1)we seethatif khtk � K for all t 2 [0;T] then

e� 2KTg0(v;v) � gT (v;v) � e2KTg0(v;v):

In particularthe identity mapon V is a KT-bi-Lipschitz mapfrom the g0-metric to
gT -metric.

Thetraceof ht is thedivergenceandit is thederivativeof thevolume.Thetraceless
partof ht is thestrain andit measuresthechangein theconformalstructure.

2.2. Metrics on a manifold

Now we applytheabovework to a family of metrics,gt , on a differentiablemanifold
M. In this settinght is a one-parameterfamily in hom(TM;TM). Let kht (p)k be
the pointwisenorm of ht . Let f t : (M;g0) � ! (M;gt ) be the identity mapon M. If
kht (p)k � K for all p 2 M andall t 2 [0;T] thenf t is a KT-bi-Lipschitzdiffeomor-
phism.

TheidentitymaponM maynothavethesmallestbi-Lipschitzconstantof all maps
from (M;g0) to (M;gt ). In particularfor anarbitraryfamily of metricsthereis norea-
sonto hopethatwecancontrolthenormof ht . Thedriving ideabehindtheHodgson-
Kerckhoff deformationtheoryis to �nd one-parameterfamiliesof hyperbolicmetrics
gt wherethederivativeht is a harmonicstrain �eld . As we will seebelow, this extra
structurewill allow usto controlthenormof ht .

2.3. Hyperbolic metrics on a manifold

Let H (M) bethespaceof all hyperbolicmetricsonM. Two metricsg andh in H (M)
areequivalentif thereis a diffeomorphismy : M � ! M isotopicto the identity such
thath = y � g. Given two equivalenceclassesof metricswe want to �nd an ef�cient
pathbetweenthem.Thatis wewantto �nd a pathgt thatminimizesthederivativeht .
Thelaststatementcanbeinterpretedin anumberof ways.For example,we couldtry
to minimizethepointwiseor L2-normof ht . However, if M is notcompactthenbothof
thesenormscanandwill bein�nite. Ouref�cient pathswill havetwo properties.First,
they will bedivergencefreesothatht is a strain�eld. Secondthey will beharmonic.
We will not formally de�ne harmonic.Informally, onecanthink of a harmonicstrain
�eld aslocally minimizing theL2-norm(seeAppendixB of [Mc96]).

A harmonicstrain�eld satis�esthefollowing importantequation:

Theorem 2.1. Let (M;g) bea compacthyperbolicmanifoldwith boundaryandlet h
bea harmonicstrain �eld. Then

Z

M
khk2 + kÑhk2 =

Z

¶M
� Ñh ^ h : (2.3)
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This formula is very importantbecauseit allows us to computethe L2-norm of
a strain�eld by only knowing informationon the boundary. We alsonotethat h is
harmonicif it satis�es(2.3) for all compactsubmanifolds.

Anotherfeatureof harmonicstrain�elds is thatthey satisfyameanvalueinequal-
ity:

Theorem 2.2. Let (M;g) bea hyperbolicmanifoldandh a harmonicstrain �eld. If
B is a ball in M of radiusR> pp

2
centeredat p then

kh(p)k �
3
p

2(B)
4p f (R)

r Z

B
khk2dV

where f (R) = cosh(R) sin(
p

2R) �
p

2sinh(R) cos(
p

2r).

Together, Theorems2.1 and2.2 will allow us to getpointwiseboundson the the
normof h , at leastfor pointsin thethick partof (M;g).

2.4. Developingmaps

Anotherway to think of a hyperbolicstructureis asa (G;X)-structure,whereX is
hyperbolicspaceandG thegroupof hyperbolicisometries.A (G;X) structureis an
atlasof chartsto X with transitionmapswhich arerestrictionsof elementsof G. A
(G;X)-structuredeterminesadevelopingmapanda holonomyrepresentation.

Here's how it works for a hyperbolic3-manifold: A developingmap is a local
diffeomorphism,

D : M̃ � ! H3;

andtheholonomyrepresentationis a representationof thefundamentalgroup,

r : p1(M) � ! PSL2C = Isom+ (H3):

The developingmapcommuteswith the actionof the fundamentalgroupwherethe
fundamentalgroupsactson M̃ asdecktransformationsandon H3 via theholonomy
representation.Thatis

D(g(x)) = r (g)D(x) (2.4)

for all g 2 p1(M). Let g̃ bethepull backof thehyperbolicmetric.Then(2.4) implies
thatg̃ is equivariantanddescendsto ahyperbolicmetricg onM.

Conversely,ahyperbolicmanifold,(M;g), determinesadevelopingmapandholon-
omy representation.Thedevelopingmapis uniqueup to post-compositionwith hy-
perbolicisometries.If we post-composethedevelopingwith anisometrya 2 PSL2C
thenwe conjugatetheholonomyby a .
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Givena smoothfamily of hyperbolicmetrics(M;gt ), thereis a smoothfamily of
developingmapsDt , andholonomyrepresentationsr t . The derivative of the devel-
opingmapsdeterminesa family of vector�elds vt on M̃ in thefollowing way. For a
point x 2 M̃, Dt (x) is smoothpathin H3. Let vt (x) be the pull-back,via Dt , of the
tangentvectorof this pathat timet. Thesevector�elds arenotequivariant.However,
they dosatisfythefollowing automorphicproperty. For all g 2 p1(M) thedifference,
g� vt � vt , is an in�nitesimal isometryin theg̃t -metric. That is, the �o w of thevector
�eld g� vt � vt is anisometry. This followsdirectly from differentiating(2.4).

The automorphicvector�elds vt , leadto the connectionbetweenthedeveloping
mapsandthederivative,ht , of themetricsgt . Thecovariantderivative,Ñtvt , is anele-
mentof hom(TM̃;TM̃). Let symÑtvt beits symmetricpart. Thecovariantderivative
of anin�nitesimal isometryis skew. Therefore,theautomorphicpropertyof vt implies
thatsymÑtvt is equivariantanddescendsto anelementof hom(TM;TM). By noting
thatthederivative dgt (v;w)

dt is theLie derivativeL vt gt(v;w) we seethatsymÑtvt = ht .

2.5. Holonomy representations

Let R (M) bethespaceof representationsof p1(M) in PSL2C. We areonly interested
in representationsup to conjugacy so we would like to studythe quotientof R (M)
underthe actionof PSL2C by conjugacy. Unfortunately, this quotientmay not be a
niceobject. For instanceit maynot evenby Hausdorff. InsteadonetakestheMum-
ford quotientof R (M) whichwedenoteR(M). TheMumfordquotientis analgebraic
variety andits Zariski tangentspaceat a representationr is the cohomologygroup
H1(p1(M);Adr ). It will turn out, that at all pointswereareinterestedin, R(M) is
simply thetopologicalquotientof R (M) by conjugacy. Furthermore,at thesepoints
R(M) will bea differentiablemanifoldandthe theZariski tangentspacewill benat-
urally identi�ed with thedifferentiabletangentspace.For this reasonwe will ignore
thedistinctionbetweentheMumfordquotientandthetopologicalquotient.

