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Abelian Groupe
An abelian gp .

A
is a set with a single
operation :

+ : AXA →A
St.

C) a.tb=bta (commutate)

at Cbtc)= Catb)te (associate
6) there is an additie identity
A- to sit

.
Ota= a

.



⑦ Every element a⇐A µhas an addition inverse

-a
.

C- : A→A )

Rinks : check that O is

unique :
oh 0+01=0
X T

check that -a
is unique

c.⇐Eat tea '¥¥aI
I



A morphism of abelian gpe .
is a linear function >

A f- A→ B H

← distinctis linear ¥ :

gpI .

(
SC# = OB X

- flat g)=fCqHfCg)④ of =#al
o
#

A ffaltfca)=ffata¥o



To be a category, need :

LA D a morphism ✓

If f :A→ B and

g :Btc are linear
maps,

then

got :A→c A team
.

got g =QI
gotcqtad-gcda.lt#D=gCflaiH.gCfcaaD

.



Example :
(I
,
t
,
o)

Il ftp.ahm
"

identity
&GIA

( Q, t , o )
CIR, t , o )

↳ (4323 , t , o) %#Etl
on
,

t integers mod n

"Io) ¥ ¥



d ←
( Q*

,
•

, 1)
11

X

(Q- {o) ) Commutate )

(Rt , a

,
2)
I

Lefunatm : f

E : CRA,o)→CR¥;D
is njete .

@=/ ✓

E¥¥r



A

et: CR,t, 07*4124,1)
-
-

E-¥⇐I
is aisectim . Its HB

inverseblog.cast-lodaltgls/-EFPrup:If f : A→ B
is hear and a bijection, then

fIA is dishes I



PI . To show f-'(Seba)

g.
=f- 'CHIGI

,

apply f to both sides
.

ffks.tk) -156,1
II t

b
, the futsal)

= 2541T
= b.tsar A-

'

CL) on



Fun fact about
-
- -

hom CA,B)=Ef:A→B3
X x

is ate an abelianSI .

⇐t£)(a) =f,Ca)tf•*Ga)
- #

zG)=O Ka
is the Zerg .

-¥91)
addington of , ⑦Cafta

2- 2-



Products

A- xD -

- Eca.si/aI7}
(a.b) tcalsbl) -_ fatalists ')
( 0,0)

- Ca
,
b) = C-a, -b) .

-;¥"* It



i (a) = ( a, f)HIGH co
,
s )

H
=

A-xD
-

Ask about symmetries

Aanateliangp._



⇐ what are the
symmetries of CBT

,
o)?

↳ identifydare HENaa) = -a
-

Note orca)=aH is not lien.llotatskoealtocs, i
.

H



what are the symmetry
of 27×27 ?
-

o: 272-7272

T: :3
. I

e: :Kite: I



EKIN
= xLac ) tycba )
-
-

S : I→I

%42.mn/nrcesofNejersr:2IT2n//2x2matrices

4 det.IE



coefficients
B GLC2,27 )
III 2x2mat

Not commutate :

1/4119%1=4.1 ,
so
,
he:D -1911
-



GUY
doin :p ,
=(fays )
t.EE↳

sLGR¥µ¥



Def: Gren an abelian
gp. A

,
then a sabre

of A s a sussed

BEA that:

a contains 0

. closed under t §
a closed under inverses
=



Ixampte '
- f

ND E 27
I n

{ .! - n , en, 2g .
.

. }

Dasubroup#
These are the only subsp]

.

of 27 !
=



6
PI Suppose: B E 27 is

a Su

M¥13 .

then apply Euclid's .

" D= am tbn fan

II.a
godCmon) be 27

in EB ⇒ aim E B ¢
NED ⇒ b - A E B
⇒ def



Bis L t -

° 2

I DD E D
-

contains both mon .

Either dD=B or

e c- B .
-

godCafe) , continue .



Key featured atehan
- - -

-

gps
-

If BEA is a subsp,
then there is an abelian gp.

A/B of costs of BHA.

The coat containing at AD :

atB={at b) be 133
.

-



Example : @n)
t

2%22 a rtn27

f.
=

.

!,r-n , rith,rt2n}
↳

Ahs= { at B) t
-

When is atI=dtB ?
It happens when

atatbdmsoeb
1+227=3+227--4+227E- -



A/B is an abelian sp.
(the quotient of A by B).

"

@tB)tCatBaDtB
tt
←

#

Zee: OTB = B
is the Iw coset

.

-CatBit east B



27$22 :

Elements : 7+5328 If
2+327

243273+(2+327)
= ¥+3277 = Its 27

2+2=-1 Chad J )
=



The quotrutgp. cones
with a sarjeetne bean

MIT :

-

f : A →A/B
Sca)= at13£
flatg) = @tBtHqtB)

2=9459*13 .



The kernel of a
bean map r

f:A →C

it
D=Salted-03
X

this is a subj
-

BIA : AHAB.
(Keta=D )



WCV subspace
=

✓→Hw quotient

@mWtdmYw=dmV)
-

i.I f m
a-327 → 27 → 2%27

§ it Ahs
- Ee
-

-



Next tree : •
what are the symmetry

of 27427 ?
-
-

µ symmetries of µ2¥27 are g no .

-
Hea to

2%-127
-