By differentiatinga smoothfamily of representationsr t we canseehow thedif-
ferentiabletangentspaceat eachr t is identi�ed with H1(p1(M);Adr t). Let g bean
elementof p1(M). Thenr t(g) is a smoothpath in PSL2C. Eachtangentspaceof
PSL2C is canonicallyidenti�ed with theLie algebrasl2C. Thereforethederivative �r t

canbethoughtof asamap
�r t : p1(M) � ! sl2C

for eacht. Thismapsatis�esthecocyle condition

�r t(gb) = �r t(g) + Adr t(g) �r t (b )

for all gandb in p1(M) andthereforedeterminesacohomologyclassin H1(p1(M);Adr t).

We also remarkthat �r t(g) correspondsto the vector �eld g� vt � vt . The latter
vector�eld is identi�ed with anelementof sl2C by pushingforwardg� vt � vt via Dt .
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This pushfoward is an in�nitesimal isometryon H3 and the spaceof in�nitesimal
isometriesof H3 is canonicallyidenti�ed with sl2C.

2.6. Complexprojectivestructur es

A complex projectivestructure on a surfaceS is an atlasof chartsto the Riemann
sphere,bC, wherethetransitionmapsarerestrictionsof elementsof PSL2C. A projec-
tive structureis anotherexampleof (G;X)-structurewhereG = PSL2C andX = bC.
Let P(S) bethespaceof projectivestructuresonS. Sincetheactionof PSL2C is con-
formal,a projectivestructurealsodeterminesa conformalstructureon Ssothereis a
map

P(S) � ! T(S)

whereT(S) is the Teichmüller spaceof marked conformalstructureson S. One is
often interestedin thespaceof projective structureswith a �x edconformalstructure
X. We denotethespaceof suchstructuresP(X).

Elementsof PSL2C take roundcirclesin bC to roundcircles. Therefore,thereis
a well de�ned notion of a roundcircle on a projective structure. A conformalmap
f betweentwo projective structuresS and S0 will distort theseroundcircles. The
Schwarzianderivative, Sf , measuresthis distortion.We will not giveanexactde�ni-
tion of Sf althoughwe will describeanin�nitesimal versionbelow. We will however
statethe key propertiesof the Schwarzianderivative that we will use. First, Sf is a
holomoprhicquadraticdifferentialonX. Thequotientof theabsolutevalueof aholo-
morphicquadraticdifferentialandametricis a function.Usingtheuniquehyperbolic
metriconX wecantakethesup-normof thisfunctionto ade�ne thesup-norm,kSf k¥ ,
of the Schwarzian. This determinesa metric on P(X) by settingd(S;S0) = kSf k¥ .
Furthermore,givenany holomorphicquadraticdifferentialF on X thereis a projec-
tivestructureS0suchthatfor theconformalmap f : S � ! S0, Sf = F . ThereforeP(X)
is isomorphicto thevectorspaceQ(X) of holomorphicquadraticdifferentialsonX.

A projectivestructureis Fuchsianif it is thequotientof arounddisk in bC. Thereis
a uniqueFuchsianprojectivestructure,SF , in eachP(X). We will oftenbeinterested
in the distancebetweenan arbitrary projective structureS 2 P(X) and this unique
Fuchsianprojectivestructure.We thereforelet kSkF = d(S;SF ).

As with any (G;X)-structure,aprojectivestructureS onSdeterminesadeveloping
map

D : S̃� ! bC

anda holonomyrepresentation

r : p1(S) � ! PSL2C

satisfying(2.4). Now let St bea smoothpathof projective structuresin P(X). Then
thereis a smoothpathof developingmapsDt which determinevector�elds vt on S̃.
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The developingmaps,Dt , canbe chosento be conformalmapsfrom X̃ to bC which
will make thevectors�elds vt conformalon X̃.

Let v(z) bea conformalvector�eld ona domainin bC. Thenv(z) = f (z) ¶
¶z where

f is a holomorphicfunction.A conformalvector�eld is projectiveif its �o w consists
of elementsof PSL2C. Thespaceof projective �elds is theLie algebrasl2C andv(z)
will be projective if andonly if f (z) is a quadraticpolynomial. At eachpoint z in
the domainlet s(z) be the uniqueprojective vector �eld that bestapproximatesv at
z. Note that s(z) is obtainedby taking the �rst threetermsof the Taylor seriesof f
at z. Differentiatings(z) we obtainansl2C-valued1-form which canbecanonically
associatedwith aholomorphicquadraticdifferential.Thisquadraticdifferentialis the
Schwarzianderivative,Sv, of thevector�eld v.

We now returnto our pathof projective structuresSt in P(X). The Schwarzian
derivative of theconformalvector�elds vt will beequivariantandthereforeSvt will
be a holomorphicquadraticdifferentialon X. The norm kSvtk¥ is the in�nitesimal
versionof themetricon P(X) andif we canboundit for all t we boundthedistance
betweenS0 andS1.

We needone�nal factaboutprojective structures.The holonomyrepresentation
de�nesamapfrom P(S) to thespaceR(S) of representationsof p1(S) in PSL2C mod-
ulo conjugacy. We thehave thefollowing theorem.

Theorem2.3([Hej75, Ea80, Hub80]). Theholonomymap

hol : P(S) � ! R(S)

is a holomorphic,local homeomorphism.

3. Hyperbolic cone-manifolds

3.1. Geometrically �nite hyperbolic cone-manifolds

Let N bea compactmanifoldwith boundary, C a collectionof simpleclosedcurves
in the interior of N andM the interior of NnC. Let g be a completemetric on the
interior of N thatis a smoothRiemannianmetricon M. We saythatg is a hyperbolic
cone-metricif the following holds: First g is a hyperbolicmetricon M. Second,for
pointsonC themetrichastheform

dr2 + sinh2 rdq2 + cosh2 rdz2

whereq is measuredmodulosomecone-anglea . Note that thecone-anglemustbe
locally constanton C. Thereforethereis a cone-angleassociatedto eachcomponent
of C.

Sincethemetricg is completetheboundary¶N consistsof tori andhighergenus
surfaces.Let ¶0N denotethehighergenuscomponentsof theboundary. To developa
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gooddeformationtheoryweneedto assumethattheremetricg hascertainasymptotic
behavior aswe approach¶0N. We saythata hyperbolic,cone-metricg is geometri-
cally �nite if thehyperbolicstructureextendsto a projectivestructure on ¶0N. More
explicitly g is geometrically�nite if for eachp 2 ¶0N thereexistsanopenneighbor-
hoodof p in N anda mapy : V � ! H3 [ bC that is a homeomorphismontoits image
andis anisometryonV \ intM. Therestrictionof y toV \ ¶0N will determineanatlas
of chartsto bC. Sincehyperbolicisometriesof H3 extendto projectivetransformations
of bC this atlaswill determineaprojectivestructureon¶0N.

Let GF(N;C) be equivalenceclassesof geometrically�nite hyperbolic cone-
manifoldson the pair (N;C). If g is a hyperboliccone-metricon (N;C) we refer
to theinducedprojectivestructureon ¶0N astheprojectiveboundary. Theprojective
structureinducesa conformalstructureon¶0N. This is theconformalboundary.

Notethat theroundcirclesin theprojectiveboundaryaretheboundaryat in�nity
of hyperbolicplanesin the hyperbolicmanifold. As the 3-dimensionalhyperbolic
metric deformstheseplaneswill not staytotally geodesic.This will be detectedby
thechangein theprojectiveboundary.

3.2. Deformations of hyperbolic cone-manifolds

A meridianfor thepair (N;C) is asimpleclosedcurveg � intN thatboundsadisk in
N whichintersectsC in asinglepoint. Eachcomponentof C hasauniquemeridianup
to homotopy in M = intNnC. Furthermoreif r is theholonomyof a cone-manifold
structureon (N;C) thenr (g) will be elliptic (or the identity if the coneangleis a
multipleof 2p) for all meridiansg.

On theotherhandtherecertainlywill be representationswherenot all meridians
areelliptic. For this reasonwe let Re(M) bethesubsetof R(M) wherethemeridians
areelliptic or the identity. We thenhave the following theoremwhich is essentialy
dueto Thurston([Th79]).

Theorem3.1. Theholonomymap

hol : GF(N;C) � ! Re(M)

is a local homeomorphism.

With this theoremournext goalis to givea localparameterizationof R(M). To do
thiswe �rst needto de�ne parameters.This localparameterizationwill beof aneigh-
borhoodin R(M), not just a neighborhoodin Re(M). Thesemoregeneralrepresen-
tationsalsohave geometricsigni�gance. They correspondto Thurston's generalized
Dehnsurgery singularities. We will not explain the geometryof thesesingularities
here.

Let
L M : R(M) � ! Ck
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betheholomorphicmapwhich assignsto eachrepresentationthek-tupleof complex
lengthsof thek-meridiansof (N;C). This is our �rst setof parameters.

Thesecondsetof parameterscomesfrom theconformalboundary. Givena com-
ponentSof ¶0N we cande�ne a mapfrom GF(N;C) to theTeichm̈uller spaceT(S).
This mapassignsto eachgeometrically�nite cone-manifoldtheconformalboundary
structureonS. If r 2 R(M) is theholonomyof acone-manifoldin GF(N;C) thenby
pre-composingthis mapwith hol� 1, weobtainamap¶S from a neighborhoodof r in
Re(M) to T(S). Herewe choosetheuniquebranchof hol� 1 that takesr to thegiven
geometrically�nite cone-manifold.Thereis thena uniqueholomorphicextensionof
¶S to aneighborhoodof r in R(M).

Repeatingthe constructionfor eachcomponentof ¶0N andcombiningthe maps
we haveasinglemap

¶ : R(M) � ! T(¶0N):

Strictly speaking¶ is only de�ned for a neighborhoodof r in R(M). We alsonote
thatthereareexamplesof distinctgeometrically�nite hyperboliccone-manifoldswith
the sameholonomyrepresentation.Whenthis happenseachmanifold will de�ne a
differentboundarymap¶.

Now wecombineour two parameters.De�ne

F : R(M) � ! Ck � T(¶0N)

by F (r ) = (L M (r );¶(r )) .

Theorem 3.2 ([HK98, HK , Br2]). Let r be the holonomyof a geometrically�nite
cone-manifold.If thecone-angleis � 2p or the tuberadiusof thesingular locusis
� sinh� 11=

p
2 thenthemapF is a holomorphiclocal homeomorphism.

Skecthof proofof theorem3.2. By a theoremof Thurston

dimC R(M) � k+ dimC T(¶0N):

SincethemapF is holomorphicif we canshow thatthederivative,F � , is injectiveat
r thenF will bea localhomeomorphismat r .

The �rst stepin proving this injectivity is a Hodgetheorem:Any tangentvector
of R(M) at r that is in thekernelof ¶� is representedby a harmonicstrain�eld h on
(M;ga ). Note therearesomesubtleissuesto proving this Hodgetheoremsinceour
manifold is not compactandthemetric is not complete.In particular, theharmonic
strain�eld h is only uniqueaftermakingsomechoiceof boundaryconditionsfor the
solution.

Next we would like to calculatetheL2-normof h onM. Theorem2.1tellshow to
calculatetheL2-normof a harmonicstrain�eld on a compactmanifoldwith bound-
ary. We canobtaina similar formula for harmonicstrain �elds on a geometrically
�nite manifold if the strain �eld �x esthe conformalboundary. Analytically this is
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equivalentto ¶� h = 0 where¶� is thetangentmapof theboundarymap¶ from R(M)
to T(¶0N). The pointwisenorm of suchconformaldeformationswill decayexpo-
nentially and the boundaryterm in (2.3) will limit to zero for surfacesexiting the
geometrically�nite end. This allows us to calculatethe L2-norm of h even on the
non-compactgeometrically�nite ends.In particular, we have

Z

MnU
khk2 + kÑhk2 =

Z

¶U
� Ñh ^ h

whereU is tubularneighborhoodof thesingularlocus,eventhoughMnU is not com-
pact.Notethatin generaltheL2-normwill bein�nite onall of M.

The�nal stepis to calculatetheboundaryterm.This is donein thefollowing way.
In a tubular neighborhoodof the singularlocuswe candecomposeh asthe sumof
two strain �elds, h = h0 + hc. The �rst term, h0, is an explicit modeldeformation
completelydeterminedby the derivativesof the complex lengthsof thecomponents
of thesingularlocusandthemeridians.Thesecondterm,hc, is a correctionterm. It
doesnotaffectthecomplex lengthof thesingularlocusor themeridians.In particular,
thereis a vector �eld v on a tubular neighborhoodof the singular locus suchthat
hc = symÑv.

Theadvantageof this decompositionis thatwe cannow decomposetheboundary
term: Z

¶U
� Ñh ^ h =

Z

¶U
� Ñh0 ^ h0 +

Z

¶U
� Ñhc ^ hc: (3.1)

The �rst term on the right can be calculatedexplicitly and will be non-positive if
(L M )� h = 0. The hardwork is to show that the secondterm will alwaysbe non-
positive.Togetherthisimpliesif F � h = 0 thenh � 0 andthereforeF � is injective.

Thefollowing is a simplecorollaryof Theorem3.1and3.2.

Corollary 3.3. Let Ma be a geometrically�nite cone-manifoldwith coneangle a
whosesingular locushasa tubular neighborhoodof radius� sinh� 1

p
2. Then,for t

neara , there existsa one-parameterfamily of cone-manifoldsMt with cone-anglet
andconformalboundary�xed.

We now setsomenotationthatwill beusedthroughouttherestof thepaper. For
any essentialsimpleclosedcurveg in M, Lg(t) is thethelengthof g in Mt andL g(t) is
thecomplex lengthof g. Theimaginarypartof L g(t) is denotedQg(t). For thespecial
caseof thesingularlocus,LC (t) is the thesumof the lengthsof all thecomponents
of thesingularlocus. Let Ut(R) be the union of the R-tubular neighborhoodsof the
componentsof thesingularlocus. Then componentsof theconformalboundaryare
denotedX1; : : : ;Xn. Thecorrespondingcomponentsof theprojectiveboundaryof Mt

aredenotedS1
t ; : : : ;Sn

t .

Thenext theoremis key in controllingthegeometryof theone-parameterfamily
of cone-manifoldsMt .
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Theorem 3.4. The oneparameterfamily of cone-manifoldsMt can be realizedby
metricsgt with derivativesht such that ht is a harmonicstrain �eld outsideof a
radius1 tubeof thesingularlocusand

Z

Mt nUt (R)
khtk2 + kÑthtk2 �

2LC (t)

t2sinh2R

for all R � 1.

Skecthof proofof theorem3.4. Theproofhastwo parts:Theconstructionof themet-
ricsgt andtheestimateontheL2-normof thestrain�eld ht . Wewill skip the�rst part
andfocuson thesecond.

Theboundon theL2-normof ht followsthesamepatternasthecompletionof the
proofof Theorem3.2. For eacht we decomposeht in Ut asht = h0 + hc whereh0 is
a modeldeformationandhc is acorrectionterm.We havethesamedecompositionof
theboundarytermasin (3.1)andonceagainthecorrectiontermmakesanon-positive
contribution. Theonedifferencewehave is thattheconeangleis now decreasingand
so the term comingfrom the modeldeformationwill be positive. However, we can
makeanexplicit calculationto boundthispositvenumberandseethat

Z

¶Ut (R)
� Ñth0 ^ h0 �

2LC (t)

t2sinh2R

whichgivesthetheorem.

We remarkthat theonly signi�canceof the tuberadius1 in theabove theoremis
that1 > sinh� 11=

p
2.

4. The drilling theorems

We call theprocessof decreasingtheconeangle“drilling”. In thethreedrilling the-
oremsthatfollow we controlvariousgeometricquantitesaswe drill. Notethat these
drilling theoremsonly apply wherethe one-parameterfamily of cone-manifoldsMt

is de�ned. To be usefulwe needto know thatwe candrill thecone-anglea de�nite
amount,sayfrom 4p to 2p or 2p to 0. As wewill seeoneconsequenceof thedrilling
theoremsis thatundercertainconditionswe candrill thisde�nite amount.

In the �rst drilling theoremwe estimatehow the lengthsof geodesicschangeas
we drill.

Theorem 4.1 ([Br04]). For each L > 0 there existsan e > 0 andan A > 0 such that
if g is a simpleclosedcurvein M with Lg(a ) � L andLC (a ) � e then

e� ALC (a )Lg(a ) � Lg(t) � eALC (a )Lg(a )

and
(1� ALC (a ))Qg(a ) � Qg(t) � (1+ ALC (a ))Qg(a )

for all t � a .
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Skecthof proofof theorem4.1. To prove the �rst statementwe needto bound the
derivativeL0

g(t). Therearetwo cases.The�rst caseis whenthelengthof g is bounded
but not very short. In this caseg will be in the thick part of Mt . We thenusethe
L2-boundsgivenby Theorem3.4 alongwith Theorem2.2 to �nd a pointwisebound
onht for all pointsong. This, in turn,boundsthederivative.

Thesecondcaseis wheng is very short. By a versionof theMargulis Lemma,g
will havea largetubularneighborhoodU. We decomposeht onU into a modelterm,
h0, anda correctionterm,hc, asbefore. A boundon theL2-normof themodelwill
boundthederivativeL0

g(t). Themodelterm,h0, is likea deformationof acomponent
of thesingularlocusthatdoesnot changetheconeangle.As in theproofof Theorem
3.2 this determinesthe sign of the boundaryterm. However, in this casethe sign
will bepositivesincethetorus¶U hastheoppositeorientationof theboundarytorus
in Theorem3.2. This is becausewe are calculatingthe L2-norm on U ratherthan
its complement.The sign of the boundaryterm for hc will alsobe positive for the
samereason.This lastfact,togetherwith Theorem3.4givesthedesiredboundon the
L2-normof h0 onU.

Thesecondstatementof thetheoremis provedby a similarmethod.

In thenext drilling theoremweboundthechangein theprojectiveboundaryof Mt

aswedrill. Thisshouldbethoughtof ascontrollingthegeometryof thegeometrically
�nite ends.

Theorem 4.2 ([Br04]). There existsa C dependingonly on a , the injectivity radius
of theuniquehyperbolicmetriconX i andkSi

a kF such that

d(Si
a ;Si

t ) � CLC (a )

for all t � a .

Skecthof proofof theorem4.2. The derivative of the path Si
t in P(X) is a path of

quadraticdifferentialsF i
t in Q(Xi). We will boundthesizeof F i

t .

A embeddedrounddiskD in Si
t boundsanembeddedhalf spaceH in Mt . The�rst

stepis to show thata boundon theL2-norm of ht on H impliesa boundon thesup
normof F i

t with respectto thehyperbolicmetriconD. Theproofof this factfollows
ourprevioustheme.Wedecomposetheharmonicstrain�eld ht into amodelterm,h0,
completelydeterminedby F i

t andacorrectiontermhc. OnceagaintheL2-normof ht
onH is thesumof theL2-normsof h0 andhc soTheorem3.4boundstheL2-normof
h0. Sinceh0 is explicitly determinedby F i

t this boundsthesupnormof F i
t .

Notice that we have only boundedthe supnorm with respectto the hyperbolic
metricon D, not with respectto thehyperbolicmetricon X i. To �nish theproof we
needto comparethe two metrics. In particularfor every point z we can�nd a disk
D containingz wheretheratio of thetwo metricsis boundedby constantsdepending
only on theinjectivity radiusof X i andkSi

tkF .

Together, theprevioustwo resultsgiveenoughcontrolto preventany degeneration
astheconeangledecreases.In particularwe havethefollowing theorem:
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Theorem 4.3 ([Br04]). For any a > 0 there exists an ` > 0 such that if Ma is a
geometrically�nite cone-manifoldwith LC (a ) � ` and tuberadius> sinh� 11=

p
2

thentheoneparameterfamily is de�nedfor all t 2 [0;a ].

The �nal drilling theoremis alsothestrongest.Theorem1.1 is a specialcase.It
essentiallyimpliestheprevioustwo drilling theoremsalthoughthedependenceof the
constantson thelengthof thesingularlocusis not soclear.

Theorem4.4([BB04]). For anyK > 1 thereexistsan` > 0 dependingonlyonK and
a such that the following holds. If LC (a ) � ` there is for each t 2 [0;a ] a standard
neighborhoodTt (C) of thesingular locusC anda K-bi-Lipschitzdiffeomorphismof
pairs

ht : (Ma nTa (C);¶Ta (C)) � ! (Mt ;Tt (C);¶Tt (C)) :

Skecthof proofof theorem4.4. Recallthatin Theorem3.4weconstructedafamily of
metrics,Mt = (M;gt ), whosederivativewastheharmonicstrain�elds ht . For points
in thethick partof Mt thecombinationof Theorems3.4and2.2boundthepointwise
norm of ht . Therefore,on the thick part of Ma the identity map on M is a K-bi-
Lipschitzmapfrom (M;ga ) to (M;gt ) whenthesingularlocusis suf�ciently short.

We are left to extend ht to the thin partsof Ma which will be a collection of
Margulistubes.Thisis doneby hand.Themapsht areK-bi-Lipschitzontheboundary
of theseMargulis tubesandwebuild anexplicit extensionof thismapinsidethetube.
Theconstructionis somewhattediousandwe will notdescribeit here.

5. Geometric in�exibility

A nice applicationof the boundaryformula of Theorem2.1 is to show exponential
decayof theL2-norm. Essentially, theformulashows thattheL2-normof a harmonic
strain �eld on the 3-manifold is equalto its L2-norm on the boundary. A function
whoseintegralequalsits boundaryvalueswill beexponential.This leadsto theexpo-
nentialdecayof harmonicstrain�elds. Hereis theprecisetheorem:

Theorem5.1([BB]). LetM bea completehyperbolic3-manifoldwith boundaryand
h a harmonicstrain �eld on M that has�nite L2-norm. Let M(t) bethesubsetof M
consistingof thepointsthataredistancet or greaterfrom¶M. Then

Z

M(t)
khk2 + kÑhk2 � e� 2t

Z

M
khk2 + kÑhk2:

Skecthof proofof theorem5.1. The�rst stepis to seethatTheorem2.1appliesto M
andM(t) to get Z

M(t)
khk2 + kÑhk2 =

Z

¶M(t)
� Ñh ^ h

eventhoughtM(t) is notcompact.Thesecondfactweneedis thefollowing inequality

khk2 + kÑhk2 � 2k � Ñh ^ hk:



14 Bromberg

Now let
f (t) =

Z

M(t)
khk2 + kÑhk2

whichwe canrewrite as

f (T) =
Z ¥

T

Z

¶M(t)
(khk2 + kÑhk2)dAdt

wheredA is theareaform on¶M(t). Differentiatingwe have

� f 0(t) =
Z

¶M(t)
(khk2 + kÑhk2)dA

� 2
Z

¶M(t)
� Ñh ^ h

� 2f (t):

Integratingbothsidesof the�nal inequalitygivesthetheorem.

McMullen hasprovenasimilar theorem,usingentirelydifferentmethods,for har-
monicstrain�elds arisingfrom quasi-conformaldeformationsof completehyperbolic
3-manifolds.He callshis theorem”geometricin�e xibilty” whichwe follow.

Oneapplicationof thegeometricin�e xibility theoremis strongerversionsof the
drilling theorems. For example, the boundson the changein length of a closed
geodesicgivenbyTheorem4.1will decayexponentiallyin thedistanceof thegeodesic
from thesingularlocus.

To apply geometricin�e xibility to Theorem4.2 we needanotherde�nition. A
geometrically�nite cone-manifoldwill have a convex corewhich will bea subman-
ifold with boundaryconsistingof convex surfaces.Therewill be onecomponentof
theboundarytheconvex corefacingeachcomponentof theprojectiveboundary. For
g a closedgeodesicandS a componentof theprojective boundarylet d(g;S) be the
shortestdistancefrom g to thecomponentof theboundaryof theconvex corefacing
S.

Theorem 5.2. There existsC1 andC2 dependingonly on a , the injectivity radiusof
theuniquehyperbolicmetricX i andkSi

a k¥ such that

d(Si
a ;Si

t ) � C1e� C2d(C;Si
a )LC (a )

for all t � a .

6. Applications to the Bers' slice

A Kleinian group is a discretesubgroupof PSL2C. Herewe will restrictto thespe-
cial classof Kleinian groupsthatariseasthe imageof holonomyrepresentationsof
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projectivestructuresonaclosedsurfaceS. Theadvantageof restrictingto thisclassis
thatwe canusethetopologyandmetricon thespaceof projectivestructuresto study
thefamily of Kleiniangroups.

For a moreprecisede�nition let U(X) bethesetof projective structuresin P(X)
whosedevelopingmapis injective. For every projective S 2 U(X) the imageof the
holonomyrepresentationr (p1(S)) will actproperlydiscontinuouslyon the imageof
thedevelopingmap,D(S̃). Sincethedevelopingmapis injective,D(S̃) will beanopen
topologicaldisk in bC. A groupthatactsproperlydiscontinuouslyona opensubsetof
bC will bediscreteandthereforer (p1(S)) is a Kleiniangroup.

A Kleinian groupis quasifuchsianif it actsproperlydiscontinuouslyon two dis-
joint opendisksin bC. Let T(X) bethesubsetof U(X) wheretheimageof theholon-
omy representationis quasifuchsian.ThespaceT(X) is a Bers' sliceof thespaceof
all quasifuchsiangroups. Let r be the holonomyof a projective structurein T(X)
andlet Wbetheopendisk,disjoint from D(S̃), on which r (p1(S)) actsproperlydis-
continuously. ThenW=r (p1(S)) de�nesa projectivestructureandhencea conformal
structureon S̄, whereS̄ is the orientedsurfaceS with the orientationreversed.This
de�nes a mapT(X) � ! T(S̄) which we call theBers' isomorphismfor reasonsthat
thefollowing Theoremmakeapparent.

Theorem6.1([Bers60]). ThemapT(X) � ! T(S̄) is a homeomorphism.

The Bers' slice, T(X), is the simplestexampleof a quasi-conformaldeforma-
tion space. The above theoremimplies that T(X) is canonicallyidenti�ed with Te-
ichmüller space.SinceU(X) is boundedin P(X) theclosureT(X) is a compacti�ca-
tion of Teichm̈uller space.

In what follows we will continuallyrefer to variousobjectsdeterminedby a pro-
jective structureS in U(X). First thereis the holonomyrepresentationr . Sinceits
imageis a Kleinian groupisomorphicto p1(S) thequotientH3=r (p1(S)) is a hyper-
bolic 3-manifoldM homotopy equivalent to S. By the previous theoremif S is in
T(X) it will alsodeterminea conformalstructureY in T(S̄). If we areexaminingse-
quencesof projectivestructureswe will addindicesanddecorationsto S. Thesewill
bepromotedto all thecorrespondingobjects.

We now statethreeconjecturesaboutthesespaces.Note thatall of theseconjec-
tureshaveversionsthatapplyto moregeneralfamiliesof Kleiniangroups.

The �rst two conjecturearefrom Bers' seminalpaper[Bers70] which beganthe
studyof thethespaceU(X).

Thefollowing conjectureis usuallycalledtheBers' densityconjecture:

Conjecture6.2([Bers70]). U(X) = T(X)

A projectivestructurein ¶T(X) = T(X)nT(X) is acuspif theimageof theholon-
omy representationcontainscusps.
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PSfragreplacements

S 2 T(X) � U(X)

Y 2 T(S̄)

M = H3=r (p1(S))

Figure1: A quasifuchianmanifold

Conjecture6.3([Bers70]). Cuspsaredensein theboundaryof T(X).

The�nal conjecturewe will stateis Thurston's endinglaminationconjecture.To
dosowe needto de�ne anendinglamination.We will putoff doingthis till laterand
at this point simplystatethatto eachS 2 U(X) we cande�ne anendinvariantwhich
is determinedby thehyperbolicmanifoldM.

Conjecture6.4. An elementof U(X) is uniquelydeterminedby its end-invariant.

We notethat all threeof theseconjecturearenow known to be true. In fact the
endinglaminationconjectureimpliestheprevioustwo conjectures.Ourpurposehere
is to describehow the deformationtheory developedin this papercan be usedto
approachtheseconjectures.At presentthisapproachstill hassigni�cant gaps(at least
for the �rst andthird conjecture)but if completedit would provide new proofsof all
threeconjectures.

6.1. The Bers' density conjecture

In its most generalform, the densityconjecturestatesthat every �nitely generated
Kleinian groupis a limit of geometrically�nite Kleinian groups. Very recentlythis
completeversionof the conjecturehasbeenproven. To do so one needsto com-
binea numberof results:theendinglaminationconjecture([Min02, BCM04]), tame-
ness([Bon86], [Ag04], [CG04]) andvarioustheoremson limits of Kleinian groups
([Th, Osh90, Brk00, KS02]). Although we will only addressa very specialcaseof
the densityconjecturehere,the methodsdescribedapply in greatergenerality(see
[BB04]).
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Conjecture6.2 wasthe original versionof the densityconjecture.In [Br02] we
provedthefollowing result:

Theorem 6.5. Let S be a projectivestructure in U(X) such that the image of the
holonomyhasnoparabolics.ThenS 2 T(X).

The theoremis proved in two cases.Let M = H3=r (p1(S)) be the quotienthy-
perbolic3-manifold. ThenM hasboundedgeometryif thereis a lower boundon the
lengthof any closedgeodesicin M. OtherwiseM hasunboundedgeometry. Minsky
provedTheorem6.5 whenM hasboundedgeometry. Our contribution wasthecase
whenM hasunboundedgeometry. Wewill giveabrief sketchof theproof,emphasiz-
ing thosepartsthatusethedeformationtheorywehavedescribedin this paper.

Thestartingpoint is thefollowing tamenesstheoremof Bonahon:

Theorem6.6([Bon86]). ThemanifoldM is homeomorphicto S� (0;1).

A simpleclosedcurveg in S� (0;1) is unknottedif it is isotopicto asimpleclosed
curveonS� f 1=2g.

Theorem 6.7 ([Br02]). Let g bean unknotted,simpleclosedgeodesicin M andas-
sumethat theproductstructure is chosensuch that g lieson S� f 1=2g. Thenthere is
a geometrically�nite hyperboliccone-manifoldMg with thefollowing properties:

(i) Thesingularlocushasa singlecomponentwith coneangle4p.

(ii) Thelengthof thesingularlocusin Mg is equalto thelengthof g in M. Thetube
radiusof thesingularlocusin Mg is greaterthanor equalto thetuberadiusof
g in M.

(iii) M andMg are isometriconS� (0;1=2).

Theconstructionof Mg is similar to theconstructionof graftingof complex pro-
jective structures.Although we will not go throughit here,it is not dif�cult. The
proof thatMg is geometrically�nite is moreinvolved. For a proof in theabove case
see[Br02]. A proof in a moregeneralsettingcanbefoundin [BB04]. An expository
accountcanbefoundin [BB03].

To applyTheorem6.7we usethefollowing theoremof Otal:

Theorem6.8([Ot95, Ot03]). Thereexistsaneunknot > 0 dependingonlyonthegenus
of Ssuch that if g is a closedgeodesicin M of lengthlessthane theng is unknotted.

Now assumethat M hasunboundedgeometry. Then thereexists a sequenceof
closedgeodesicsgi whoselengthslimits to zero. In particularwe canassumethat
Lgi (M) � minf eunknot ; `g for all gi where` is theconstantin Theorem4.3. Thenfor
eachgi , Theorem6.7givesusa cone-manifoldMi with cone-angle4p. Furthermore,
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by (3) of Theorem6.7thecomponentof theprojectiveboundaryonS� f 0gof Mi will
betheoriginalprojectivestructureS.

Next we applyTheorem4.3 to decreasethe cone-angleto 2p obtaininga quasi-
fuschsianmanifoldM0

i . Let Si be theS� f 0g componentof theprojective boundary
of M0

i . By Theorem4.2thereexistsaC suchthatd(S;Si ) � CLgi (Mi) = CLgi (M) and
thereforeSi ! S, asdesired.This completesthesketchof theproof of Theorem6.5
in thecaseof unboundedgeometry.

Whatif M hasboundedgeometry?As wehavealreadymentionedMinsky proved
Theorem6.5 in this case. He did so by proving the endinglaminationconjecture
for manifoldswith boundedgeometry. Onemight hopeto �nd a direct approachto
Conjecture6.2basedon themethodsoutlinedhere.

Therearetwo problems.First,theremaynotbeasequenceof unknottedgeodesics.
Second,even if we arefortunateenoughto have a sequenceof unknottedgeodesics
thesingularlocusin thecorrespondingcone-manifoldswill notbeshortandwewon't
beableto applyTheorem4.3.

We cancircumventthe�rst problemby lifting to a cover. Thesecondproblemis
moreserious.For a cone-manifoldwhosesingularlocusis not shortto guaranteethat
themanifoldcanbedeformedto coneanglezerowe needto assumethethesingular
locushasa largetubular neighborhood.In particularwe have thefollowing theorem
whoseproof is beyondthescopeof this paper:

Theorem6.9. Givenanya ;L > 0 thereexistsanR> 0 such that thefollowingholds.
Let Ma be a geometrically�nite hyperboliccone-manifoldwith coneangle a and
LC (a ) � L andassumethat thesingular locushasa tuberadius� R. Thentheone-
parameterfamilyMt existsfor all t 2 [0;a ].

The next theoremallows us to circumvent both above problemsby lifting to a
cover. It is directcorollaryof Theorems2.1and4.3of [FG01].

Theorem6.10. Letgbeaclosedgeodesicin ahyperbolic3-manifoldM withM home-
ophicS� (0;1). GivenR> 0, M hasa �nite coverM̂ for which g hasa homeomorphic
lift ĝ that is unknottedandhasa tubular neighborhoodof radius> R.

The tradeoff is that we arenow working in a cover insteadof with the original
manifold. Becauseof this we canonly prove that the projective structurelies in the
boundaryof the universalTeichm̈uller space. We now de�ne this space. Let P(1)
bethespaceof bounded,holomorphicquadraticdifferentialson theunit disk D in bC.
GivenF 2 P(1) thereexistsa locally conformalmap f : D � ! bC with Sf = F . This
f is uniqueup to post-compositionby elementsof PSL2C. Let U(1) � P(1) bethose
quadraticdifferentialswhere f is injective (or univalentin the languageof complex
analysis)and let T(1) � U(1) be thosequadraticdifferentialswhere f extendsto
a quasi-conformalhomeomorphismof all of bC. The spaceT(1) is usually called
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theuniversalTeichmüller spacebecauseall Teichm̈uller spacesT(X) embedin T(1).
That is if S is a projectivestructurein P(X) thetheuniversalcover, S̃, is a projective
structurein P(1) andthemaptakingS to S̃ is anisometry.

Bers2 madethefollowing conjecture:

Conjecture6.11. U(1) = T(1)

This conjectureis known to be false. Counterexampleswherefoundby Gehring
([Geh78]) andlaterThurston([Th86]). However, wecanprovethefollowing theorem

Theorem6.12. LetS2 U(X) bea projectivestructurewhoseholonomydoesnothave
parabolics.ThenS̃ 2 T(1):

Proof. In thecourseof proving Theorem6.6,Bonahonshows thatM hasa sequence
of closedgeodesicsgi with boundedlengthandd(gi ;S) ! ¥ . (Recallthatd(gi ;S) is
thedistancefrom thecomponentof theconvex coreboundaryfacingS to gi .) Now, for
eachgi , applyTheorem6.10to obtaina cover to which we canapplybothTheorem
6.7 andTheorem6.9. That is, in thecover, gi lifts to anunknottedgeodesicĝi along
whichwecangraft to obtainageometrically�nite cone-manifoldM̂i . Thetuberadius
of singularlocuswill be suf�ciently largeso thatwe candecreasetheconeangleto
2p andobtaina quasifuchsianmanifoldM̂0

i .

Let Ŝi bethecorrespondingcoverof theprojectivestructureS. ThenŜi is a com-
ponentof theprojective boundaryof thecone-manifoldM̂i . After thecone-manifold
deformationthisprojectivestructuredeformsto aprojectivestructureŜ0

i . By Theorem
5.2wehave

d(Ŝi ; Ŝ0
i) � e� kd(Ŝi ;ĝi )Lgi (M̂i): (6.1)

Now d(Ŝi ; ĝi ) = d(S;g) which limits to zeroandLĝi (M̂i ) = Lgi (M) is boundedsothe
left handsideof (6.1) limits to zero.ThereforeS̃i ! S̃ = S̃i in U(1) asdesired.

6.2. Cuspsaredense

Theconjugacy classesof parabolicsin r (p1(S)) correspondto disjoint simpleclosed
curveson S. In particularthereareat most3g� 3 conjugacy classes.A cuspwhose
holonomyhasthis maximal numberof conjugacy classesof parabolicsis called a
maximalcusp. McMullen provedthefollowing strongversionof Conjecture6.3.

Theorem6.13([Mc91]). Maximalcuspsaredenseon theboundaryof T(X).

Proof. Ourproofwill follow McMullen'sexceptthatwewill replacehiskey estimate
with Theorem4.2. Thepartof theargumentthatwe copy canbefoundon p. 221of
[Mc91].

2Conjectures6.2and6.11arelabelledConjecturesII andI in [Bers70]. After statingConjectureII Bers
remarks“This would,of course,bea consequenceof ConjectureI”. This is notobviousto thisauthor.
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The �rst stepis to notethatprojective structureswhoseholonomydoesnot have
parabolicsaredensein ¶T(X). Let S besuchaprojectivestructure.To provethethe-
oremweneedto show thatS is approximatedby maximalcusps.To dothisMcMullen
�nds projectivestructuresSi 2 T(X) that limit to S with thefollowing property:The
projectivestructuresSi correspondto conformalstructuresYi 2 T(S̄). For eachYi there
is apantsdecompositionsPi suchthatLPi (Yi ) ! 0 wherethelengthis measuredin the
uniquehyperbolicmetriconYi .

On Yi we may assumethat LPi (Yi) � 1
2 min(eunknot ; `) where` is the constantin

Theorem4.3.By Bers' inequality([Bers70]) thisimpliesthatLPi (Mi ) � min(eunknot ; `)
whereMi is thequasifuchsianhyperbolicmanifolddeterminedby Si . Now view Mi as
a cone-manifoldwith singularlocusPi andconeangle2p. SinceLPi (Mi) � ` we can
decreasetheconeangleof Mi to zeroto obtaina manifold M0

i with rank two cusps.
The projective structureSi is a componentof the projective boundaryof Mi and it
deformsto aprojectivestructureS0

i . By Theorem4.2

d(Si ;S0
i) � KLPi (Mi)

andtherefore
lim
i! ¥

S0
i = lim

i! ¥
Si = S:

Whatremainsto show is thattheS0
i aremaximalcusps.Let M̂i bethecoverof M0

i
correspondingto theboundarycomponentS0

i . SinceLPi (Mi ) � eunknot , the geodesic
representativeof Pi is unknottedin Mi andthereforeM0

i is homeomorphicto S� (0;1)
with the curves Pi removed from the halfway surfaceS� f 1=2g. ThereforeM̂i is
homeomorphicto S� (0;1) andeverycurve in Pi will beparabolic.This impliesthat
S0

i is amaximalcusp.

Thereareversionsof the densityof cuspsfor moregeneralquasiconformalde-
formationspacesin [CCHS03]and[CH04]. Both of thesepapersaregeneralizations
of McMullen's methods.We notethat our methodscanalsobe usedto prove these
generalizations.Seex8 of [Br04].

6.3. The ending lamination conjecture

The endinglaminationconjectureis a classi�cation of Kleinian groupsisomorphic
to a �x edgroup. The completeconjecturehasrecentlybe provenby Brock, Canary
andMinsky ([Min02, BCM04]), completinga programof Minsky. In this sectionwe
will discussanalternateapproachto theconjecture.Theapproachis motivatedby a
theoremof R. Evans,which we will mentionbelow. We alsonote,thatthis approach,
if successful,usessomeof Minsky's resultsin a key wayandis heavily in�uencedby
his ideas.Themaindifferenceis thatwedonotusethe“model manifold”.

Theclassifyingobjectsareend-invariantswhich areobjectsassociatedto thesur-
facesthat compactifythehighergenusendsof thehyperbolicmanifold. For groups
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without parabolicstheseinvariantsareeithera conformalstructureor a �lling lam-
ination on the surfacecompactifyingthe end. With parabolicsthe situationis more
complicated.As usual,we will restrictto groupswithout parabolics.

For S 2 U(X) thecorrespondingmanifoldsM hastwo endsbothcompacti�edby
S. On S� f 0g the end-invariant is always the conformalstructureX. If S 2 T(X)
then the end-invariant for S� f 1g will also be a conformalstructure. In this case
theconformalstructurewill betheimageof S in T(S̄) undertheBers' isomorphism.
For S 2 U(X)nT(X) the end-invariant is a lamination. To de�ne it we recall that
thereis a sequenceof closedgeodesics,gi , whoselength is boundedandsuchthat
d(gi ;S) ! 0. Furthermore,Bonahon([Bon86]) shows that thesegeodesicscan be
chosento behomotopicto simpleclosedcurvesonS� f 1=2g. As simpleclosedcurves
on S, the gi will limit to a laminationl . Most importantly this endinglamination
will not dependon the initial choiceof geodesics.This is alsoa resultof Bonahon
([Bon86]).

The following theoremof Minsky shows the importanceof the endinglamina-
tion. It is a combinationof hisproofof theendinglaminationconjecturefor bounded
geometrymanifoldsandoneof the�rst stepsin theproofof thegeneralconjecture.

Theorem 6.14([Min01]). Let S andS0beprojectivestructuresin U(X) andassume
that thecorrespondinghyperbolicmanifoldsM andM0havethesameend-invariant.
Theneither:

(i) M andM0are isometric.

(ii) M andM0bothhaveunboundedgeometryandthereexistsa sequenceof simple
closedcurvesgi sothatbothLgi (M) andLgi (M

0) limit to zero.

Weempasizethat(1) and(2) arenotmutuallyexclusive. In factthegoalis to show
that(1) alwaysholds.This is exactly theendinglaminationconjecture.

For g asimpleclosedcurveonS, letU(X;g) � U(X) bethoseprojectivestructures
in U(X) wheretheconjugacy classof g is parabolicundertheholonomyrepresenta-
tion. Let dC (g;X) be the distancebetweeng andX in the curvecomplex. That is
dC (g;X) is theminimumnumberk suchthatthereexist k+ 1 essentialsimpleclosed
curves,b0; : : : ;bk on S with b0 = g, bi andbi+ 1 disjoint, andbk a boundedlength
curve in thehyperbolicmetriconX.

While webelievethefollowing conjectureis interestingin its own right, aswewill
seebelow it alsoimpliestheendinglaminationconjecturefor manifoldsin U(X) with
unboundedgeometry.

Conjecture6.15. ThereexistsaconstantsC1 andC2, dependingonly on thegenusof
S, suchthatthediameterof U(X;g) in P(X) is boundedbyC1e� C2dC (X;g) .

Our motivation for this conjectureis as follows. The distancedC (g;X) givesa



22 Bromberg

lower boundon the thicknessof theconvex coreof every manifold in U(X;g). One
thenwantsto combinethis with geometricin�e xibility to obtainthedesiredbound.

We now show how Theorem6.14andConjecture6.15togetherimply theending
laminationconjecturefor projectivestructuresin U(X) with unboundedgeometryand
nocusps.

Let S andS0 be asin Theorem6.14andassumethat M andM0 have unbounded
geometry. Let gi bethesequencegivenby (2) in Theorem6.14.By Theorem6.5there
exists a sequenceSi in T(X) converging to S. Let Mi be the associatedhyperbolic
3-manifolds.After passingto a subsequencewe canassumethatLgi (Mi) ! 0. Now
repeatingtheconstructionin theproofof Theorem6.13,for eachSi wecan�nd acusp
Ŝi in U(X;gi) suchthat

d(Si ; Ŝi) � CLgi (Mi):

ThereforethesequencêSi convergesto S. Wesimilarly �nd asequencêS0
i converging

to S0with eachŜ0
i in U(X;gi). Finally wenotethatthegi convergeto theendinglami-

nationsodC (gi ;X) limits to in�nity . Conjecture6.15thenimpliesthatbothsequences
Ŝi andŜ0

i have thesamelimit soS = S0.

Notethat,in theaboveargument,if we replacethecurvesgi with pantsdecompo-
sitionsPi suchthat

lim
i! ¥

LPi (M) = lim
i! ¥

LPi (M
0) = 0

thenŜi andŜ0
i will bemaximalcusps.Sincemaximalcuspsareuniquelydetermined

by thepantsdecompositon̂Si = Ŝ0
i andthecorrespondinglimits, S andS0, areequal

without appealingto Conjecture6.15. This argument,dueto Evans,leadsto thefol-
lowing theoremthatwe mentionedat thebeginingof thissection.

Theorem 6.16 ([Ev03]). Let S and S0 be projectivestructuresin U(X) with corre-
spondinghyperbolicmanifoldsM andM0. Assumethatthereexista sequenceof pants
decompositionsPi with

lim
i! ¥

LPi (M) = lim
i! ¥

LPi (M
0) = 0:

ThenS = S0.

We remarkthathaving sucha shrinkingpantsdecompositionis not asrestrictive
as it may seem. In fact, the densityof maximalcusps(Theorem6.13) implies that
thereis a denseGd of suchmanifoldsin ¶T(X). Furthermore,if M hassucha se-
quenceof pantsdecompositionsandM0hasthesameendinglaminationasM thenthe
lengthsof thesamesequenceof pantswill limit to zeroin M0. This laststatementis
provenin [Min02] andis a largepartof theproofof theendinglaminationconjecture.
Namely, in [Min02], Minsky constructsa modelfor M that is completelydetermined
by combinatorialinformationcomingfrom theendinglamination.Hethenshowsthat
thereis a Lipschitzmapfrom this modelto thehyperbolicmanifoldM. Furthermore,
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every suf�ciently shortcurve in M will alsobe shortin themodel. Therefore,if M0

hasthesameendinglaminationasM thenit will have thesamemodelandthesame
shortgeodesics.The �nal stepin Brock, CanaryandMinsky's proof of the ending
laminationconjectureis to show that this modelis alsobi-Lipschitz. This is donein
[BCM04]. Ontheotherhand,Theorem6.16completelyavoidsthework in [BCM04]
whichseemssigni�cant.
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